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ABSTRACT 

 

The authors have recently discussed the potential of model order reduction (MOR) techniques in designing 

suitable locations of sensors on the boundary of a structural system. In synthesis, from a complete numerical 

model of the structural system, a reduced order model is obtained. The order of the reduced model states the 

number of sensors to be deployed and a genetic algorithm is used to optimize their location, for a given 

objective function. The objective function minimizes the deviations of the reconstructed (from the sensor 

measurements) response from the true response.  

 

The first option considered by the authors was covering the standard use of accelerometers as sensors. The 

recent fast development of vision-based techniques for the evaluation of displacements suggested to study this 

different situation, which obliges to relies on relative measures rather than absolute quantities. 

Some numerical examples are developed to support the different aspects of the problem. 
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INTRODUCTION  

 

Analytical models of a structural system result in a system of partial differential equations. The solution pattern 

goes across a space discretization which provides a system of ordinary differential equations, where the 

derivative is taken on the variable time. Finally, a time discretization characterizes most of the numerical 

integration algorithms. 

 

The space discretization gives rise to three structural matrices (mass, damping and stiffness) which can be easily 

exported from any discretization software. A model reduction scheme (Schilders et al. 2008; Calberg et al. 2011; 

Casciati and Faravelli 2013) can then be applied to this full model, so that the numbers of the state variables is 

minimized. The observed variables are related with the states variables and, if inverting this relation is allowed, 

the state variables could be obtained from a suitable selection of observed variables. 

 

Since the reduced model has an approximate nature, the sensors recording these suitable observed variables 

must be placed in such a way that the error from the true response is minimized. 

 

The problem is introduced in a general way, but then the numerical examples only cover plane-frame structural 

systems under ground-excitation. Indeed, when the reduced model is introduced, restriction on the nature of the 

external excitation is introduced.  

 

GOVERNING RELATIONS 

 

Any discretized structural system can be modelled by: 
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where                  are the mass, damping and stiffness matrices, respectively;          is the matrix of 

the input quantities;         
      are the matrices of the observed variables, to be applied to  ( ) and  ̇( ), 

respectively. In the case under investigation   is diagonal (and therefore invertible). 

 

Let { ( )  { ( )  ̇( )}
 
    } . By introducing the following matrices,  
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one obtains: 

 

    ̇( )   ̃ ( )   ̃ ( )                                      (4)   
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The displacement d are relative to the base and the third row in the last matrix in Eq.(3) implicitly assumes that 

the base acceleration contribution is the only component of vector u.  

 

MONITORING ACCELERATIONS 

 

The order of the model can be reduced by using standard techniques, so that the minimum number of required 

state variables can be directly observed. Moving from the state variables to the observed variables, the following 

relation holds 

 

      [ ]  [ ][ ]                                             (6) 

 

and the attention can be focused on absolute accelerations and relative velocities at given locations 
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To maintain a symmetric formulation, one divides { } into two vectors {  } and {  } such that  
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After the trivial kinematic reductions, further model order reductions are achieved by applying the balanced 

transformation method (Casciati and Faravelli, 2013). For each of the studied reduced order models (which are 

characterized by a decreasing number of state variables), the following algebra applies: 
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where 
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From the last equation, after re-arranging , one obtains: 
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and eventually 
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It is worth noticing that    denotes the absolute acceleration and therefore also the base acceleration     must be 

monitored (by a further sensor). 

 

MONITORING DISPLACEMENTS  

 

In this section, the attention is focused on displacements and velocities at given location, both relative to the 

ground.  One writes: 
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For each of the studied reduced order models (which are characterized by a decreasing number of state 

variables), the following relations hold: 
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and eventually:   
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SENSOR LOCALIZATION 

 

It is assumed that the original state variable model produces, at any floor, the accelerations which can be 

measured by suitable accelerometers. Their number is related with the minimum number of state variables that 

the system requires. 

 

For each combination of the accelerometers, by using this information in Equations (11) one obtains an estimate 

of the state variables for the reduced models.  The estimate differs from the response of the full actual model.  

 

The deviation of these estimates form the state variables as computed by the models themselves can be 

evaluated by the corresponding sum-of-squares or its square-root (Casciati et al. 2012): 

 

       √
∑ (     ̂  )

  
   

 
                                                                            (14) 

 

where the “*” denotes that each quantity is made dimensionless by dividing its value by the maximum value in 

the actual time history. One is led therefore to minimize Eq. (14) over all the set of potential allocations of the 

accelerometer sensors, which are in number one half of the state variable number required by the balanced 

reduced order theory, plus the ground acceleration sensor. 

 

Equivalently, one can repeat the process by using displacement sensors which are in number one half of the  

state variable number required by the balanced reduced order theory. 

 

The minimization of Eq. (14), due to the strong nonlinearity of the problem,  requires the adoption of a suitable 

numerical tool, as the genetic algorithm adopted in (Casciati 2008) or any suitable tool among those introduced 

in (Yang 2008). 



 

 

 

NUMERICAL EXAMPLES 

 

The benchmark building analyzed in this paper was first introduced in (Othori et al. 2004). It is made by a 20 

stories steel frame in Figure 1, with an interstorey height of 3.96 m (except for the first storey which is 5.49 m 

high) for a total height of 80.77 m above the ground level, and with a rectangular plan of sizes 30.48 m by 36.58 

m, namely, 5 bays of 6.10 m each along the N-S direction and 6 bays along the E-W direction. Under the ground 

level one meets two additional levels, B1 at the bottom and B2, with an inter-storey height of 3.65 m. The steel 

yielding stress is 345 MPa.   The masses to be considered are 5.32x10
5
 kg at the ground level, 5.52x10

5
 kg for 

all the intermediate levels and 5,84x10
5
 kg at the top level. The total mass over the ground level is 1.11 x10

7
 kg. 

 

 
 

Figure 1. The case study investigated within this paper, from (Othori et al. 2004) 

 

 

The original frame was subjected to several ground acceleration time histories. For the purposes of this paper, it 

is enough to consider a single accelerogram, i.e., the N-S component of the acceleration recorded during the El 



 

 

Centro seismic event of May 18, 1940. The peak acceleration is 3.417 m/sec
2. 

The dynamic analyses carried out 

introduce a time discretization of step 0.02 sec. 

 

The main results are summarized in Figures 2 and 3 for the two ways of selecting the sensors devices, reading 

either accelerometers or displacements, respectively. The reduced model is of order 20 and this is achieved by 

assuming that all the storey nodes undergo the same horizontal displacement.   

 

 
 

Figure 2. Result for the  case study when 

acceleration sensors are used: reduced model of 

order 20 (i.e., 10 sensors are required) and 

0.1979 

Figure 3. Result for the  case study when 

displacement  sensors are used:  reduced model of 

order 20 (i.e., 10 sensors are required) and 0.1868 

 

CONCLUSIONS 

 

This paper provides a synthesis of the application of a model order reduction (MOR) scheme to the problem of 

selecting the number and the locations of sensors in view of the structural system monitoring. 

 

In the numerical example, the technique is applied to a plane frame subject to base ground excitation. 

Nevertheless, there are no constraints which prevent one from extending the approach. In the general case, 

however, there is a further step to be accomplished: the selection of the potential sensor sites. Indeed, the system 

observability issue has first to be solved and sometimes this also covers the nature itself of the sensors. 
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