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ABSTRACT 
 
This paper presents experimental studies on damage identification of a substructure using a wavelet-based 
response reconstruction technique. The response reconstruction is based on the unit impulse response function in 
the wavelet domain to formulate a transformation matrix between two different sets of time-domain response 
vectors. The initial finite element model updating is performed to achieve an accurate model in the intact stage 
as a baseline, and acceleration responses from the damaged substructure are measured for identification. 
Substructural damage identification is conducted by minimizing the discrepancy between a measured response 
vector and the reconstructed one. A dynamic response sensitivity-based method is used for the identification of 
the target substructure, and local damage is identified as a change in the elemental stiffness factors. The adaptive 
Tikhonov regularization technique is adopted to improve the identification results with the measured responses 
including measurement and environmental noises in laboratory. Experimental studies on a seven-storey plane 
frame structure are conducted to investigate the performance of the presented approach. Good response 
reconstruction accuracy is obtained in the intact structure, and the introduced damage in the substructure can be 
identified effectively. 
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INTRODUCTION  
 
It is desirable for practical engineering applications that the condition assessment of a large-scale or a complex 
structure may be conducted by dividing the full structure into several smaller substructures for independent 
studies one at a time in the inverse analysis. Normally the response measurements and forces at the interface 
degrees-of-freedom (DOFs) of the substructure of interest may be required (Koh et al. 2003; Tee et al. 2009), or 
the interface forces are treated as unknowns which are needed to be identified as well as the substructural 
stiffness parameters simultaneously (Huang and Yang 2008; Law and Yong 2011). Previous studies are 
conducted for substructure damage identification or model updating with frequency domain information 
(Bakhary et al. 2010; Weng et al. 2012). This paper attempts to eliminate the restraint of requiring the 
measurement information or identifying interface forces at interface DOFs of a substructure by using a wavelet-
based response reconstruction technique. The relationship between two sets of time-domain response vectors 
from the substructure can be formulated with the unit impulse response function calculated from the finite 
element model of the substructure. Measured time-domain acceleration responses will be used directly for 
identification. Numerical verification on the substructure damage identification approach with the wavelet-based 
response reconstruction technique has been conducted (Li and Law 2012). Experimental studies are conducted 
to further validate the approach in this paper. The damage identification is performed purely in the target 
substructure, and a limited number of measured acceleration responses from the substructure in the damaged 
state will be used for the identification.  
 
RESPONSE RECONSTRUCTION FOR A STRUCTURE  
 
The response reconstruction in a full structure and in a substructure has been developed and validated in 
frequency domain (Law and Li 2011). The responses are required to be transformed from time domain into 
frequency domain with the fast Fourier transform (FFT) technique. FFT has been a valuable tool for the analysis 



of vibration signals. However, leakage, end effects and aliasing occur in the forward FFT process. Filtering, 
windowing and ensemble-averaging techniques are often employed to alleviate these deficiencies with some 
success. Nevertheless, these errors in the FFT process still exist which may lead to a reduction in the accuracy of 
subsequent analysis. Such disadvantage can be overcome in the wavelet analysis which provides an alternative 
significant tool in signal analysis. Later, the response reconstruction is developed in the wavelet domain to avoid 
the above-mentioned errors (Li and Law 2011). This is briefly introduced in the following sections.  
 
Dynamic Analysis of a Structure  
 
The general equation of motion of a damped structure with N -DOFs can be written as 

  [ ]{ } [ ]{ } [ ]{ } [ ]{ })()()()( tFDtxKtxCtxM =++                                          (1) 

where [ ]M , [ ]C  and [ ]K  are the NN ×  mass, damping and stiffness matrices of the structure respectively; 

N is the number of DOFs of the structure; x , x  and x  are respectively the nodal acceleration, velocity and 

displacement vectors of the structure; ( ){ }tF  is a vector of applied forces on the structure with the mapping 

vector [ ]D . Rayleigh damping [ ] [ ] [ ]KaMaC 21 +=  is assumed in this study, where 1a  and 2a  are the 

Rayleigh damping coefficients.  
 
Input-Output Relationship in Wavelet Domain of a Structure 
 
Recently, the impulse response function has been derived analytically from the general equation of motion (Law 
and Li 2007). The equation of motion of a damped structural system under the unit impulse excitation is 

[ ]{ } [ ]{ } [ ]{ } ( )tDtxKtxCtxM δ=++ )()()(                                               (2) 

where ( )tδ  is the Dirac delta function. The impulse response function can be represented as a free vibration 

state with some specific initial conditions. Assuming that the system is in static equilibrium initially, the unit 
impulse response function can be computed from the equation of motion using the Newmark method 
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where h , h  and h  are the unit impulse displacement, velocity and acceleration vectors, respectively.  
 

When the structural system is under general excitation ( )tf  with zero initial conditions, the acceleration 

response ( )nl tx  from location l  at time nt  is 

( ) ( ) ( ) τττ dfthtx n

t

lnl

n −= 0                                                         (4) 

in which ( )thl
  is the unit impulse response function at location l . The vectors ( )τ−nl th  and ( )τf  can be 

expanded in terms of the discrete wavelet transform (DWT) as (Newland 1993) 
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where ( )kj −τψ 2  is the wavelet basis function, DWT

kjh
+2

 and DWT

kjf
+2

 are the DWT coefficients for the impulse 

response function and excitation force vectors respectively. Substituting Eqs 5 and 6 into the convolution 

integral in Eq. 4 for ( )nl tx , and using the orthogonal conditions of the wavelet basis functions (Daubechies 

1992) 
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the following formula can be derived 
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in which )( n
DWT
l th  and DWTf  are the discrete wavelet transform of ( )τ−nl th  and ( )τf , respectively and 

they are given as 
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For the entire time history data, for example, ( ) ( ) ( )[ ]T
nllll txtxtxx  21= , the input and output 

relationship can be rearranged as 
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and n , r  and l  are the number of sampled data, the number of input excitations and the number of wavelet 
coefficients in the wavelet transform, respectively. 
 
Response Reconstruction of a Target Substructure  
 
When a substructure of the structure subjects to both applied external excitation forces and interface forces from 
adjacent substructures, the dynamic acceleration response of the substructure can be represented in wavelet 
domain (Li and Law 2012) in terms of Eq. 12 
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where DWT
eF  and DWT

IF  are the discrete wavelet transforms of external excitation force and interface force 

vectors on the substructure, respectively. DWT
eh  and DWT

Ih  are the impulse response function matrices of the 

substructure for the external excitation and interface forces, respectively. 
 
The measured responses from the substructure are divided into two sets, noted as the First-set response vector 

( )tx1  and the Second-set response vector ( )tx2  respectively. They are defined in the wavelet domain as 

follows 
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in which m , s , and q  are the number of measurements in the First-set response vector, the number of 

measurements in the Second-set response vector and the number of interface forces, respectively. 
 
When the number of measurements in the First-set is at least equal or larger than the number of interface forces 
on the substructure, the following equation can be obtained from the first row of Eq. 15 
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Substituting Eq. 16 into the second row of Eq. 15, we have 
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where  
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The external excitation forces on the substructure are assumed available from measurement in this study and its 

discrete wavelet transform DWT
eF  is then obtained. Transformation matrix IT12  and matrix eH12  in Eqs 18 and 

19 are obtained from the unit impulse response function matrix calculated from Eq. 3 with the finite element 
model of the substructure.  
 
SUBSTRUCTURAL DAMAGE IDENTIFICATION 
 
The Fourier transform is advantageous in capturing frequency characteristics while the wavelet transform 
preserves the temporal properties of a signal record during both the forward and inverse wavelet transforms. It 
has been reported (Alvin et al. 2003) that the deconvolution using the wavelet domain method for system 
identification show advantages over that using the frequency or time domain method since the wavelet domain 
method does not exhibit the rank-deficiency or ill-conditioning in the computation of pseudo-inverse of a matrix, 
and this is a key attribute of the wavelet analysis methods. 
 
In this study, a dynamic response sensitivity-based finite element model updating method (Lu and Law 2007) is 
used for substructural damage identification. The damage is assumed only related to a stiffness reduction such as 
a change in the elastic modulus of a specific element. The mass matrix is assumed to be unchanged before and 
after the damage. The elemental stiffness factors in the initial structural finite element model are iteratively 

updated to minimize the difference vector { }xΔ  between the reconstructed acceleration responses ( )tx r2  and 

the measured acceleration responses ( )tx m2  from the damaged structure. 

 
Damage Model 
 
The initially linear-elastic structure is assumed to remain linear-elastic after the occurrence of small local 

damage. The system stiffness matrix dK  of the damaged structure can be expressed as 


==

Δ−==
n

i
ii

n

i
iid KKK

11

)1( αα                                                       (20) 

where iK , iα  are the i th elemental stiffness matrix in the intact state and the i th elemental stiffness factor in 

the damaged state, respectively. Therefore, iαΔ  represents the extent of stiffness reduction of the i th element 

with 0.10.0 ≤≤ iα . 

 
Damage Identification Algorithm 
 
The objective function of the damage identification algorithm is defined as the difference between two sets of 
response vectors 

( ) ( )
222 txtxf rmobj  −=                                                            (21) 

where ( )tx m2  is the measured Second-set response vector from the damaged structure. ( )tx r2  is the 

reconstructed Second-set response vector from Eq. 17 with the measured First-set response vector ( )tx1  in the 

damaged state. The vector α  of structural elemental stiffness factors is then iteratively updated by minimizing 

the objective function in Eq. 21 such that the reconstructed response vector ( )tx r2  can match the measured 

response vector ( )tx m2  well.  

 
The dynamic response sensitivity-based model updating method (Lu and Law 2007) without considering the 
second- and higher-order effects is adopted here with  

[ ]{ } { } { } { }rm xxxS 22  −=Δ=Δα                                                   (22) 

where αΔ  is the perturbation of the vector of substructural elemental stiffness factors, [ ]S  is the sensitivity 

matrix of the response ( )tx r2  with respect to the elemental stiffness factors. It is noted that the number of 

equations in Eq. 22 should be larger than the number of unknown elemental stiffness parameters to make sure 
that the identification equation is over-determined. 
 



Iterative Damage Identification Procedure 
 
Acceleration measurements from the substructure in the damaged state will be used to identify the substructural 

elemental stiffness factors iα  iteratively. An updated finite element model is taken as a reference model for the 

following iterative procedure of damage identification. 
 

Step 1: Measure the dynamic acceleration responses at the First-set ( ){ }tx m1  and Second-set ( ){ }tx m2  

measurement locations from the damaged substructure. 

Step 2: Compute the unit impulse response function matrices DWT
eh  and DWT

Ih  in Eq. 15 for the external 

excitation forces and interface forces with the finite element model of the substructure. Calculate 

matrices IT12  and IH12  in Eqs 18 and 19, and the reconstructed Second-set response vector ( ){ }tx r2  is 

obtained from Eq. 17. 

Step 3: The vector of response difference { }xΔ  is computed between the Second-set measured response vector 

( ){ }tx m2  in Step 1 and the reconstructed Second-set response vector ( ){ }tx r2  in Step 2. The 

sensitivity matrix [ ]S  of the response ( )tx r2  with respect to substructural elemental stiffness factors 

is obtained using the numerical finite difference method (Morton and Mayers 2005). 

Step 4: Obtain the perturbation vector of elemental stiffness factors { }αΔ  from Eq. 22 with the adaptive 

Tikhonov regularization technique (Li and Law 2010). 

Step 5: The vector of structural elemental stiffness factors is iteratively updated with ααα Δ+=+ ii 1  for the 

next iteration. Repeat Steps 2 to 4 until the following convergence criterion is satisfied.  
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where i  denotes the i th iteration. The tolerance value is taken as 1.0×10-3 in this study. 
 
In the above-mentioned iterative scheme for substructure damage identification, it should be noticed that: (a) 
The information of the responses and forces at the interface DOFs of the substructure are not necessarily 
required; (b) The finite element model of the intact target substructure and a limited set of acceleration 
measurements from the damaged substructure are needed in the damage identification; (c) Only the elemental 
stiffness factors of the target substructure are formulated in the identification algorithm resulting in a much 
reduced dimension in the inverse problem; (d) Information such as the finite element model and measurements 
from the rest of the structure other than the target substructure is not required in the identification. 
 
EXPERIMENTAL VERFICATION 
 

Experimental Setup 
 
Experimental studies are conducted to demonstrate the performance of the presented damage identification 
approach. A structure fabricated in the laboratory provided the measured acceleration responses with 
measurement and environmental noise for the substructural response reconstruction and damage identification. 
A seven-storey steel plane frame is designed. The column of the frame has a total height of 2.1m with 0.3m for 
each storey. The length of the beam is 0.5m. The cross-sections of the column and beam elements are measured 
as 49.98mm×4.85mm and 49.89mm×8.92mm, respectively. The general layout of the laboratory frame is shown 
in Figure 1. The measured mass densities of the column and beam elements are 7850kg/m3 and 7734.2kg/m3, 
respectively. The initial Young’s modulus is taken as 210GPa for all members. The connections between 
column and beam elements are continuously welded at the top and bottom of the beam section. Two pairs of 
mass blocks with approximately 4kg weight each are fixed at the quarter and three-quarter length of the beam in 
each storey to simulate the mass from the floor of a building structure. Figure 2(a) shows a pair of steel blocks 
in more detail. The two blocks are bolted to the top and bottom of the beam to have the centroid coincide with 
that of the beam section. They are bolted rather than welded onto the beam directly with very small holes 
(around 5mm diameter), and a washer is placed between the mass block and beam element. This reduces the 
change of the beam stiffness with this connection. The bottoms of two columns of the frame are welded onto a 
thick and solid steel plate which is fixed to the ground, as shown in Figure 2(b). The data recording computer 
and data acquisition board are electrically grounded to reduce the disturbance of AC power effect on the 
measured signals. 



 

 
Figure. 1 Experimental frame model 

 
Figure 3. Finite element model of the structure 

 
(a) 

 

(b) 

 
Figure 2. (a) Steel mass blocks; (b) Support conditions of the frame structure 

 
Figure 3 shows the finite element model of the whole frame structure. It consists of 65 nodes and 70 planar 
frame elements. The weights of steel blocks are added at the corresponding nodes of the finite element model as 
concentrated masses. Each node has three DOFs (two translational displacements x , y  and a rotational 

displacement θ ), and the system has 195 DOFs in total. The translational and rotational restraints at the 
supports, which are Nodes 1 and 65, are represented initially by a large stiffness of 3×109 N/m and 3×109 
N·m/rad, respectively. 
 
Initial Finite Element Model Updating 
 
Initial finite element model updating is conducted to minimize the discrepancies between the analytical finite 
element model and the experimental model in the laboratory. The model updating process is conducted based on 
a two-stage procedure in this study. In the first-round of model updating, the elastic modulus of each element 
and stiffness values of restraints at the two supports are selected as parameters to be updated. The dimensions 
and mass densities are measured in situ and they are not included as the updating parameters. Eight sensors are 
deployed in the hammer tests with one defined as the reference sensor and the others are placed at all the joints 
between the columns and beams in separate tests. Experimental modal analysis is performed to extract the 
natural frequencies and modal shapes of the frame structures from the measured acceleration responses.  
 
The difference between the frequencies and mode shapes obtained from the analytical finite element model and 
the experimental measurements is minimized. The first-order modal sensitivity-based updating method (Friswell 
et al. 1995) is used. It should be noted that 7 measured frequencies and 7×14 mode shape values are used in the 
updating procedure and 70 elastic modulus values and 6 support stiffness values are required to be updated. The 
number of equations for updating is 105, which is larger than the number of selected unknown parameters that is 
76. Based on the updated results obtained above, the second-round model updating further refines the updated 
model by using the dynamic response sensitivity method (Lu and Law 2007). The objective of this round of 
model updating is to have the calculated dynamic responses from the finite element model match the measured 
ones as closely as possible. The elastic modulus of all the elements of the frame is selected in the second-round 
updating process. Measured responses from seven sensors on hammer excitation of the frame at the seventh 



floor level are used in this model updating. The seven sensor locations are 19(x), 16(x), 13(x), 10(x), 7(x), 4(x) 
and 59(x), in which x denotes that the response is measured along the x direction. Response data in the first two 
seconds are used in the model updating. Figure 4(a) shows the recorded dynamic response at Node 13(x) from 
the initial model and Figure 4(b) is the Fourier spectrum. The dynamic response takes more than 40 seconds to 
damp down close to zero indicating that the frame structure is only slightly damped. The Fourier spectrum 
shows that the first seven frequencies are within 30Hz and the response in frequency domain after 40Hz is very 
small. As a consequence of this observation, the original response data is filtered using a low-pass filter with a 
cutoff frequency of 36Hz to remove the higher frequency noise effect. The first two damping ratios of the intact 
frame structure are obtained from the half-power bandwidth method, and they are calculated as 0.0017 and 
0.0012 for the first two modes, respectively. 
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Figure 4. Responses at Node 13(x) 
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(a) Measured and calculated responses
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Figure 5. Responses after updating 

 
Figure 5 shows the measured and calculated responses at Node 13(x) after the second-round updating. The 
relative error between these two responses is 2.31% for the first 2 seconds. The reduction of beam stiffness at 
the connections has been properly adjusted in the model updating process. This updated finite element model is 
then used as the baseline model in the following studies of dynamic response reconstruction and damage 
identification. The stiffness reduction in a specific element can be identified as the change in the elemental 
stiffness factors with respect to the baseline model. 
 
Response Reconstruction in Intact Model 
 
Figure 6 shows the target substructure defined for this study and the external excitation locates at the top of the 
frame structure. The target substructure includes the 3rd to 7th storeys of the frame with 43 nodes and 46 
elements. In this study, a Daubechies eight-coefficient wavelet is chosen as the basis function in the discrete 
wavelet transform due to its orthogonality properties and fairly smooth interpolation nature (Robertson et al. 
1998). 
 
Case A: External excitation available  
 
When only the finite element model of the substructure is available and the number of measurements in the 
First-set is equal to or larger than the number of interface forces of the substructure, Eq. 17 can be used to 
conduct the response reconstruction in the substructure. The target substructure as shown in Figure 6 has six 
interface forces and therefore at least six measurements should be included in the First-set response vector. 
Recorded response data from six sensor locations at Node 10(x), 13(x), 19(x), 47(x), 50(x) and 53(x) are taken 
in the First-set response vector to predict the Second-set response at Node 16(x). The measured hammer impact 
force is used in the response reconstruction. The sampling rate is 1000Hz and sampled data within 1s are used. 
Figures 7(a) and (b) show the response reconstruction result and the error vector between measured and 
reconstructed responses, respectively. It can be noted that the reconstructed response almost overlap with the 
measured one with a relative error less than 3.53%, indicating the response reconstruction accuracy is good.  
 
Case B: External excitation not available  
 
When the external excitation is not available, the response reconstruction can be conducted by taking both the 
external force and interface forces as unknown excitations to the substructure. It should be noticed that the 
number of measured responses in the First-set should be larger than the sum of the external excitations and 
interface forces on the substructure in this case. In this study, there are one impact force and six interface forces 
on the substructure. A sensor placement configuration is adopted with seven measurements in the First-set at 
Node 10(x), 13(x), 19(x), 22(x), 47(x), 50(x) and 53(x), and one measurement in the Second-set at Node 16(x). 
The sampled data in 1s with the sampling rate 1000Hz are used. Measured and reconstructed responses in the 



Second-set are shown in Figure 8(a). The error vector in the response reconstruction result is shown in Figure 
8(b). It demonstrated that a good accuracy of response reconstruction is achieved with a relative error of 2.58%.  
 

 
Figure 6. The target substructure 
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(a) Response in the Second-set from wavelet domain method
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Figure 7. Response reconstruction result (Case A) 
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(a) Response in the Second-set from wavelet domain method
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Figure 8. Response reconstruction result (Case B) 

 
Substructure Damage Identification 
 
Figure 9 shows the target substructure adopted for damage identification. 68 elements are involved in the 
inverse analysis to investigate the robustness of the presented substructure damage identification approach. The 
length of each finite element in the frame structure is 100mm and the damage was introduced in a specific 
element as two cuts with width mmb 30=  and depth mmd 10= , as shown in Figure 10. A single damage 
introduced in element No. 11 is considered. The equivalent stiffness reduction in the damaged element can be 
approximately obtained from the displacement method in the finite element analysis (Zhu and Xu 2005) as 
12.5%. It is considered as the theoretical damage extent in this study. Hammer impact is applied at Node 44(x) 
of the frame structure, as shown in Figure 9. Hammer tests are conducted separately in these two damaged states 
and acceleration response data from the target substructure are recorded for damage identification.  
 

 
Figure 9. The target substructure for 

damage identification 

 
Figure 10. Introduced damage in an element 

 
Table 1. Sensor placement configuration  

Sensor placement 
configuration 

Sensor locations 

 
SP1

First-set Node 4(x), 7(x), 9(x), 17(x), 47(x), 50(x),
53(x), 56(x) 

Second-set Node 11(x) 
 

SP2
First-set Node 4(x), 7(x), 9(x), 11(x), 17(x), 47(x),

53(x), 56(x) 
Second-set Node 15(x), 50(x) 

 



 Damage Identification Results 
 
The hammer impact force and the interface forces are treated as unknown excitations to the substructure in the 
response reconstruction and subsequent damage identification. Two sensor placement configurations listed in 
Table 1, denoted as SP1 and SP2, are defined in this study. The number of measurement in the First-set response 
vector of SP1 and SP2 is eight, which is larger than the sum of the number of interface force and the number of 
hammer impact force. One sensor in the Second-set of SP1 is placed close to the damage location and two 
sensors in the Second-set of SP2 are deployed far away from the damaged element. These two sensor placement 
configurations are designed to investigate the performance of the proposed damage identification approach with 
different sensor placements in the Second-set. The first two natural frequencies of the damaged frame structure 
with a single damaged element are extracted from the Fourier spectrum of the measured responses as 2.54Hz 
and 7.66Hz, and the first two damping ratios are computed as 0.0019 and 0.0013 for the first two modes, 
respectively. Rayleigh damping is assumed in this study and the experimental Rayleigh damping coefficients are 
computed. The first 0.4s response data of the sensors in the Second-set are used for damage identification to 
avoid large transformation matrix in the time-consuming computation of pseudo-inverse. 
 
Figure 11 shows the identification results with SP1 and SP2. The location of the damaged element can be 
detected clearly in the 11th element from both sensor placements and the identified extents are 10.67% and 6% 
from SP1 and SP2, respectively. SP1 gives better and more accurate identification results and it is observed that 
more false positives exist in the identification results with SP2 because the sensors in the Second-set of SP2 are 
further away from the damaged element. It is found that less number of iterations (6 iterations) is required with 
SP1 for convergence compared with SP2 (8 iterations) as the sensor locations in the Second-set of SP1 are 
closer to the damaged element. 
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Figure 11. Identification results  

 
CONCLUSIONS 
 
Experimental studies are conducted to verify the dynamic response reconstruction technique in wavelet domain 
and the substructural damage identification approach. A seven-storey steel frame is fabricated in the laboratory 
and measured acceleration response data from hammer tests are used for the initial finite element model 
updating. The updated finite element model is considered as the baseline model. Measured response data from 
the damaged substructure are used for the damage identification. Good accuracy of response reconstruction in a 
target substructure is achieved. Identification results demonstrated local damages in the substructure are 
identified effectively. The locations of the damage are detected accurately and the stiffness reductions in the 
damaged elements of the target substructure are identified but normally underestimated compared with the 
actual damage values. This is probably because the designed frame structure is close to a shear-type building, 
and the stiffness at the same storey but on the other column is also identified with a small stiffness reduction.  
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