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ABSTRACT 
 
A large number of different damage detection techniques, which are known as frequency-domain methods or 
time-domain methods, are available in the literature. In this study, a combination of frequency-time domain 
method is presented. The approach makes use of information of frequency domain to localize the structural 
damage and takes advantage of the plentiful measured time domain data to identify the extent of damage. Firstly, 
a difference between the residual force vector of intact and damaged structures is used to localize damage in the 
structures. Then, a response sensitivity-based method is utilized to identify the extent of the damage directly 
from the measured dynamic acceleration response. Local damage in the structure is represented by a 
perturbation of a system parameter, i.e. elemental Young’s modulus in this study. Some numerical examples are 
presented to assess the efficiency and accuracy of the proposed method, including an Euler-Bernoulli beam and 
a 3D-frame modal with damages that is adopted to establish the dynamics equation of the system using finite 
element method. In addition, effects of influencing parameters, including measurement noise, number of 
measurement and type of excitation are studied. Study shows that both single and multiple local damages can be 
identified successfully from the proposed method. 
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INTRODUCTION  
 
In general, structure damage may cause changes of the physical properties, and the changes in the physical 
properties will cause detectable changes in dynamic responses. Thus, there are many vibration-based methods in 
time or frequency domain for damage detection. The basic idea behind these techniques are that the modal 
parameters or vibration characteristics (such as frequency, mode shape, modal damping etc.) are functions of the 
physical properties of the structure (mass, damping and stiffness).  
 
Most of the existing damage identification methods are based on the changes in natural frequencies, mode 
shapes or frequency response functions. Kaouk and Zimmerman (1992) demonstrated the subspace rotation 
algorithm, which is called residual force vector method (2007) later based on stiffness and mass matrix of the 
undamaged structure and the modal parameters (natural frequency and mode shape). Liu and Yang (2006) made 
use of an original finite element model and a subset of measured eigenvalues and eigenvectors to detect 
damages. Ma Ge and Lui (2005) presented a structural pseudo force vector to locate the damaged region in the 
structure, and a matrix condensation approach in conjunction to quantify the damage. Unlike frequency domain 
methods which generally rely on analytical models, time domain approaches are independent of modal 
parameters and analytical models. Recently, more and more researchers have studied damage identification in 
time domain. Majumder and Manohar (2003) studied the procedure of damage detection in beam structures 
excited by a moving oscillator. Lu and Law (2007) developed the sensitivities of general dynamic response 
procedure to identify structural damages from the measured dynamic responses. Cattarius and Inman (1997) 
used time histories of the vibration response of the structure to identify the presence of damage.  
 
In this study, a combined time-frequency method based on residual force vector and response sensitivity 
analysis is developed to detect the location and the extent of structural damages. Euler-Bernoulli beam model is 
adopted to establish the FEM of a simply supported beam and a 3D-frame structure. Local damage is 
represented by a perturbation on the stiffness parameter, i.e., elemental Young’s modulus. Damage locations are 
determined by the residual force vector primarily. Then the extents of located damaged elements are assessed 



using response sensitivity method iteratively. Moreover, effects of influencing parameters, including 
measurement noise, number of measurement and type of excitation are studied. 
 
THEORETICAL BACKGROUND 
 

Localizing the Damaged Elements from the Residual Force Vector (RFV) 
 
The equation of motion for the forced vibration of a linear elastic undamaged structural dynamic system with n 
degrees-of-freedom (DOFs) can be expressed as 
 ( )t+ + =Md Cd Kd F  , (1) 

where K  and M  are the global stiffness and mass matrices, respectively; C  is adopted Rayleigh damping 
which is of the form 1 2a a= +C M K , where 1a  and 2a  are constants to be determined from two modal damping 

ratios. ( )tF  is a vector of applied forces. d , d  and d  are the acceleration, velocity and displacement response 

vectors of the structure, respectively. The dynamic responses of the structures can be obtained by direct 
numerical integration using Newmark method. For the simplicity, all the initial values are taken zeros in the 
thesis except otherwise specified. 
 
When the external excitation force vanishes and the damping term is neglected, Eq 1 will lead to the equation of 
undamped free vibration.  
 0+ =Md Kd . (2) 
It is well known that the solution of Eq 2 can be obtained from the following eigenvalue problem 
 i i iλ=Kφ Mφ , (3) 

where iλ  is the eigenvalue of the ith mode; and iφ  is the vibration eigenvector of the ith mode. 

 
In the context of damage detection, an assumption is usually made that there is perturbation on the stiffness 
parameter as damage occurs, while the mass matrix remains unchanged. Eqs 1 and 3 can be expressed as 
follows 
 d d ( )t+ + =Md C d K d F  , (4) 

 d d d dj j jλ=K φ Mφ , (5) 

where dK  is the global stiffness matrix associated with the damaged structural model; dC  is the global 

damping matrix with d 1 2 da a= +C M K . 

 
The global stiffness matrix dK  can be expressed as that of the undamaged structure and stiffness matrix change 

due to the damage ΔK  as  
 d = − ΔK K K . (6)  

Substituting Eq 6 into Eq 5, then 
 d d d( )j j jλ− = ΔK M φ Kφ . (7) 

Letting d d( )j j jλ= −f K M φ , Eq 7 can be rewritten as 

 dj jΔ =Kφ f , (8) 

where jf  is the residual force vector from the jth mode of the structure. 

 
Eq 8 can be expressed as 
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where ( 1,2,..., )ik i nΔ =  is the stiffness change of the ith DOF. ikΔ  is nonzero only if the ith DOF is damaged. 

By inspecting Eq 8 it can be seen that the residual force value njf  will have nonzero elements only in the 

damaged DOFs. So we can find damaged elements according to the relation between the element number and 
the DOF number. Those nodes having larger values in jf  are the most suspected damaged nodes and the 

damaged elements can be determined accordingly. 
 



Quantifying the Damage Extents from the Response Sensitivity-based Model Updating 
 
Assuming there is a perturbation of the elemental Young’s modulus EΔ , response sensitivities are obtained by 
differentiating both sides of Eq 4 with respect to the system parameter, then  
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the stiffness parameter of the ith element, N is the number of finite element of the structure.  
 
Since d  and d  have been obtained from Eq 4, the right hand side of Eq 10 can be considered as an equivalent 

forcing function, and the equation is of the same form as Eq 4. Therefore the sensitivities ,Y Y  and Y  can also 

be obtained by Newmark method. 
 
In the forward analysis, the dynamic responses and their sensitivities with respect to a system parameter of a 
finite element system can be obtained from Eqs 4 and 10. In the inverse analysis, a dynamic response 
sensitivity-based finite element model updating approach is used to identify the local damages extents in the 
structure.  
 
The objective function for the model updating is defined as minimizing the residual between the measured and 
calculated structural dynamic responses. In this paper, Penalty function method is used for modal sensitivity 
with a truncated Taylor series expansion of the dynamic responses in terms of the system Young’s modulus E , 
which are used to derive the sensitivity-based formulation. The identification problem can be expressed as 
follows to find the value E  such that the calculated response best matches the measured acceleration responses, 
i.e. 

 {Acc} {Acc}=Q  , (11) 

where the selection matrix Q  is a matrix with elements of zeros or ones, matching the degrees-of-freedom 

corresponding to the measured response components. The vector of calculated acceleration {Acc}  can be 

obtained from Eq 4 for a given set of iE . 
Let  

 cal{ Acc} {Acc} {Acc} {Acc} {Acc }Δ = − = −Q  , (12) 

where { Acc}Δ  is the error vector between the measured and calculated acceleration. Making use of the penalty 

function method, we have, 
 Acc{ Acc} { }EΔ = ΔS , (13) 

where { }EΔ  is the perturbation in the parameters, AccS  is one of the matrix at time t in the three-dimensional 

sensitivity matrix. For a finite element model with N elements each with M system parameters, the number of 
unknown parameters is N×M, and N×M equations are needed to solve the parameters. When writing in full, Eq 
14 can be written as, 
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with l N M≥ ×  to make sure that the set of equation is over-determined. Eq 13 can be solved by simple least-
squares method as follows, 
 T 1 T

Acc Acc Acc[ ] AccE −Δ = ΔS S S , (15a) 

or 

 T 1 T
1 Acc Acc Acc cal[ ] (Acc Acc )j j j j jE E −

+ = + −S S S  , (15b) 

 
The subscript “j” indicates the iteration number at which the sensitivity matrix is computed. 1jE +  is the updated 

value of the Young’s modulus. And comparing it with the original parameter, it can find the damage extents in 
the damaged elements.  



Like many other inverse problems, Eq 13 is an ill-conditioned problem. In order to provide bounds to the 
solution, the damped least-squares method (DLS) (Tikhonov 1963) is used and singular-value decomposition is 
used in the pseudo-inverse calculation. Eq 13 can be written in the following form in the DLS method: 
 T 1 T

Acc Acc Acc[ ] AccE Iμ −Δ = + ΔS S S , (16a) 

or 

 T 1 T
1 Acc Acc Acc cal[ ] (Acc Acc )j j j j jE E Iμ −

+ = + + −S S S  , (16b) 

where μ  is the non-negative damping coefficient governing the participation of least-squares error in the 

solution. L-curve method (Hansen 1994) is used in this paper to obtain the optimal regularization parameter μ . 

 
Effect of Measurement Noise 
 
Usually the measured structural dynamic responses are contaminated by the measurement noise. The effect of 
measurement noise is simulated as a normally distributed random error with zero mean and a unit standard 
deviation added to the calculated acceleration as 

 noise* * ( )p dγ σ
∧

= +d d N   , (17) 

where pγ  is the percentage noise level, noiseN  is a standard normal distribution vector with zero mean and unit 

standard deviation, ( )dσ   is the standard deviation of the calculated acceleration response. 

 
The relative errors of damage extent is defined as  
 id trueRelative error 100%α α= − × , (18) 

where idα  and trueα  are the identified and true damage extent values, respectively. 

 
NUMERICAL SIMULATIONS 
 

A Simply Supported Beam 
 
A 20 metres long single-span simply supported Euler-Bernoulli beam as shown in Figure 1 is studied in this 
example. The physical parameters of the beam are: mass density 3 32.8 10 kg mρ = × , Young’s 

modulus 34GpaE = , total length 20mL = , width 0.5mb =  and height 1.0mh = . The finite element model of 

the beam consists of twenty Euler-Bernoulli beam elements with two degrees-of-freedom at each node. The 
damping ratios for the first two modes are both equal to 0.01. The sampling rate is 200 Hz and time duration in 
the calculation of dynamic responses of the structure is 3 seconds. 

 
Figure 1. A simply supported beam under study 

 
Study case 1: identification of single damage 
 
In this case, it is assumed that there is a single damage occurred in the 7th element with a 5% reduction in the 
Young’s modulus. An impulsive excitation is assumed to act on the beam at 6 metres from the left support and 
lasting for 0.05 second with a constant magnitude of 20000N. And it is expressed mathematically as 

( )
( )

42.0 10 N 0.05 0.1
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F t
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≤ < >

. 

A sinusoidal excitation is also used to give a comparison on the results from impulsive excitation one in damage 
identification. The sinusoidal force is taken as ( ) 1500sin(20 )F t tπ= , which acts on the same node as the 

impulsive excitation does. 
 



In the first step, differences of the RFV values of the 42 degrees of freedom are plotted in Figure 2. It reveals 
that nodes 7 and 8 are the nodes of the most probably damaged element. According to Figure 1, the 7th element 
is the corresponding damaged element. Then, the response sensitivities approach is used to identify the 
perturbation in the Young’s modulus (i.e., the damage extent). Figures 3(a) and 3(b) show the identified damage 
extents with no measurement noise and 10% measurement noise, respectively. One can find that the damage 
extents have been identified successfully with very good accuracy. 

 
Figure 2. The VRFV value of a simply supported beam with single damage 

 

 

 
Figure 3. The relative E reduction of a simply supported beam with single damage: 

(a) noise free; (b) 10% noise 

(a) 

(b) 



Table 1 gives the comparison on the identified results using different excitation forces. It shows that the damage 
can be identified successfully from both impulsive and sinusoidal excitation. When measurement noise is nil, 
there is no error of identification for both excitations. It also can be observed that impulsive force can give better 
identification results than sinusoidal force when the measurements are contaminated with high level noise. For 
impulsive excitation, even with 15% measurement noise the largest relative error is below 0.3%. Increasing 
measurement points can improve the accuracy of the identification results when the sinusoidal excitation is used. 
 

Table 1. Results for the simply supported beam’s single damage identification 

Scenarios Noise 
Element No.7 Measurement 

(Node Number) 
Excitation 

Red. (%) Res. (%) 

1 Nil 5.00 0.00 7 Sinusoidal 
2 5% 5.12 0.88 7 Sinusoidal 
3 10% 5.26 0.74 7 Sinusoidal 
4 Nil 5.00 0.00 7, 8 Sinusoidal 
5 5% 4.99 0.01 7, 8 Sinusoidal 
6 10% 4.99 0.01 7, 8 Sinusoidal 
7 Nil 5.00 0.00 7 Impulsive 
8 5% 4.91 0.09 7 Impulsive 
9 10% 4.81 0.19 7 Impulsive 

10 15% 4.72 0.28 7 Impulsive 
Note: “Red.” denotes E Reduction, “Res.” denotes Relative errors. 

 
A 3D-Frame Structure 
 
A five-bay three-dimensional frame structure as shown in Figure 4(a) is used as an example to evaluate the 
effectiveness of the present damage identification method. The finite element model consists of thirty-seven 
Euler–Bernoulli beam elements and seventeen nodes as shown in Figure 4(b). In this 3D-frame, structural 
damage is introduced as a reduction in the Young’s modulus of individual elements, i.e., E, but the other 
properties remain unchanged. Table 2 gives a summary of the main material and geometrical properties of the 
components of the test structure. The length of all the horizontal, vertical and diagonal tube members is exactly 
0.5m. 
 

Table 2. Material and geometrical properties of the test structure 

Properties Values 

Elastic modulus of material ( 2N m ) 2.10E11 

Area ( 2m ) 6.597E-5 
Density ( 3kg m ) 1.2126E4 
Mass ( kg ) 0.32 

Poisson ratio 0.3 
Moment of inertia 

yI  ( 4m ) 3.645E-9 

Moment of inertia 
zI  ( 4m ) 3.645E-9 

Torsional rigidity J ( 4m ) 7.290E-9 
 



 
(a) The Five-bay cantilever frame structure 

 
(b) Three-dimensional frame finite element model 

Figure 4. The truss structure and its finite element model(1, 2, …, 37 denote element number, N1, N2,…, N17 
denote node number) 

 
Study case 1: identification of single damage  
 
In first case, single damage identification is conducted to illustrate the proposed method. The damage case 
assumed the single damage occurs in the 2nd element with a stiffness loss of 10%. The acceleration 
measurements are set in node 3, 11 and 15. An impulsive excitation force is used to excite the structure, which is 
applied at node 12 as  

( )
( )

42.0 10 N 0.05 0.1
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0 0 0.05 or 0.1

t
F t

t t

 × ≤ ≤= 
≤ < >  

The residual force vectors of the 102 degrees of freedom are shown in Figure 5. Nodes 2 and 3 are the most 
suspected damaged nodes from Figure 5 since their relative DOFs (7-18) residual force values are much larger 
than others. According to Figure 4(b), the 2nd element is the corresponding element associated with nodes 2 and 
3. After having the location of damage, it is more accurate and easier to identify the extent of damage shown in 
Figure 6. In the case of no measurement noise, the identified E reduction of element calculated by the response 
sensitivity approach is exactly 10% in Figure 6. 

 
Figure 5. RFV of system DOF in single damage situation 

 



 
Figure 6. The relative E reduction (%) of system elements in single damage situation 

 
Table 3 gives a comparison on the identified results for 0%, 5%, 10% and 15% noise level, respectively. And 
also two different excitation forces are used to excite the structure, included the proposed impulsive force and a 
sinusoidal force as 1000sin(15 )F tπ= . From Table 3, it reveals that the damaged parameter can be identified 

successfully even with 15% measurement noise which is under 2% relative error. This shows the proposed 
method can filer the measurement noise effectively. And in Table 3, it is obvious that the damage identification 
under the impulsive excitation can obtain better results than the sinusoidal excitation, which agrees with the first 
example’s results. 
 

Table 3. Relative errors (Reductions) of single damage identification 

Scenarios Noise Relative errors in No.2 (%) Measurement (Node Number) Excitation 

1 Nil 0 3, 11, 15 
Both 

excitations 
2 5% 0.12 3, 11, 15 Impulsive 

3 5% 1.06 3, 11, 15 Sinusoidal 

4 10% 0.20 3, 11, 15 Impulsive 

5 10% 1.13 3, 11, 15 Sinusoidal 

6 15% 0.30 3, 11, 15 Impulsive 

7 15% 1.11 3, 11, 15 Sinusoidal 

 
Study case 2: identification of multiple damages  
 
The third damage case assumed the 2nd, 10th and 15th elements are damaged at the same time with stiffness 
losses 10%, 5% and 8%, respectively. The residual force values of all degrees of freedom are shown in Figure 7. 
The residual force values revealed clearly that the damaged nodes are 2, 3, 8, 11 and 12, which correspond to the 
2nd, 10th and 15th element. Finally, it is easy to get the extent of the damages under no measurement noise. 
 
In this case, the relative errors of stiffness reduction under multiple damages on the identified results are 
discussed. And the excitation force is the same as the first case. The identification of Scenario 1 in Table 3 is 
repeated. In this case, there are comparisons on the analysis results for different noise level and different 
numbers of measurements shown in Table 4. It is shown that the relative errors of stiffness reduction are 
increased with increase of noise level using same numbers of measurements. Comparing to Table 3, the multiple 
damages identification is much more complex to get the ideal results than the single damage identification. After 
putting two more measurements around the suspected damaged elements, it obtained a lot more acceptable 
results under same noise level. With the help of localizing the damage location by residual force vector method, 
it is convenient to find the nodes, where are near the damaged elements, to set the measurement. 



 
Figure 7. RFV of system DOF in multiple damages situation 

 
Table 4. Relative errors (Reductions) of multiple damages identification 

Scenarios Noise 
Relative errors (%) Measurement 

(Node Number)Element 2 Element 10 Element 15 

1 Nil 0 0 0 Both excitations

2 5% 0.59 1.43 0.10 3, 11, 15 

3 5% 0.33 0.31 0.12 2, 3, 11, 12, 15 

4 10% 1.07 2.44 0.19 3, 11, 15 

5 10% 0.59 0.60 0.16 2, 3, 11, 12, 15 

6 15% 2.32 4.04 0.16 3, 11, 15 

7 15% 0.79 0.87 0.16 2, 3, 11, 12, 15 
 
CONCLUSIONS 
 
In this paper, a two-step approach based on time domain and frequency domain analysis is conducted for 
damage identification. The combined of residual for vector and response sensitivity-based model updating 
method is presented to identify the stiffness parameter’s perturbation of damage in 3D-frame and a simply 
supported beam. The conclusions are as follows: 
1) By taking full advantage of the quick localization of residual force vector approach and the high accuracy 

assessment of response sensitivity, the proposed method is accurate and effective for damage identification. 
2) The method can identify the single damage successfully and is insensitive to the measurement noise. But 

with the increase of measurement noise, the identification errors will become larger, which is still 
acceptable. 

3) The location of measurement can help achieve better results. Also the number of measurement which is 
near the damaged elements can provide more valuable data that improve the efficiency of identification. 
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