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ABSTRACT 
 
This paper puts forward a Bayesian methodology for structural damage detection utilizing measured ambient 
vibration data. The proposed methodology is illustrated by measured vibration data of a scaled three-
dimensional tower structure (over 2.5m height), which was built in the Structural Vibration Laboratory (SVL), 
City University of Hong Kong. The methodology consists of three phases. Bayesian modal identification was 
carried out for the undamaged and damaged structure based on ambient vibration data in the first phase. The 
procedure of assembling mode shapes from multiple setups was introduced. In the second phase, following the 
Bayesian theory the posterior PDF (probability density function) of the set of pre-defined uncertain parameters 
of the structural model was derived. Model updating was conducted for the undamaged and damaged tower. The 
most probable values (MPVs) of the set of uncertain parameters were obtained by maximizing the posterior PDF. 
The proposed Bayesian model updating formulation assigns different weightings to the measured modal 
parameters according to their accuracy of measurement. After model updating, the stiffness distributions of the 
undamaged and damaged tower were identified. By comparing the stiffness distributions, the part(s) of the 
structure with stiffness reduction is (are) considered to be damaged in the final phase of the proposed 
methodology. 
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INTRODUCTION  
 
Structure related accidents are reported from time to time. For example, during the 1998 storm in Canada 
hundreds of transmission towers buckled. This leaves over 4 million people in Canada and parts of US without 
power for over 3 weeks in the middle of winter (Munroe n.d.). The recent earthquake in Ya’an, China damaged 
hundreds of buildings, and multiple deaths were reported. The assessment of the “health” status of structures is 
important. The development of an effective damage detection method is thus urgently needed. Damage 
detection methods can be divided into two categories, namely local methods (Burdekin 1993, Popovics and 
Rose 1994) and global methods. The local methods, such as visual inspection, thermal or ultrasonic analysis, 
require direct accessibility of the damage locations. Those methods are not designed for the exhaustive search of 
possible damage location(s) throughout the entire structure. That is the reason for calling them “local” methods. 
The demand of a practical and effective global damage detection method motivates the research development in 
this area. Global methods are often referred to as dynamic methods for damage detection (Morassi and Vestroni 
2008). Structural damage is usually referred to as the reduction in stiffness. The stiffness lost will change the 
dynamic characteristics, such as natural frequencies and mode shapes, of structures. With the measurement from 
the undamaged and possibly damaged structure, two sets of stiffness distributions can be identified by model 
updating technique. Most existing global methods aim in comparing the stiffness distributions of a structure at 
different status for the purpose of detecting the existence, location and extent of damage. Many researchers have 
been focused on global damage detection methods. Lam et al. (2004) applied the Bayesian statistical system 
identification framework for the damage detection of the benchmark structure utilizing measured modal 
parameters. As a preliminary study, this benchmark study focused on computer simulation without experimental 
measurement. Titurus et al. (2003a, 2003b) adopted model updating techniques for the damage detection based 
on modal parameters from a simple -shape structure. In reference (Lam et al. 2008), damage detection was 
carried out based on time domain data with emphasis on the selection of the most plausible class of models for 
the purpose of structural damage detection.  
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From the literature, most of the damage detection methods were verified using computer simulation or 
experimental measurement from very simple structures. When full scale field measurements are conducted, 
most publications focused on the detection of damage existence without concerning the damage location and 
extent. Considering the applicability in real situations, the proposed methodology focuses not only damage 
detection, but also the modal identification with ambient vibration data from measurement with multiple setups. 
Furthermore, this paper adopted a complicated three-dimensional structure in experimentally verifying the 
proposed methodology. Figure 1 shows the target tower model together with the finite element model (FEM). A 
set of reliable measured modal parameters is the precondition of the success of global damage detection. It must 
be pointed out that modal identification of complicated three-dimensional structures is a challenging problem. In 
the first phase of the proposed methodology, the theoretical rigorous Bayesian modal identification method (Au 
2011a; Au et al. 2012) is adopted to estimate a set of reliable modal parameters together with the associated 
uncertainties. In general, the desired number of measured degrees of freedom (DOFs) is large and the number of 
sensors available is limited. As a result, most field measurements are carried out with multiple setups. In this 
study, multiple setups of sensors were used to measure the x- and y-direction vibration at all nodes except the 
four support nodes (i.e., nodes 1, 10, 19, 28) and nodes 37 to 40). The mode shapes from each setup were 
assembled by least square method (Au 2011b). In the second phase of the proposed method, Bayesian model 
updating was carried out to identify the stiffness distribution of the undamaged and damaged tower. By 
following the Bayesian approach, weightings are assigned to different measured modal parameters to show their 
relative importance in the model updating process according to their accuracy of measurement. The 
uncertainties of identified model parameters are also be determined. By comparing the two sets of stiffness 
distributions, the damage location(s) can be estimated by identifying the “regions” of the structure with stiffness 
reduction. 
 

 
(a) 

Unit: m. 
(b) 

Figure 1. (a) Scale-down tower, (b) FEM of the tower 
 
 
METHODOLOGY 
 

Bayesian Modal Identification 
 
The Bayesian modal identification method was first proposed by Yuen and Katafygiotis (2003). But the original 
method is computationally prohibited when the number of measured DOFs is large. Au (2011a) reformulated 
this method by separating the mode shapes and frequencies in the optimization process. As a result, the 
Bayesian modal identification method can be completed in a few seconds even for cases with over 20 measured 
DOFs. Owing to the space limitation in this conference paper, the formulations of the Bayesian modal 



identification method are only briefly summarized here. Interesting readers are referred to (Au 2011a) for details. 
By following Bayesian theory and assuming an uniform prior distribution (a non-informative prior) the posterior 
probability density function (PDF) of the modal parameters V, which consist of the natural frequency f, damping 
ratio ζ, mode shape Φ, spectral density of modal excitation S and spectral density of the prediction error σ2, 
conditional on the fast Fourier transform (FFT) data {Zk} is proportional to the likelihood function, 
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where L(V) is the log-likelihood function, 
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Let Uj denote the acceleration responses at the n measured DOFs of the structure {Uj∈Rn: j = 1, …, N}. N is the 
number of samples measured at each channel. Let F k denote the FFT of the time domain data Uj. Fk

T and Gk
T 

represent the real and imaginary part of F k. One can construct Zk as the augmented FFT vectors {[Fk
T, Gk

T]T ∈
R2n: k = 2, …, Nq}, which is in Eq. 1. The subscript k represents the frequency coordinate in FFT. Nq 
corresponds to the coordinate at the Nyquist frequency. For a high sampling rate and long duration of data, Zk 
can be modeled as multivariate zero-mean Gaussian distribution with covariance matrix Ck which is in Eq. 2. To 
obtain MPV of the modal parameters V one should maximize the posterior PDF in Eq. 1. It is equivalent to 
minimize Eq. (2). In order to perform the method efficiently Eq. 2 is reformulated to separate the mode shapes, 
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Nf is the number of FFT values of the selected frequency band, which should be selected such that it includes 
only one spectral peak. Dk is given as follows, 
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where βk = f / fk, and, 
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λ̂  is the maximum eigenvalue of A, which is given as follows, 
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The procedures of the Bayesian modal identification method can be summarized as: 
1. Select the frequency band. 
2. Calculate the FFT sequence {Fk, Gk}, matrices Dk and d. 
3. Minimize Eq. 3 and the MPV of {f, ζ, S, σ2} can be obtained. The MPV of Φ is the eigenvector of A 

with the largest eigenvalue. 
 
Different DOFs of the target structure are measured in each setup of the experiment and the above procedures 
are repeated to identify the modal parameters of each setup. The mode shapes from different setups will be 
assembled by the least square method (Au 2011b).  
 
Bayesian Model Updating 
 
The formulation of the Bayesian system identification framework was first proposed by Beck and Katafygiotis 
(1998) and it is for time domain data. In 2000, Vanik and co-workers extended the framework to frequency 
domain (Vanik et al. 2000), and modal parameters are used for Bayesian model updating in their formulation. 
For a complicated structure like the tower considered in this paper, model updating in time domain is very 
difficult. Therefore, modal parameters are adopted in the model updating of the proposed methodology. 
 
The posterior PDF of the uncertain model parameters can be formulated as (Beck and Katafygiotis 1998) 

( ) ( ) ( ), ,p M cp M p M=θ Q θ Q θ  (9) 
where θ is the uncertain model parameter vector to be identified; Q represents the set of measured data (i.e., 
natural frequencies and mode shapes); M represents the model class (both the deterministic structural model 
class and the probabilistic model class to describe the uncertainty associated with the prediction error); c is a 



normalizing constant such that the integral of the posterior PDF over the parameter space equals to unity; p(θ|M) 
is a prior PDF depending on the user’s knowledge. Usually a uniform prior PDF is used such that the results are 
solely relied on the measurement. So the essential part of Eq. 9 is the likelihood function p(Q|θ, M). In practice 
usually multiple sets of data are measured. Assuming that they are measured independently and the likelihood 
function becomes, 

( ) ( ) ( ) ( ) ( )1
1

, , , , ,
sN

n n
n

p M p M p M p M p M
=

= =∏2Q θ Q θ Q θ Q θ Q θ  (10) 

where Ns is the number of the data sets. If each set of data Qn contains modal parameters of Nm modes and they 
are independent from each other according to references (Yaglom 1987) and (Yuen et al. 2002), the PDF of a 
single data set Qn can be formulated as, 
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In Eq. 11, 2

,
ˆ

i nω  and ,
ˆ

i nφ  are the squared circular frequency (in (rad/s)2) and mode shape of the ith mode identified 
from the nth measurement respectively. As a result of Eqs. 10 and 11, Eq. 9 becomes, 
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where c0 is a constant which has absorbed the normalizing constant c and the uniform prior PDF. In the 
following, the mode shape PDF is established first. The relationship between the measured and calculated mode 
shape can be model as, 
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In Eq. 13 ˆ
iφ  and ( )iψ θ  are the measured and calculated mode shapes of the ith mode respectively. Note that 

the number of measured modes and measured DOFs is usually smaller than the calculated ones. So the 
measured and calculated mode numbers are usually not matched. Here the modal assurance criterion (MAC) is 
used to match the assembled measured mode shapes with the calculated mode shapes. This is very important for 
complex structures because their mode shapes are complicated, and it is not reliable to match the modes 
manually. em(i) is the error between the measured and calculated mode shape at all DOFs. Assuming that em(i) 
follows a zero-mean multivariate Gaussian distribution and the PDF of the measured mode shape can be 
expressed as, 
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Here all mode shapes are normalized to have unity Euclidean norm. Ki is a diagonal covariance matrix whose 
diagonal elements can be calculated as the sample variances of the measured mode shapes from different sets of 
data. NO is the number of observed DOFs. 
 
In the following the PDF of the squared circular frequency is derived. Similarly, eω(i) is used to represent the 
prediction error of the squared circular frequency, 
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The prediction error of the squared circular frequency is modeled as a zero-mean Gaussian process. Therefore 
the PDF of the squared circular frequency can be established, 
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where εi
2 is the variance of the squared circular frequency and can be calculated as the sample variance of the 

measured quantities from different sets of data. By substituting Eqs. 14 and 16 into Eq. 12, the final form of the 
posterior PDF of the uncertain parameters can be obtained, 
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To obtain the MPV θ* one needs to maximize the PDF of uncertain parameters in Eq. 17. It is equivalent to 
minimize the objective function J(θ) in Eq. 18. In the Bayesian probabilistic approach, one can see in Eq. 18 
that the terms with the subscript n represent the individual sets of data. All the measured data are fully utilized to 
make the statistical inference. The terms εi

2 and Ki consider the uncertainties of the frequencies and mode 
shapes respectively. The larger their values, the more uncertain the corresponding parameters will be. By 
following the Bayesian statistical system identification framework, the weightings in model updating are 
automatically assigned. If a quantity is measured with high accuracy, a large weighting will be assigned and the 
system will try to fit this quantity better.  
 
J(θ) is implicit so the numerical minimization is conducted for J(θ) using active-set algorithm to obtain the 
MPV θ*. Then, the posterior PDF of θ can be described and the uncertainties of the model parameters at θ* can 
be obtained. Define the function G(θ) as, 
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where c2 is a constant. The covariance matrix of the model parameters Σ can be described by the inverse of the 
Hessian matrix of G(θ) evaluated at the optimal vector θ*, 
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Eq. 21 gives the element in the kth row and lth column of the Hessian matrix. Finite difference method can be 
used to approximate the Hessian matrix of G(θ) at θ*. The marginal PDF of each model parameter is 
approximated using Laplace’s method for asymptotic expansion (Papadimitriou et al. 1997): 
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where N represents the normal distribution. (σ*
θi)2 is the ith diagonal term of the covariance matrix Σ. 

 
By following the above Bayesian model updating procedures the computer models of the target structure are 
updated based on the measured data from the undamaged and damaged structure. The uncertain model 
parameters will be set to monitor the stiffness distribution of interested locations. By comparing the two sets of 
MPV of uncertain model parameters the damage location(s) can be identified. 
 
EXPERIMENTAL VERIFICATION 
 
Experiments were conducted to verify the proposed Bayesian damage detection methodology. Due to the limited 
space only one case is presented here. The measurement was carried out on the undamaged tower first. A fan 
was used to simulate the ambient vibration in practice to excite the tower (see Figure 2). In real application, the 
excitation of the target structure can be the wind load or the excitation from people’s daily work, and no 
artificial excitation is required. It is convenient and economical when compared to other forced vibration tests. 
Figure 3 shows the equipment used in the experiments. A total of 20 accelerometers were used in each setup of 
the measurement and 5 setups were carried out to cover 64 measured DOFs (i.e., the x and y direction vibration 
of all the nodes except the 4 support nodes and node 37 to 40). The configurations of the 5 setups are 
summarized in Table 1. The first row of Table 1 shows the sensor numbers. For other elements of the table, the 
numbers correspond to the node numbers (see Figure 1(b)) and the letter “x” or “y” represents the measured 
direction. For example, “22x” in Table 1 means that in setup 3 sensor 2 is installed at node 22 along x direction. 
During the experiment, sensors 1, 3, 8, 9, 11 and 16 are used as references and their position and direction are 
the same in all setups. This is very important for the assembling of the “complete” mode shapes based on 
measurements from the 5 setups. For each setup, 10-min data were measured and divided into 5 segments. Each 
segment of data was processed by the Bayesian modal identification method and all the identified modal 
parameters were used for model updating. As a result multiple sets of frequencies and mode shapes can be 
obtained. Table 2 shows the averaged natural frequencies of the first seven modes averaged over the 5 segments 
of data from the 1st-setup. The sample variances of the squared circular frequencies are also shown in the table. 
Table 3 shows the diagonal elements of the covariance matrix of mode shapes based on the 5 segments of data 
from the 1st-setup. Note that for each setup only 20 DOFs of the “complete” mode shapes were measured. It 
must be pointed out that different sets of “partial: mode shapes were directly employed in the model updating 
process. However, the “complete” mode shapes are still very important for matching the measured and model-
predicted modes by MAC. It is clear from Table 2 and Table 3 that the variances of different quantities are 



different implying different degree of accuracy. The variances are incorporated according to the Bayesian 
approach in calculating the weightings for different quantities. Owing to the space limitation, the variances of 
measurements from other setups are not presented in this paper. 
 
Damage detection was focused on the braces of the first 5 stories of the tower. Seven uncertain parameters were 
considered in the model updating. The first 5 uncertain parameters were used to scale the Young’s modulus of 
braces of the first 5 stories of the tower respectively. The 6th uncertain parameter was used to scale the Young’s 
modulus of braces of stories 6 to 8. The last uncertain parameter was used to scale the Young’s modulus of the 
four main columns. Model updating was first conducted using the data from the undamaged structure, and the 
MPV of uncertain parameters θud is shown in Table 4 together with their coefficients of variation (COVs). The 
comparison of the measured (average) mode shapes and the calculated mode shapes is given in Figure 4. The 
dash lines correspond to the measured mode shapes and the solid lines represent the calculated ones. It is very 
clear from the figure that the matching is good. The comparison between the measured (average) natural 
frequencies and the calculated ones is shown in Table 5. The small differences show that the computer model is 
of acceptable accuracy. 
 
In the damage case, one brace of story 1 and one brace of story 5 were removed to artificially simulate structural 
damage (see Figure 1). By following similar procedures modal identification and model updating were carried 
out. By comparing the MPV of uncertain parameters between the undamaged and damaged tower, the identified 
stiffness reduction of the first 5 stories is calculated and summarized in Figure 6. It is clear from the figure that 
the stiffness for stories 1 and 5 are reduced by about 30% and 45%, respectively. It can be concluded that the 
proposed Bayesian damage detection methodology successfully identify the damage on the tower. 
 

 

 
(a) 

 
(b) 

Figure 2. Excitation of the tower Figure 3. Equipments 
 

Table 1. Configurations of sensors of 5 setups 
Sensor 

NO. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

Setup 1 2x 3x 4x 5x 6x 7x 8x 9x 2y 3y 4y 5y 6y 7y 8y 9y 11x 12x 13x 14x 
Setup 2 2x 15x 4x 16x 17x 18x 11y 9x 2y 12y 4y 13y 14y 15y 16y 9y 17y 18y 20x 21x 
Setup 3 2x 22x 4x 23x 24x 25x 26x 9x 2y 27x 4y 20y 21y 22y 23y 9y 24y 25y 26y 27y 
Setup 4 2x 29x 4x 30x 31x 32x 33x 9x 2y 34x 4y 35x 36x 29y 30y 9y 31y 32y 33y 34y 
Setup 5 2x 29x 4x 30x 31x 32x 33x 9x 2y 34x 4y 35x 36x 29y 30y 9y 31y 32y 35y 36y 
 

Table 2. Averaged circular frequencies and variances of squared circular frequencies of 1st-setup data 
Mode NO. 1 2 3 4 5 6 7 
Averaged 
Frequency 

(rad/s) 
221.89  254.94  427.62  756.54  797.64  1301.45  1337.21  

Variance 
((rad/s)4) 651.09  983.91  2380.38  211402.70  289306.11  68871.96  92691.90  

 



Table 3. Diagonal elements of the covariance matrix of mode shapes based on the 1st-setup data (×10-7) 

 Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 
DOF 1 9.86 3.10 20.70 558.00 347.00 230.00 322.00 
DOF 2 20.50 4.96 66.70 699.00 939.00 50.30 256.00 
DOF 3 2.42 7.52 27.60 441.00 472.00 68.10 282.00 
DOF 4 13.40 6.05 26.70 99.30 248.00 603.00 405.00 
DOF 5 10.00 1.27 60.30 56.90 549.00 101.00 308.00 
DOF 6 15.60 6.53 7.67 71.00 182.00 77.70 665.00 
DOF 7 32.60 2.94 76.30 668.00 351.00 291.00 85.60 
DOF 8 17.30 8.64 24.00 97.20 218.00 124.00 892.00 
DOF 9 4.66 12.90 28.50 126.00 81.10 140.00 133.00 

DOF 10 7.69 0.93 39.20 10.80 371.00 109.00 75.10 
DOF 11 1.84 0.55 31.20 78.00 1650.00 74.90 734.00 
DOF 12 5.44 7.50 66.60 55.80 1570.00 64.90 483.00 
DOF 13 2.80 7.01 14.50 77.20 1120.00 68.00 32.50 
DOF 14 10.20 13.00 6.17 104.00 232.00 14.60 104.00 
DOF 15 1.95 16.50 30.20 63.80 176.00 37.90 342.00 
DOF 16 3.24 13.70 11.80 58.60 523.00 263.00 610.00 
DOF 17 4.36 12.50 53.00 136.00 697.00 261.00 311.00 
DOF 18 0.87 3.14 1.78 586.00 497.00 88.60 256.00 
DOF 19 2.45 0.53 13.00 183.00 68.80 598.00 522.00 
DOF 20 7.84 6.42 6.36 181.00 30.30 67.10 168.00 

 
Table 4. MPV of uncertain parameters of the undamaged tower and their COVs 

θud 0.55 1.54 0.48 0.53 0.84 4.93 0.72 
COV (×10-4 %) 2.50 2.49 2.49 2.49 2.49 2.49 2.47 
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(g) 

Figure 4. Matching of the measured (average) mode shapes and calculated mode shapes 
 

Table 5. Comparison of the measured (average) and calculated natural 

Averaged measured 
frequency (rad/s) 221.89 254.94 427.62 756.54 797.64 1301.45 1337.21 

Calculated 
frequency (rad/s) 222.40 259.40 433.14 747.03 818.00 1300.99 1338.85 

Difference  0.23% 1.75% 1.29% -1.26% 2.55% -0.04% 0.12% 
 

 
Figure 5. Damage configuration 

 



 
Figure 6. Stiffness reduction of the first 5 stories of the tower 

 
CONCLUSIONS 
 
This paper presented the detail procedures of applying Bayesian theory to damage detection. The two key 
components of the proposed methodology are Bayesian modal identification and model updating. One of the 
outstanding feature of the Bayesian approach is to weight the relatively importance of different measured 
quantities according to their accuracy of measurement. This allows the model updating process fully utilize all 
the measured data. The proposed methodology was verified with a complicated three-dimensional structure and 
the result is very encouraging showing that it has the potential to be applied for complicated in real situation.  
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