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ABSTRACT 
 
The objective of this study is to improve the efficiency of wind farm power production by applying Bayesian 
Optimization (BO) in a cooperative game theoretic framework. In the game theoretic framework, wind turbines 
in a wind farm are treated as agents interacting with other wind turbines through the wake interference. Through 
minimizing wake interference by coordinated control actions of wind turbines, the power performance of the 
wind turbines can increase. The goal is to find the optimal, coordinated sets of yaw offset angles and induction 
factors for wind turbines by applying a Bayesian Optimization (BO) algorithm. In BO, the objective function is 
modeled as a Gaussian Process (GP) and the optimum point is found by sequentially querying (sampling) the 
function values. Since BO does not require an explicit form for the objective function, the methodology can be 
effectively deployed to wind farm power maximization problem whose objective function involves complicated 
wake interactions and uncertainties in environmental influence such as wind speed and direction. Preliminary 
results show that BO is able to find the optimal sets of yaw offset angles and induction factors for case studies 
with wind turbines aligned in a row.  
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INTRODUCTION  
 
Wind farm power efficiency can be significantly decreased due to the wake interference among the wind 
turbines in a wind farm. On the other hand, the efficiency can be improved by coordinating the actions of the 
wind turbines in a wind farm, which underscores the motivation of constructing wind farm power maximization 
problem in a cooperative game framework. Researchers have recently started to study the efficiency of a wind 
farm as a whole rather than a single wind turbine. The optimum layout of wind turbines in a wind farm to 
minimize the wake interference under certain wind conditions (wind speed, direction, etc.) has been studied 
(Chowdhury et al. 2012; Kusiak et al. 2010). Studies on the coordination of the actions of the wind turbines to 
increase the wind farm power efficiency have also been reported. For example, many researchers have studied 
how to find the optimum joint set of induction factors that maximizes the total power output (Johnson et al. 
2009; Madjidian et al. 2011). Wind turbine yaw control mechanism has also been employed as a way to increase 
the power efficiency of wind farms (Dahlberg et el. 2003; Wagenaar et al. 2012). However, a control strategy 
utilizing both the yaw offset angle and the induction factor as control variables has not been reported. 
 
Wind farm power maximization problem by induction factor adjustment has been studied by either analytical or 
model-free methods. The problem has been formulated based on simplified wake models, and the solutions are 
found by various numerical methods (Kathryn et al 2009; Madjidian et al. 2011). However, analytical wake 
models are hard to apply to a real wind farm site because wake interactions are strongly affected by 
environmental factors as well as wind turbine model types. Recently, model-free algorithms for finding the 
optimal control actions are reported by many researchers. Induction factor control algorithm based on multi-
agents learning has been proposed and formulated in a game theoretic framework (Marden et al. 2013). This 
method requires a large number of action-response observations to explore the action space and to converge to 
the optimal strategy. A maximum power point tracking approach, which is based on the estimation of gradient, 
has been proposed (Dam et al. 2012). Gradient based optimization requires a small number of sampling points 
to reach optimum by exploiting the structure of an objective function. However, gradient-based methods are not 
robust because even a low level of noise can distort the gradient. 
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Bayesian optimization (BO) is a model-free approach that samples the data points to construct the unknown 
objective function and optimize it (Bronchu et al. 2010; Osborne 2010). In the BO framework, the unknown 
objective function, fitted by Gaussian process (GP), is being continuously updated with new sampling data 
points. Thus, BO is a type of iterative online learning process. BO has been applied to various decision making 
problems. For example, BO has been applied to select optimum sensor locations for environmental monitoring 
(Marchant et al. 2012). BO has also been applied to control robot to achieve multiple objectives (Tesch et al. 
2012). In this study, we deploy Bayesian Optimization (BO) to find the optimal yaw offset angles and induction 
factors of wind turbines that maximize the total wind farm power output. Numerical simulations are provided to 
illustrate the effectiveness of BO approach for the wind farm power maximization problem.  
 
FORMULATION FOR WIND FARM POWER MAXIMIZATION OPTIMIZATION  
 
This section describes the formulation of the wind farm power maximization problem examined in this study. 
Formulating in cooperative control setting, the objective function is cast as the sum of individual wind turbine 
powers. Since the control actions of upstream wind turbines affect the performances of the downstream wind 
turbines, we first introduce the wake interaction model relating the control actions and the power outputs of 
wind turbines in a wind farm.  
 
Wake Interaction Model between Two Wind Turbines 
 
One of the most prevalent wake models is the Park wake model (Jenson 1986; Katic et al. 1986) that describes 
how the wind speed is retarded by the wake formed behind a wind turbine rotor. For a free stream wind speed 𝑈, 
the Park model defines the reduced wind speed 𝑢 at the downstream wake distance 𝐿𝑑  and the radial wake 
distance 𝐿𝑟from the wake formed behind the jth wind turbine in the upstream as (Katic et al. 1986): 

𝑢(𝐿𝑑 , 𝐿𝑟) = �1 − 𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗��𝑈                                                       (1) 
 
where 𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗� is termed the wind speed deficit factor quantifying how much wind speed is retarded by the 
wake formed by the upstream wind turbine j, which is expressed as 

𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗� = �2𝛼𝑗 �
𝐷𝑗

𝐷𝑗+2𝜅𝐿𝑑
�
2

,          if 𝐿𝑟 ≤
𝐷𝑗+2𝜅𝐿𝑑

2

          0,                           otherwise
                                     (2) 

 
where 𝛼𝑗 is the induction factor of the jth wind turbine, 𝐷𝑗  is the diameter of jth wind turbine, and 𝜅 denotes the 
surface roughness. This model assumes that the wind speed is uniform in the wake. The scaled deficit factor by 
the ratio of wake overlap on the rotor disk is used to find the averaged wind speed on the rotor and the averaged 
wind speed is used to estimate the power of the wind turbine (Katic et al. 1986). 
 
Noting that the deficit factor is maximum at the center of the wake, but decreases with the radial distance 𝐿𝑟  in a 
form of Gaussian function beyond 5 diameters downstream wake distance (Ainslie 1988; Bartl et al. 2011), in 
this study, we explicitly model the wind speed profile in the wake by expressing the deficit factor 𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗� 
by the product of the deficit factor in the Park wake model and the exponentially decaying function as  

𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗� = 2𝛼𝑗 �
𝐷𝑗

𝐷𝑗+2𝜅𝐿𝑑
�
2

exp �−𝜍 � 𝐿𝑟

𝐷𝑗 2⁄ +𝜅𝐿𝑑
�
2
�                                   (3) 

 
Note that at the center of the wake (𝐿𝑟 = 0), Eq. 3 is equivalent to the Park wake model (Eq. 2). As the wake 
propagates further in the downstream direction (as 𝐿𝑑 increases), the deficit factor decays more slowly in the 
radial direction. We describe this trend by expressing the normalizing term in the exponential function as 
𝐷𝑗 2⁄ + 𝜅𝐿𝑑 . That is, as the 𝐿𝑑 increases, the exponential curve describing the varying trend of deficit factor in 
the radial direction becomes shallow and wide. The parameter 𝜍 control the overall shape of the exponential 
function.  
 
Figure 1 shows the deficit factor evaluated at every grid point behind a wind turbine with a rotor diameter 𝐷𝑗  of 
140 m using Eq. 3. As shown in Figure 1, the deficit factor decreases as 𝐿𝑑 and 𝐿𝑟  increase. Furthermore, the 
wake width expands with the wake downstream distance 𝐿𝑑. Unlike the Park wake model that the wake and 
non-wake regions are abruptly separated (dashed line in Figure 1a), the wake region is smoothly and 
continuously defined over an infinite domain by Eq. 3. This feature facilitates the modelling of wake 
interactions among the wind turbine in a wind farm because now the wind speed experienced by the 



downstream wind turbine can be expressed in terms of a continuous and smooth function of the yaw offset angle 
and the induction factor (Park et al. 2013). The parameter 𝜍 can be tuned if the wind speed measurements are 
available. 

 
                                              (a)                                                                             (b) 

Figure 1. Wind speed deficit factor 𝛿𝑢�𝐿𝑑 , 𝐿𝑟 ,𝛼𝑗 = 1/3� evaluted for every (𝐿𝑑 , 𝐿𝑟) grid point in the 
downstream direction (𝜍 = 1 and 𝜅 = 0.05) 

 
To include the yaw offset angle as a control variable, we expand the deficit factor in terms of both the induction 
factor and the yaw offset angle. Based on measurements obtained from a scaled wind farm, the yaw offset angle 
𝑥𝑗  can deflect the wake direction by 0.3𝐶𝑇𝑥𝑗  (Wagenaar et al. 2012), where 𝐶𝑇  is the thrust coefficient 
representing the ratio of a thrust force to the aerodynamic force on a rotor of wind turbine. The thrust coefficient 
𝐶𝑇 is related to the induction factor 𝛼𝑗 (𝐶𝑇 ≈ 4𝛼𝑗 (1 − 𝛼𝑗)), which can be controlled by the blade pitch angles 
and the blade tip speed ratio. The deflected wake changes the wake distances 𝐿𝑑 and 𝐿𝑟  between the ith wind 
turbine and jth wind turbine as shown in Figure 2. For the ith downstream wind turbine located at the inter 
distance 𝐿 and at the layout angle 𝜃𝐿 away from the jth upstream wind turbine, the distance 𝐿𝑑 and 𝐿𝑟  can be 
expressed as a function of 𝑥𝑗 with respect to the wind direction 𝜃 as follows: 

𝐿𝑑�𝑥𝑗 ;𝜃� = 𝐿 cos(|𝜃𝐿 − 𝜃 + 0.3𝐶𝑇𝑥𝑗|) 
𝐿𝑟�𝑥𝑗; 𝜃� = 𝐿 sin(|𝜃𝐿 − 𝜃 + 0.3𝐶𝑇𝑥𝑗|)                                                      (4) 

 
where 𝐿 and 𝜃𝐿 are wind farm parameters, whose values change with the wind direction since changes in the 
wind direction may affect a different “downstream” wind turbine may vary. For example, as shown in Figure 1, 
the wind turbine 𝑘 becomes a downstream wind turbine when the wind direction 𝜃 = 0°.  
 

 
                                                    (a) Before yaw offset          (b) After yaw offset 
Figure 2. The influence of the yaw offset angle 𝑥𝑗 on the wake direction and on the wake downstream distance 

𝐿𝑑 and the radial distance 𝐿𝑟  
 
With the wake deficit factor model (Eq. 3) and the wake distance functions 𝐿𝑑�𝑥𝑗; 𝜃� and 𝐿𝑟�𝑥𝑗; 𝜃� (Eq. 4), we 
construct the deficit factor function 𝑑𝑖(𝑥𝑗  ,𝛼𝑗 ;  𝜃) at the downstream wind turbine i as a function of the control 
actions, the yaw offset angle 𝑥𝑗 and the induction factor 𝛼𝑗, in the upstream wind turbine j as 

𝑑𝑖�𝑥𝑗  ,𝛼𝑗;  𝜃� =  𝛿𝑢�𝐿𝑑(𝑥𝑗; 𝜃), 𝐿𝑟(𝑥𝑗  ; 𝜃),𝛼𝑗�                                                       (5) 
 



The wind speed 𝑢𝑖 experienced by the hub of the downstream wind turbine i given the free stream wind speed 𝑈 
and direction 𝜃 can be expressed in terms of the control actions on the upstream wind turbine 𝑗 as 

𝑢𝑖�𝑥𝑗  ,𝛼𝑗; 𝜃,𝑈� = �1 − 𝑑𝑖�𝑥𝑗  ,𝛼𝑗;  𝜃��𝑈                                                        (6) 
 
The wind speed experienced by a downstream wind turbine is now expressed as a continuous and smooth 
function of the yaw offset angle and the induction factor of an upstream wind turbine. 
 
Wake Interference Model among Multiple Wind Turbines 
 
The wake formed behind an upstream wind turbine affects the downstream wind turbines, which resembles a 
chain action. The retarded wind speed by the wake formed behind the upstream wind turbines serves as an input 
wind speed for the downstream wind turbine, while the wind speed retarding effects are being accumulated. In 
this study, therefore, the wind speed of the jth wind turbine is expressed in terms of the product of the marginal 
wind speed ratios (i.e., 1 −  𝑑𝑖) over a chain of upstream wind turbines as 
 

𝑢𝑖(𝒙 ,𝜶 ;  𝜃,𝑈) = �∏ �1 − 𝑑��𝑥𝑗  ,𝛼𝑗;  𝜃�� 
{𝑗|𝑾(𝜃)(𝑖,𝑗)=1} �𝑈                                       (7) 

 
where 𝒙 = (𝑥1,…, 𝑥𝑁) and 𝜶 = (𝛼1,…, 𝛼𝑁) denote, respectively, the set of yaw offset angles and the set of 
induction factors of 𝑁  wind turbines in a wind farm. Similarly, 𝒖 = (𝑢1, . . . ,𝑢𝑁)  denotes the wind speed 
experienced by each of the wind turbines. A boolean wake influencing matrix 𝑾(𝜃) describes how the wind 
turbines influence each other through the wake interference under the wind direction of 𝜃. The (𝑖, 𝑗)th entry of 
𝑾(𝜃) is set as 1 if the wind turbine 𝑗 influences the wind speed of the ith wind turbine, otherwise it is set to be 
zero. 
 
Formulation for Wind Farm Power Maximization 
 
The power of the ith wind turbine is expressed as the wind speed 𝑢𝑖 seen by the hub of the ith wind turbine as 
(Park et al. 2013) 

𝑃𝑖(𝒙 ,𝜶 ;  𝜃,𝑈) = 1
2
𝜌𝐴𝑢𝑖3(𝒙−𝑖 ,𝜶 

−𝑖; 𝜃,𝑈) cos2( 𝑥𝑖)4𝛼𝑖(1 − 𝛼𝑖)2                                   (8) 
where 𝜌 is air density, 𝐴 is rotor area of the wind turbine, a factor cos2( 𝑥𝑖)0F

+ is introduced to capture the power 
degradation due to the yaw offset angle 𝑥𝑖, and 4𝛼𝑖(1 − 𝛼𝑖)2 is the power coefficient expressed by the induction 
factor 𝛼𝑖. Here, we made a strong assumption that the wind turbine power can be represented by the single point 
wind speed at the hub location. Because the wind speed continuously increases over the rotor diameter and the 
hub is located in the middle of the rotor, the wind speed at the hub can average the wind speeds lower and 
higher than the wind speed at the hub, thus has a strong correlation with the power output. Furthermore, note 
that the power of the 𝑖th wind turbine is influenced by not only its own yaw offset angle 𝑥𝑖 and the induction 
factor 𝛼𝑖 , but also the control actions of other wind turbines represented by the vectors 𝒙−𝑖 = 𝒙/{𝑥𝑖}  and 
𝜶−𝑖 = 𝜶/{𝛼𝑖} from the other wind turbines. 
 
For a wind farm with 𝑁 wind turbines, the wind farm power maximization problem in a cooperative control 
framework can be stated as 
                                                            maximize(𝒙,𝒂) ∑ 𝑃𝑖(𝒙 ,𝜶 ;  𝜃,𝑈)𝑁

𝑖=1     
 
                                                            subject to 𝒙 𝑙 ≤ 𝒙 ≤ 𝒙 𝑢 and 𝜶 𝑙 ≤ 𝜶 ≤ 𝜶𝑢                                              (9)   
 
where 𝒙 𝑙 and 𝒙 𝑢 denote, respectively, the lower and the upper bounds on yaw offset angles and 𝜶𝑙 and 𝜶𝑢 are, 
respectively, the lower and the upper bounds on the induction factors of wind turbines. In conventional 
individual wind turbine based control, every wind turbine 𝑖 sets the yaw offset angle 𝑥𝑖 = 0 and the induction 
factor 𝛼𝑖 = 1 3⁄  to maximize its own power without accounting for the wake interference among wind turbines 
(i.e., 𝑥𝑖 = 0 and 𝛼𝑖 = 1 3⁄  maximizes Eq. 8).  
 
  

                                                 
+ The empirical factor of cos1.88(𝑥i) was suggested by Dahlberg et el. (2003). For simplicity, we use cos2( 𝑥i) in this study. 
 



APPLICATION OF BAYESIAN OPTIMIZATION TO WIND FARM POWER MAXIMIZATION 
 
Bayesian optimization (BO) seeks to find the maximum point 𝒛∗  =  arg max𝒛 𝑓(𝒛) by sequentially querying 
(evaluating) the function values at the selected point, without knowing a closed form expression for the 
function𝑓(𝒛). Therefore, BO can be used to optimize a system whose governing equation is hard to formulate. 
Applying BO to the wind farm power maximization problem (Eq. 9), we can find the optimum joint actions of 
wind turbines by sequentially taking trial actions and observing the corresponding wind farm power. To this end, 
we set the optimization variable for BO in terms of wind farm control variables, i.e., 
𝒛 = �𝑧1,𝑥 , 𝑧1,𝛼 , … , 𝑧𝑁,𝑥, 𝑧𝑁,𝛼�  for 𝑁  wind turbines, where (𝑧𝑖,𝑥, 𝑧𝑖,𝛼) = (𝑥𝑖 ,𝛼𝑖)  for the wind turbine 𝑖 . For 
example, for two wind turbines, 𝒛 = �𝑧1,𝑥, 𝑧1,𝛼 , 𝑧2,𝑥 , 𝑧2,𝛼� = (𝑥1,𝛼1, 𝑥2,𝛼2). In addition, we set the objective 
function as 𝑓(𝒛) =  ∑ 𝑃𝑖(𝒛; 𝜃,𝑈)𝑁

𝑖=1 . Then, the optimum wind turbines actions 𝒛∗ = (𝑥1∗,𝛼1∗, … , 𝑥𝑁∗ ,𝛼𝑁∗ ) is found 
using the least number of trial actions and observations ��𝒛1, 𝑓(𝒛1)�, … , �𝒛𝑛, 𝑓(𝒛𝑛)�� where 𝒛𝑛 is the chosen 
trial actions at the 𝑛th iteration and 𝑓(𝒛𝒏) is the observed wind farm power output (we will simplify the notation 
by denoting 𝑓𝑛 = 𝑓(𝒛𝒏) from now on). In BO, we expect 𝒛𝑛  to converge to the optimum 𝒛∗  with the least 
number of 𝑛.  
 
Gaussian Process 
 
Bayesian optimization algorithm is built upon the Gaussian Process (GP). A GP is a collection of random 
variables (stochastic process), any finite set of which has a joint Gaussian distribution (Rasmussn and Williams 
2006). Treating values of the unknown function 𝑓(·)  as random variables, GP can be used to describe a 
distribution over functions (Rasmussn and Williams 2006). In other words, the unknown function 𝑓(·)  is 
described in a probabilistic framework. Since a joint Gaussian distribution can be fully specified by its mean and 
covariance, GP is completely described by its mean function 𝑚(·) and the covariance function 𝑘(·, ·), i.e., 
𝑓(·)  =  𝐺𝑃(𝑚(·), 𝑘(·,·)).  
 
The zero mean function 𝑚(·) = 0 is usually used in GP, while the covariance (kernel) function 𝑘(·,·) plays a 
key role in modelling a distribution over functions. We use a squared exponential covariance function (Neal 
1996) whose evaluation between the two sampling points (trial actions) 𝒛𝑗 = (𝑧1,𝑥

𝑗 , 𝑧1,𝛼
𝑗 … , 𝑧𝑁,𝑥

𝑗 , 𝑧𝑁,𝛼
𝑗 )  and 

𝒛𝑘 = (𝑧1,𝑥
𝑘 , 𝑧1,𝛼

𝑘 … , 𝑧𝑁,𝑥
𝑘 , 𝑧𝑁,𝛼

𝑘 ) is expressed as 

𝑘(𝒛𝑗 , 𝒛𝑘) = exp �−
1
2

(𝒛𝑗 − 𝒛𝑘)𝑇diag(𝒉)−2(𝒛𝑗 − 𝒛𝑘)� 

                            = exp�− 1
2
∑ �

�𝑧𝑖,𝑥
𝑗 −𝑧𝑖,𝑥

𝑘 �
2

ℎ𝑖,𝑥
2 +

�𝑧𝑖,𝛼
𝑗 −𝑧𝑖,𝛼

𝑘 �
2

ℎ𝑖,𝛼
2 �𝑁

𝑖=1 �                                               (10) 

                                       
The value of the covariance function quantifies the similarity between two input vectors 𝒛𝑗and 𝒛𝑘; note that 
more the two vectors differs, the value of the covariance becomes closer to zero. The squared difference 
between the control variables are scaled differently by the hyper-parameters 𝒉 = �ℎ1,𝑥, ℎ1,𝛼 , … , ℎ𝑁,𝑥 , ℎ𝑁,𝛼�, and 
diag(𝒉) denotes a diagonal matrix with entries of 𝒉 along its diagonal. That is, if ℎ𝑖,𝑥 is small, even a small 
difference in 𝑧𝑖,𝑥 will significantly decrease the value of covariance (no correlation or independence). If selected 
properly, the hyper-parameters 𝒉 can effectively capture the structure (smoothness) of the objective function. 
We use �ℎ𝑖,𝑥 , ℎ𝑖,𝛼� = (1, 0.5) corresponding to the yaw offset angle and induction factor for all wind turbines 
based on the assumption that wind farm power will smoothly varies over the 1-rad (≈57°) range of the yaw 
offset angle 𝑥𝑖  and over the 0.5 range of the induction factor 𝛼𝑖. 
 
In GP, the wind farm power 𝑓𝑛+1 corresponding to wind turbine actions 𝒛𝑛+1 at the (𝑛 + 1)th iteration and the 
histories of the measured wind farm powers 𝒇1:𝑛 = {𝑓1, … , 𝑓𝑖 , … , 𝑓𝑛} follow a joint normal distribution as 
follows (Rasmussn and Williams 2006): 
 

 � 𝒇
1:𝑛

𝑓𝑛+1
�~𝑁 �𝟎, � 𝐊 𝒌

𝒌𝑇 𝑘(𝒛𝑛+1, 𝒛𝑛+1)��                                                    (11) 

 
where 𝒌𝑇  =  �𝑘(𝒛1, 𝒛𝑛+1), . . . , 𝑘(𝒛𝑛, 𝒛𝑛+1)� and K is the covariance matrix (kernel matrix) whose (𝑗, 𝑘)th entry 
is 𝐊𝑗,𝑘  =  𝑘(𝒛𝑗, 𝒛𝑘). We assume that the wind farm power is measured with additive Gaussian noise, i.e., 
𝜖 ~ 𝑁(0,𝜎𝑒𝑟𝑟𝑜𝑟2 ), then the wind farm power  corresponding to actions 𝒛𝑖 for the 𝑖th iteration is expressed as  

𝑓𝑖 = 𝑓(𝒛𝑖) + 𝜖𝑖                                                                          (12) 



 
Since the distribution conditional on any subset of data that is Gaussian is also Gaussian, the posterior 
distribution on 𝑓𝑛+1 given the historical data 𝑫1:𝑛 = {𝒛1:𝑛 ,𝒇1:𝑛} and the new trial action 𝒛𝑛+1 can be expressed 
as a 1-D Gaussian distribution as (Rasmussn and Williams 2006): 
 

𝑃(𝑓𝑛+1|𝑫1:𝑛, 𝒛𝑛+1) = 𝑁(𝜇(𝒛𝑛+1|𝑫1:𝑛),𝜎 
2(𝒛𝑛+1|𝑫1:𝑛) + 𝜎𝑒𝑟𝑟𝑜𝑟2 )                              (13) 

 
whose distribution can be described by the mean 𝜇 and the variance 𝜎 

2, which are given as  
 

𝜇(𝒛𝑛+1|𝑫1:𝑛) = 𝒌𝑇(𝐊 + 𝜎𝑒𝑟𝑟𝑜𝑟2 𝐈)−1𝒇1:𝑛                                                                   (14) 
      

𝜎 
2(𝒛𝑛+1|𝑫1:𝑛) = 𝑘(𝒛𝑛+1, 𝒛𝑛+1) − 𝒌𝑇(𝐊 + 𝜎𝑒𝑟𝑟𝑜𝑟2 𝐈)−1𝒌                                          (15) 

 
That is, the mean and the variance of a wind farm power corresponding to a new trial action 𝒛𝑛+1 can be 
estimated using Eqs 14 and 15.  
 
Acquisition Function 
 
BO strategically selects the next trial actions 𝒛𝑛+1 to find the optimum actions 𝒛∗ with the least number of trial 
actions. We can intuitively consider Eqs. 14 and 15 as function of arbitrary actions 𝒛, i.e., 𝜇(𝒛|𝑫1:𝑛)  and 
𝜎 
2(𝒛|𝑫1:𝑛), and use them to find the next sampling point 𝒛𝑛+1 approaching to the optimum 𝒛∗ . In BO, the 

selection procedure of 𝒛𝑛+1  given the historical data 𝑫1:𝑛 = {𝒛1:𝑛 ,𝒇1:𝑛}  is cast as an optimization problem 
stated as follows: 

𝒛𝑛+1  =  arg max𝒛∈𝑅2𝑁 𝐴(𝒛;𝑫1:𝑛)                                                          (16) 
 
where 𝐴(𝒛;𝑫1:𝑛) is an acquisition function quantifying the improvement toward optimum, and is constructed 
based on the 𝜇(𝒛|𝑫1:𝑛) and 𝜎 

2(𝒛|𝑫1:𝑛).  
In this study we compare the characteristics of two of the most widely used acquisition functions, 

namely the Expected Improvement (EI) and the Upper Bound Criteria (UBC). The expected improvement (EI) 
is proposed as an acquisition function by Mockus et al (1978), in which the next trail actions 𝒛𝑛+1 is determined 
as 

𝒛𝑛+1  =  arg max𝒛∈𝑅2𝑁 𝐸[max{0, 𝑓𝑛+1(𝒛) − 𝑓𝑚𝑎𝑥} |𝑫1:𝑛]                                        (17) 
 
where max{0, 𝑓𝑛+1(𝒛) − 𝑓𝑚𝑎𝑥} is the improvement toward the maximum power output compared with the 
maximum power 𝑓𝑚𝑎𝑥  measured so far. The expected value of this improvement is analytically derived as 
follows (Mockus et al, 1978): 
 

𝐸𝐼(𝒛|𝑫1:𝑛) = �
(𝜇(𝒛|𝑫1:𝑛) − 𝑓𝑚𝑎𝑥)Φ(𝑍) + 𝜎 

2(𝒛|𝑫1:𝑛)𝜙(𝑍),          if 𝜎 
2(𝒛|𝑫1:𝑛) > 0 

0,                                                                                           if 𝜎 
2(𝒛|𝑫1:𝑛) = 0

                (18) 

 
where 𝑍 = (𝜇(𝒛|𝑫1:𝑛) − 𝑓𝑚𝑎𝑥) 𝜎(𝒛|𝑫1:𝑛)⁄ , and  Φ(∙) and 𝜙(∙) denote, respectively, the cumulative (CDF) and 
probability (PDF) distribution functions. The expected improvement function 𝐸𝐼(𝒛) has a higher value when the 
mean or the variance is higher. Therefore, by maximizing 𝐸𝐼(𝒛), the variance of the objective function is 
reduced (exploration) and sampled function values become closer to the maximum (exploitation). 

Another acquisition function we have considered in this study is the Upper Confidence Bound (UCB), 
in which the next sampling point 𝒛𝑛+1 is determined as (Dennis et al, 1997): 
 

𝒛𝑛+1 = arg max𝒛∈𝑅2𝑁(𝜇(𝒛|𝑫1:𝑛) + 𝜅𝜎(𝒛|𝑫1:𝑛))                                                     (19) 
 
The parameter 𝜅  is selected to balance between the exploration and the exploitation. If 𝜅  is small, 𝒛𝑛+1 is 
selected as the action that achieves the maximum of mean 𝜇(𝒛|𝑫1:𝑛) (exploiting). Note that the sampled actions 
trying to maximize only 𝜇(𝒛|𝑫1:𝑛) cannot accurately approximate the unknown objective function, therefore 
resulting in inaccurate estimate of 𝜇(𝒛|𝑫1:𝑛). If 𝜅 is large, 𝒛𝑛+1 is selected as the action that is associated with 
large variance (exploring). To accurately estimate the optimum actions 𝒛∗ that achieve the maximum of 𝑓(𝒛), a 
balance approach for explorations and exploitations is necessary. 
 
  



NUMERICAL SIMULATION 
 
Numerical simulations of BO are conducted using the wind farm model shown in Figure 3. To reduce the 
dimension of the objective variable and thus increase the efficiency, we construct a local objective function 
(sum of wind turbine powers in a wake chain) capturing only local wake interference patterns as shown in 
Figure 3. The wake interference patterns vary with the wind direction. We first fix the wind speed 𝑈 = 8 𝑚/𝑠 
and wind direction 𝜃 = 40° and find the optimum joint actions for two, three, four and five wind turbines. 
While changing the wind direction, the power efficiencies found by BO are compared to conventional wind 
farm control method based on an independent wind turbine greedy control strategy.  

 
Figure 3. Wake interference chains in the wind farm (wind speed 𝑈 = 8𝑚/𝑠 and wind direction 𝜃 = 40°) 

 
Study 1: A Two Wind Turbines Case 
 
When two wind turbines are considered, the optimization variable is denoted by 𝒛 = �𝑧1,𝑥, 𝑧1,𝛼 , 𝑧2,𝑥 , 𝑧2,𝛼� =
{𝑥1,𝛼1, 𝑥2,𝛼2}. The optimum yaw offset angle and the induction factor for the downstream wind turbine are 
always set as 𝑥2 = 0° and 𝛼2 = 1/3, respectively (the last wind turbine in a wake chain can take the greedy 
control strategy since it does not interfere other wind turbines). Therefore, only the optimum yaw offset angle 
and the induction factor for the upstream wind turbine are found by BO. After 20 iterations (𝑛 = 20), the mean 
𝜇(𝒛|𝑫1:𝑛) and standard deviation 𝜎(𝒛|𝑫1:𝑛) functions constructed by EI and UCB are compared in Figures 4 
and 5. The mean 𝜇(𝒛|𝑫1:𝑛) by EI (Figure 4b) resembles more the true objective function (Figures 4a and 5a, 
which are the same) than the 𝜇(𝒛|𝑫1:𝑛) by UCB (Figure 5b) because EI tends to select trial actions over a wide 
range of action space to reduce variance in the early iterations while UCB tends to select the actions only close 
to the optimum. As the result, the trial actions using UCB, indicated as dots, are concentrated on a very limited 
action space. Furthermore, the variance is large at the outskirt of the action space in the UCB case (Figure 5c).  

       
                      (a) 𝑓(𝒛)                          (b) 𝜇(𝒛|𝑫1:𝑛)                      (c)𝜎(𝒛|𝑫1:𝑛)                     (d) 𝐸𝐼(𝒛|𝑫1:𝑛) 

Figure 4. Expected improvement (EI), number of sampling =20 
 

       
                      (a) 𝑓(𝒛)                          (b) 𝜇(𝒛|𝑫1:𝑛)                      (c)𝜎(𝒛|𝑫1:𝑛)                    (d) 𝑈𝐶𝐵(𝒛|𝑫1:𝑛) 

Figure 5. Expected improvement (UCB), number of sampling 𝑛 =20 



The differences between the approximated objective functions are well represented in the 3D surface plots in 
Figure 6. In this plot, we compare wind farm power efficiency, which is the total wind farm power divided by 
the possible total wind farm power that can be generated if there is no wake interference in a wind farm. 

 

       
                     (a) 𝑓(𝒛)                                      (b) 𝑓(𝒛|𝑫1:𝑛) by EI                             (c) 𝑓(𝒛|𝑫1:𝑛) by UCB                              
Figure 6. Comparison of the constructed 𝑓(𝒛) by different acquisition functions given historical data 𝑫1:𝑛 (𝑛 = 

20) 
 
For the two different acquisition functions, the converging rates to the true maximum 𝑓(𝒛∗) are compared in 
terms of average regret, defined as 1

𝑛
∑ (𝑓(𝒛∗) − 𝑓(𝒛𝑖))𝑛
𝑖=1 , as shown in Figure 7a. A noise level (𝜎𝑒𝑟𝑟𝑜𝑟 = 0.01) 

is added to the sampled function values and 10 simulations are conducted for two acquisition function cases. 
The mean and the standard deviation (represented by the error bars) of the averaged regret are shown in the 
Figure 7. The average regrets for both cases decrease as the number of trials increases. The average regret for EI 
is higher than that for UCB at the beginning of the iterations since EI first tries to suppress the variance over the 
entire function domain 𝒛  (action space). After explorations, however, the average regret for EI rapidly 
approaches to that for UCB. Since the maximum regret (the worst case error) is bounded by the average regret, 
i.e., 𝑓(𝒛∗) − max𝑖 𝑓(𝒛𝒊) ≤ 1

𝑛
∑ (𝑓(𝒛∗) − 𝑓(𝒛𝑖))𝑛
𝑖=1 , the maximum regret can be bounded by 5% of the true 

maximum within 20 iterations if UCB is used as an acquisition function. The average regret will converge to 
zero with a large number of samplings. In short, BO reaches the optimal power efficiency with a small number 
of trial actions and observations on the wind farm power outputs. 

 

                                
                                   (a) Average regret                                               (b) Estimated maximum  

Figure 7. Comparison of the average regret and the attained maximum values between EI and UCB. The 
function value is the normalized wind farm power efficiency, whose maximum is 1 

 
Study 2: Three, Four and Five Wind Turbines Cases 
 
To study the scalability BO algorithm, BO is applied to 3, 4 and 5 wind turbines cases and the results are 
compared. We use UCB acquisition function because of its faster convergence and smaller computational 
burden compared to EI. As the number of wind turbines in a wake chain increases, the dimension of the 
optimization variable 𝒛  also increases, which means that an objective function needs to be fit over high 
dimensional action space. As the number of wind turbines increases, as shown in Figure 8, BO requires a larger 
number of sampling points before converging to the analytical optimum. However, the required number of 
sampling points does not rapidly grow with the dimension of an objective function, which is one of strong 
advantages of BO over other reinforcement learning based control algorithms. This is because BO exploits the 
structure of an objective function by using the covariance function; the power outputs corresponding to similar 
trial actions are also similar. It should be noted that the time for finding the next trial actions (solving Eq. 19) 



takes longer as the number of sampling points increases because it requires updating the Kernel matrix K whose 
dimension is proportional to the number of sampled point.  
 

       
               (a) 3 wind turbines                             (b) 4 wind turbines                           (c) 5 wind turbines                               

Figure 8. Comparison of estimated optimum power efficiencies depending on the dimension of the variables 
(No. of wind turbines): (a) a 3 wind turbines case, (b) a 4 wind turbines case, and (c) a 5 wind turbines 

 
Study 3: Bayesian Optimization for Different Wind Conditions 
 
Different wind conditions, i.e., the wind speed 𝑈 and direction 𝜃, change the objective function as seen in Eq. 9. 
BO is applied to find optimal control actions for 5 wind turbines in a same wake chain under different wind 
direction as shown in Figure 9. While varying wind direction 𝜃 = 0° to 20°, the wind farm power efficiencies 
found by BO (assuming that Eq.9 is unknown) are compared to the analytical optimum efficiencies found by 
solving Eq. 9 using the numerical optimization code DIRECT (Jones et al.1993). In addition, the wind farm 
power efficiencies calculated by applying independent greedy control policy are compared.  
 

 
Figure 9. Wake interference chain for 5 wind turbines under different wind directions 

 
As shown in Figure 10, for every wind direction, the wind farm power efficiency found by BO converges to 
analytical maxima. The maximum efficiencies determined by BO are higher than the values obtained by the 
greedy control strategy. The differences between them are the gained power by implementing cooperative 
control. Note that the optimum power efficiency increases with wind direction because the level of wake 
interference attenuates as wind direction increases. At the wind direction 𝜃 = 20°, wind turbines escapes almost 
completely from the wake formed by upstream wind turbines, reaching wind farm efficiency of 1. When 𝜃 
becomes large, a different cluster (grouping) of wind turbines need to be considered because a different wind 
turbine becomes the downstream wind turbine, as shown in Figures 1 and 3.   
 

 
          (a) 𝜃 = 0°                     (b) 𝜃 = 5°                 (c) 𝜃 = 10°                  (d) 𝜃 = 15°                (e) 𝜃 = 20° 
Figure 10. Comparison of wind farm power efficiency for 5 wind turbine cases under different wind directions 



DISCUSSION AND CONCLUSIONS 
 
Bayesian Optimization (BO) has been applied to find the optimum joint control actions of wind turbines in a 
wake interaction chains. The performances of two acquisition functions, EI and UCB, are compared. EI tends to 
select the trail actions over the entire of action space in the beginning of iterations. As a result, the uncertainties 
are almost uniformly suppressed. On the other hand, UCB tends to mainly select the trial actions closer to the 
optimum of the objective function, thus UCB requires less number of trail actions compared to EI. 
 
The scalability of BO with the UCB acquisition function is investigated by applying BO to the power 
maximization problem with 2, 3, 4 and 5 wind turbines. BO does not require a large number of sampling points 
before it converges to optimal value even when 8 optimization variables are considered (5 wind turbines). This 
is because Gaussian process, in which BO is based on, is effective for capturing the structure of the objective 
function (sum of wind turbine powers). It is shown that BO can find the optimum joint actions under different 
wind directions. In future work, the optimal way of selecting or updating the hyper parameter 𝒉  and 𝜅 
(balancing parameter between exploration and exploitation in UCB) with new sampling data will be investigated.  
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