
The 6th International Conference on  
Structural Health Monitoring of Intelligent Infrastructure 

Hong Kong | 9-11 December 2013  
 
 
 

DETECTION OF JOINT DEFECTS BY BAYESIAN MODAL IDENTIFICATION 
AND MODEL UPDATING 

 
 

H. Peng and H. Lam 
Department of Civil and Architectural Engineering, City University of Hong Kong, Hong Kong S.A.R., China. 

Email: pollenhavy@hotmail.com  
 
 
ABSTRACT 
 
This paper reports the development of a systematic Bayesian framework for the detection of joint defects of 
framed structures by combining the Bayesian modal identification and the Bayesian model updating techniques. 
In this study, steel joints are modeled by rotational springs with linear stiffness, and joint defects are thus 
modeled as the reduction in rotational stiffness. In the modal identification part, ambient tests with multiple 
setups and multiple references were employed to ensure that the developed method is applicable in large-scale 
structures under the situation of limited sensors. To explicitly address the problem of measurement noise, the 
Bayesian Fast Fourier Transform (FFT) modal identification method was adopted for identifying the most 
probable values (MPV) of modal parameters and analytically calculating the uncertainties associated with the 
identified natural frequencies and mode shapes. In the model updating part, weightings, which are inversely 
proportional to the uncertainties associated with the measurement, are assigned to different measured quantities 
to show their relatively importance in the model updating process. Instead of pinpointing the model parameters, 
the Bayesian approach aims in calculating the posterior probability density function (PDF) of the set of 
uncertain model parameters conditional on the set of measurement. This paper not only reports the theoretical 
development of the proposed methodology but also the corresponding experimental verification. The 
verification results are very encouraging. According to the results from the comprehensive case studies, the 
effects of model complexity on the uncertainties of the damage detection results are discussed at the end of this 
paper. 
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INTRODUCTION  
 
Structural health monitoring (SHM) for civil engineering structures has attracted the attention of many 
researchers in the past decades. Even though significant progress in terms of sensor technologies and data 
management systems has been made during this period, the development of an effective global structural 
damage detection method for identifying the damage locations and extents based on vibration measurements 
remains one of the most challenging problems in front of us. In most existing structural damage detection 
methods, a baseline structural finite element (FE) model, which is parameterized for the purpose of damage 
detection, is first updated by measured vibration data of the intact structure. When newly measured data is 
available, it will be used to update the FE model again. The stiffness reduction of the newly updated structure is 
interpreted as potential structural damage (Wang et al. 1997; Lam et al. 2004; Lam et al. 2011; Huang et al. 
2012). 
In the proposed method, Bayesian modal identification is adopted to determine the measured modal parameters 
together with the associated uncertainties in terms of their covariance. Bayesian model updating technique is 
then employed to identify the posterior PDF of the set of uncertain model parameters. By comparing the MPV 
of the stiffness parameters from the two sets of measurement, possible damage on the structure can be detected. 
There are three outstanding advantages in solving the damage detection problem following the Bayesian 
approach: (1) it allows the subjective judgment from engineers to be cooperated in the model updating process 
through the use of a prior PDF; (2) the uncertainties associated with the measured modal parameters can be 
considered in the model updating process through the calculation of appropriate weighting coefficients for 
different measured quantities; (3) not only the MPV of model parameters but also the corresponding posterior 
PDFs, which can be used to quantify the accuracy of the damage detection result, can be calculated. 
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A general Bayesian statistical framework for system identification was first proposed by Beck and Katafygiotis 
(1998). By following this framework, Yuen and Katafygiotis (2003) developed a Bayesian Fast Fourier 
Transform approach for calculating the posterior PDF of modal parameters utilizing ambient vibration data. The 
MPV of modal parameters and their associated uncertainty were estimated through the calculation of the mean 
and the covariance matrix, respectively, of the posterior PDF. Since the estimation of modal parameters involves 
processing the inverse of a large-dimensional matrix, which is sometimes ill-conditioned, this Bayesian modal 
identification may encounter computational problems. In this paper, the newly developed Bayesian modal 
identification method (Au 2011), which overcomes the difficulty of the old method, is employed. 
A Bayesian probabilistic model updating method using time-domain measurement tackling the unidentifiable 
problems due to limited measured information was developed by Katafygiotis et al (1998). This approach 
remained at the developing stage in the unidentifiable cases. Vanik et al (2000) extended the Bayesian statistical 
framework to use measured modal parameters in model updating. Lam et al (2004) extended the Bayesian 
statistical framework which incorporates the Bayesian modal identification approach (Katafygiotis and Yuen, 
2001) and Bayesian model updating method to handle the IASC-ASCE structural health monitoring benchmark 
problem.  
In the two-storey steel frame verification example of this study, vibration measurements from multiple setups 
and multiple references are measured to ensure the proposed method is applicable for large-scale structures with 
limited number of sensors. The identified modal parameters from each setup are directly employed in the model 
updating process without assembling the “full” mode shapes.  
 

 

 

 
(a) The dimension of the 2-storey frame with joint numbers. (b) The two beam-column joints 

Figure 1. Information of the two-storey steel frame 
 
The two-storey steel frame built in structural vibration laboratory (SVL) (see Figure 1) is employed to verify 
and illustrate the proposed joint damage detection method. The width of this steel frame is 1.990 m while the 
height of it is 2.494 m (=2 × 1.247 m). The frame is constructed by four members made by JFE Steel 
Corporation with 100 mm depth and 100 mm width. The thickness of both the web and the flange are 8 mm. 
The frame consists of six connections (i.e., 4 beam-column connections and 2 column-base connections) with 
joint no. 1 to 6 as shown in Figure 1(a). Figure 1(b) shows the configurations of two beam-column connections, 
one at the top and the other at the middle of the frame. The beams are fixed to the column by four angles (2 of 
them at the top and bottom flanges of the beam, and 2 on the two sides of the web). All angles are installed 
through bolts and nuts. In general, this kind of joints is considered as rigid joints in the analysis. However, it is 
found that the natural frequencies calculated by assuming all joints being rigid are very different from the 
measured ones. Therefore, all beam-column and column-base connections are assumed to be semi-rigid 
(Narayanan, 1989) in this study, and the moment-rotation behavior of each joint is captured by a linear elastic 
rotational spring. The six spring constants (for the six joints) are considered as uncertain model parameters in 
the model updating and damage detection process. It is clear that the reduction in rotational stiffness is 
considered as joint damage in this study. 
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BAYESIAN PROBABILISTIC METHODOLOGY 
 

Ambient Vibration Tests and Bayesian Modal Identification 
 
In field tests, multiple setups are usually required to increase the number of measured degrees of freedom 
(DOFs) given a limited number of sensors. In the experimental verification, four setups are considered. They are 
shown in Figure 2. In general, at least one reference sensor is required for all setups in order to relate all the 
individual mode shapes obtained from different setups. To increase the reliability of the measured “full” mode 
shapes, four reference sensors are considered in the measurement. They are at sensors 1, 9, 10 and 11 as shown 
in Figure 2 where the arrows denote the measured DOFs of their corresponding uniaxial accelerometers. A total 
of 11 sensors are required, and thereby a total of 30 DOFs are measured from these four setups. Horizontal 
vibration is measured for the two columns, while the vertical vibration is measured for the two beams to capture 
the major dynamic characteristics of the frame. An electric fan was used to excite the structure (see Figure 3(a)). 
Figure 3 summarizes the major equipment employed in the measurement. They are the NI LabView interface 
(Figure 3(b)), the Kistler uniaxial accelerometers (Figure 3(c)) and the NI DAQ system for digitizing the analog 
signals (Figure 3(d)). 
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(a) Setup No.1 (b) Setup No. 2 
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(c) Setup No. 3 (d) Setup No. 4 

Figure 2. The sensor arrangement in the four measurement setups 
 
The experiments with aforementioned setups were carried out on the intact structure first. Thus a set of 
MPV, ˆ ud

ijf  and ˆ ud
ijΦ (for i = 1, …, Nm; and j = 1, …, n; where Nm and n are the number of modes selected to be 

identified and setups, respectively), and their associated uncertainty, ( )2ud
ijσ and ( )2ud

ijδ , of natural frequencies 
and mode shapes from different setups are identified by Bayesian FFT modal identification method (Au 2011). 
In this measurement the sampling frequency is 2048 Hz while the sampling duration is 20 minutes. To 
artificially simulate a damaged joint, the screws of the top angle at joint no. 2 (see Figure 1) are loosened and 
vibration tests are conducted on the damaged frame. A new set of modal parameters and their corresponding 

uncertainty (i.e., ˆ dm
ijf , ˆ dm

ijΦ , ( )2dm
ijσ and ( )2dm

ijδ ) of the damaged frame are also obtained. Those identified 
parameters will be utilized to update the finite element model of the undamaged and damaged structures 
respectively. 



 

  
(a) Electricity fan (b) LabView 

  
(c) Uniaxial accelerometer (d) NI DAQ system 

Figure 3. Instruments employed in the measurement 
 
Bayesian Probabilistic Model Updating 
 
The structural model class M is parameterized by RN⊆ θθ , and the global system stiffness matrix can be 
characterized as: 

 ( ) 0
1

N

i i
i
θ

=

= +∑
θ

K θ K K  (1) 

where K(θ) is the system stiffness matrix parameterized by θ which is treated as the set of uncertain model 
parameters in the model updating process; 0K  represents the stiffness matrix as a constant contribution to the 
global stiffness matrix while Ki is the nominal substructure contribution (i.e., the stiffness of joints in this study) 
scaled by θi to the global stiffness matrix.  
Owing to the space limitation, the detail derivation of the Bayesian statistical framework is not repeated here, 
and interested readers are redirected to references (Beck, 1989; Beck and Katafygiotis, 1998; Vanik et al., 2000). 
Only the most important formula is given below.  
The posterior joint PDF with respect to the set of uncertain model parameters conditional on the set of measured 
modal parameters D and the class of models M can be expressed as: 
 ( ) ( ) ( ), ,p M p M p Mκ=θ D D θ θ  (2) 

where κ is a normalization constant; ( ),p MD θ  is the likelihood PDF of measured data (i.e., natural 

frequencies ˆ R mn Nf ×∈ and mode shapes 0ˆ R mn N N× ×⊆Φ  in this study; where 0N  is the number of measured 

DOFs in each of the individual setup); and ( )p Mθ  is the a prior PDF of model parameters which allows 
engineers’ knowledge and experience to be considered in the model updating process. If there is no particular 
preference or the result purely based on the measured data is preferred, a slowly varying or a uniform 
distribution can be adopted (Lam et al, 2004). 



The prediction error of natural frequency can be calculated as the difference between the measured and model-
predicted frequencies: 
 ( )ˆ

ˆ
ij

ij ijf
e f f= − θ  (3) 

where îjf  and ( )ijf θ  represent the measured and model-predicted, respectively, natural frequencies of the ith 

mode and the jth setup. Assuming that îjf
e  follows a zero-mean Gaussian distribution, the variance of the 

prediction error (i.e. 2
ijσ ) can be analytically determined by the fast FFT Bayesian modal identification method 

(Au 2011). 
The Modal Assurance Criterion (MAC) plays an important role in the proposed methodology, and therefore, it is 
briefly introduced. The formulation of MAC is (Moller and Friberg 1998): 

 ( )
,

MAC , ,ij ij
ij ij

ij ij

=
Φ Ψ

Φ Ψ
Φ Ψ

 for 0 ≤ MAC ≤ 1 (4) 

where ,ij ijΦ Ψ  represent the measured and calculated, respectively, mode shapes of the i th mode at j th setup 

and the larger the MAC value is, the better the pairing will be; ,⋅ ⋅  denotes the inner product of two vectors and 

⋅ denotes Euclidean norm of a vector. Note that only the measured DOFs are considered in the calculated mode 

shapes ijΨ . 
Similar to the prediction error of identified natural frequency, the prediction error of a mode shape can be 
expressed as: 
 ( )ˆ

ˆ
ij

ij ij= −
Φ

e Φ Ψ θ  (5) 

where ˆ
ijΦ  is the MPV of mode shape of the i th mode and the j th setup; ( )ijΨ θ is the model-predicted mode 

shape. It must be pointed out that both of them are normalized to unity. 
By assuming that the prediction error of the i th mode shape from the j th setup follows a zero-mean Gaussian 
distribution, the uncertainty, 2

ijδ , of the identified mode shape can be expressed as: 
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where 0N  is the number of measured DOFs at the j th setup; 
0

2 2 2
1 2, ,...,ij ij ijNλ λ λ   are eigenvalues, in ascending 

order, of the posterior covariance matrix corresponding to mode shape (Au and Zhang, 2011). 
Since the modal parameters of each mode at each setup are identified independently, the probabilistic model can 
be built by combining Equations (2), (3), (5), and (6): 

 ( ) ( ) ( )1, exp
2

p M p M J ∝ − 
 

θ D θ θ  (7) 

where the J function is given by: 

 ( )
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The MPV of model parameters can be obtained by maximizing the scaled posterior joint PDF in Eq. 7. Since the 
model parameters are assumed to fit a joint Gaussian distribution, the covariance matrix of model parameters 

evaluated at their MPV, ( )ˆC θ , can be calculated as the inverse of Hessian matrix, ( )ˆH θ  of the function g(θ) = 

−ln p(θ|D,M) evaluated at the MPV of model parameters. This Hessian matrix can be thereby approximated by 
the central difference method. The element at the ith row and jth column of the Hessian matrix can be calculated 
as: 

 ( ) ( )2

,
ˆ

ˆ
i j

i j

g
h

θ θ
=

∂
=
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θ θ

θ
θ , for i = 1, …, Nθ and j = 1, …, Nθ  (9) 

Eq. 9 is hence employed to further quantify the posterior uncertainty, i.e. COV, of the identified MPV of the 
uncertain model parameters. 
 
Damage Detection 
 



The FE model should first be updated using the set of measurement from the intact structure to form a reference 
(or baseline) for damage detection. Twenty minutes of data was measured with a sampling frequency of 2048 
Hz. Figure 4 shows a sample of the average cross spectrum density calculated from the measured time-domain 
data. The four peaks in the figure approximately show the natural frequencies of the first four modes. Bayesian 
modal identification method is employed to identify the modal parameters and damping ratio of the first four 
modes, and they are summarized in Table 1. Table 2 presents the analytical variance of the natural frequencies 
and mode shapes. 
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Figure 4. Averaged cross spectrum density of intact structure 

 
Table 1. Identified natural frequencies and damping ratios of intact structure 

 
Mode 1 Mode 2 Mode 3 Mode 4 

ud
ijf (Hz) ud

ijς *(%) ud
ijf (Hz) ud

ijς (%) ud
ijf (Hz) ud

ijς (%) ud
ijf (Hz) ud

ijς (%) 
Setup 1 16.78 0.25 70.04 0.16 109.11 0.05 114.91 0.07 
Setup 2 16.77 0.23 69.90 0.10 109.07 0.07 114.81 0.16 
Setup 3 16.77 0.22 69.92 0.14 109.27 0.07 114.78 0.07 
Setup 4 16.78 0.15 69.92 0.11 109.16 0.03 114.91 0.14 
Mean  16.78 0.21 69.95 0.13 109.15 0.06 114.85 0.11 

*represents the damping ratio of i th mode at j th setup. 
 

Table 2. Variance of natural frequencies and mode shapes of intact structure (× 10-7) 

 
Mode 1 Mode 2 Mode 3 Mode 4 

( )2ud
ijσ  ( )2ud

ijδ  ( )2ud
ijσ  ( )2ud

ijδ  ( )2ud
ijσ  ( )2ud

ijδ  ( )2ud
ijσ  ( )2ud

ijδ  
Setup 1 1.17 7.24 3.59 3.76 2.59 12.40 22.30 7.99 
Setup 2 2.97 15.10 7.06 10.30 43.90 3.33 140.00 8.99 
Setup 3 3.74 13.90 2.36 16.20 13.50 23.20 3.81 1.77 
Setup 4 6.21 4.93 1.06 3.73 14.90 3.03 43.80 3.64 
Mean  3.52 10.30 3.52 8.50 18.70 10.50 52.50 5.60 

 
A FE model of the steel frame with 32 (= 4 × 8) elements is established accordingly. The FE model consists of, 
in all, seven uncertain model parameters. They are the six rotational spring constants (for the six connections of 
joints) and the modulus of elasticity of all structural members. The nominal values of rotational stiffness and 
modulus of elasticity are 1.0 × 106 Nm/rad and 200 GPa, respectively. The MPV of model parameters and their 
associated uncertainties are calculated by the proposed Bayesian methodology. The results are summarized in 
Table 3. 
 



Table 3. The MPV and the associated uncertainty of model parameters of the intact structure 

 1̂θ  2̂θ  3̂θ  4̂θ  5̂θ  6̂θ  7̂θ  
MPV 1.09 0.80 0.88 1.12 3.56 2.05 0.93 

COV (× 10-4) 13.3 16.7 14.4 15.4 21.1 19.0 1.1 
 
The natural frequencies and mode shapes of the updated baseline FE model are calculated and matched to the 
measured ones to check if the model updating results are reliable. The matching between the model-predicted 
(after updating) and measured natural frequencies and mode shapes are summarized in Table 4 and Figure 5, 
respectively. It is very clear that the matching is of very high quality.  
 

Table 4. Comparisons between the calculated and measured modal parameters of intact structure 
 Mode 1 Mode 2 Mode 3 Mode 4 

Calculated natural frequency (Hz) 16.77 69.94 109.13 114.81 
Measured natural frequency (Hz) 16.77 69.94 109.15 114.85 

Discrepancy (%) -0.02 -0.01 -0.02 -0.04 
MAC (%) 99.89 98.60 96.98 97.83 
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Figure 5. Comparison between the model-predicted (updated) and measured mode shapes 
 
By following similar procedure, the MPV of model parameters of the damaged frame are identified based on the 
ambient test data. The MPV of model parameters and their uncertainty are summarized in Table 5. The damage-
induced changes in model parameters are summarized in Figure 6 compared to the baseline parameters from 
intact structure. 
 



Table 5. The MPV and associated uncertainty of model parameters of the damaged structure 

 1̂θ  2̂θ  3̂θ  4̂θ  5̂θ  6̂θ  7̂θ  
MPV 1.11 0.45 0.90 1.13 3.47 1.94 0.93 

COV (× 10-4) 25.4 46.6 80.9 87.2 118 108 1.97 
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Figure 6. The changes in uncertain model parameters due to damage (1 to 6 are rotational stiffness at joints 1 

to 6, and 7 is the modulus of elasticity) 
 
From Figure 6, it is very clear that joint no. 2 is damaged with about 44% reduction in rotational stiffness. The 
changes in stiffness at other joints are very small (less than 5%), and therefore, they can be neglected. Since the 
detected damage location is the same as the artificially simulated one, it can be concluded that the proposed 
method successfully identify the damaged joint. Note also that there is almost no change in the modulus of 
elasticity (θ7). From the result, the reduction in rotational stiffness induced by unfastening the top angle is about 
44%. From the results of other experimental case studies (not reported in this paper), the reduction in rotational 
stiffness is about 85% when both the top and bottom angles are unfastened. This result is reasonable as the top 
and bottom angles are important for transferring bending moment from the beam to the column. If they are 
damaged, the connections will behavior like a pinned joint. 
 
DISCUSSIONS ON MODELING ERROR 
 
In general, the uncertainty of the identified model parameters comes from two main sources: the measurement 
noise and modeling error. Uncertainty from measurement noise is well handled by Eq. 2 in the structural model 
updating process. However, the effect of modeling error in the uncertainties associated with the model updating 
results is much more complicated, and there is no commonly accepted method to explicitly handle it. Therefore, 
the COV of the identified model parameters calculated by the proposed method is small. This is because the 
effect of modeling error is not considered in the formulation. This will certainly be one of the very important 
further works to be considered. 
To have a better understanding on the effect of modeling error, a very comprehensive numerical case study was 
carried out (not reported in this paper owing to the limited space). The model updating results from model 
classes with different discretization (use different number of elements in the FE model), different 
parameterization (grouping different uncertain model parameters together in the model updating process) and 
boundary conditions (use rigid connection at selected joints) are compared. According to the numerical case 
study results, poor parameterization or parameterization may increase the COV of model parameters by 2% - 
5%. However, the effect of boundary condition on the uncertainty of the model updating result is higher than the 
effect of discretization and parameterization. Inappropriate boundary conditions may even lead to unidentifiable 
problem. 
 



CONCLUSIONS 
 
A systematic Bayesian probabilistic framework, which is comprised of the fast FFT Bayesian modal 
identification method and the newly developed Bayesian probabilistic model updating method, is presented. The 
proposed methodology is applicable with ambient vibration data measured from multiple setups and multiple 
references. This is important for increasing the number of measured DOFs given only a limited number of 
sensors. The Bayesian probabilistic model updating can be carried out without assembling the measured mode 
shapes from different setups. Eventually the proposed method is applied for the detection of joint damage of a 
two-story steel frame. The experimental verification result is very satisfactory showing that the unfastening the 
top angle will reduce the rotational stiffness of that joint by about 44%. Further research in considering the 
uncertainty from the problem of modeling error is important for the application of the proposed methodology in 
real situations. 
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