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ABSTRACT

We illustrate an application of Bayesian logic to analysis of monitoring data and to inference of structural
condition. The case study is a 260 m cable-stayed bridge spanning the Adige River 10 km north of the town of
Trento, Italy. This is a statically indeterminate structure, having a composite steel-concrete deck, supported by
12 stay cables. Structural redundancy, possible relaxation losses and an as-built condition differing from design,
suggest that long-term load redistribution between cables can be expected. To monitor load redistribution, the
owner installed a monitoring system that includes fiber-optic sensors. These sensors are FBG-based and allow
measurement of changes in deformation with an accuracy of the order of just a few microstrains, with respect to
the value at installation. After one year of system operation, which included maintenance on the interrogation
unit, the data analysis showed an apparent contraction of the cable lengths. This result is in contrast with the
expected behavior, which should be of elongation, due to creep, shrinkage and relaxation. We analyze how a
rational agent makes sense of the observed response, and particularly we discuss to what extent he/she is prone
to accept the sensor response as the result of the real mechanical behavior of the bridge versus a mere
malfunction of the interrogation unit. In this exercise we consider four psychological profiles, which vary based
on their personal trust in the reliability of the instrumentation and on their knowledge of the structural behavior
of the bridge. Using Bayesian logic as a tool to combine prior belief with sensor data, we highlight how the
extent of prior knowledge can alter the final engineering perception of the current state of the bridge.
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INTRODUCTION
Episode 1: ‘The statistician’

In the late afternoon of March 7, 2012, Paolo is sitting at his desk analyzing the elongation dataset recorded in
the past year from a cable-stayed bridge. He is almost done with his job, when he starts thinking there may be
something odd in his data. The bridge in question is called Adige Bridge, was built in 2008 ten kilometers north
of the city of Trento, Italy, and is owned by the transportation agency of the Autonomous Province of Trento
(APT). It is a two span cable-stayed bridge with a steel-concrete composite deck 260 m long (Figure 1). The
composite deck is made from 4 “I” section steel girders and a 25 cm cast on-site concrete slab. The deck is also
supported by 12 stay cables, 6 on each side, which have diameters of 116 mm and 128 mm. Both ends of the
deck are fully restrained by abutments, which are supported by a micropile underpinning foundation system.
The cables are anchored to the bridge tower, consisting of four pylons and located in the middle of the bridge.
The pylons are 45 m high and their foundation consists of six piles, which have a diameter of 150 cm and a
length of 34 m.

In 2011, the owner instrumented Adige Bridge with a monitoring system to record possible changes in tensions
and elongation of the 12 cables. The system includes 2 meter long FBG-based fiber-optic sensors (FOS)
developed by Smartec SA (Glisic and Inaudi 2007, Measures 2001) located on each cable to record its
elongation and temperature. The values are relative to the instant of set up. The whole FOS network is
configured to record one set of strain values and one set of temperature values at the same instant, every 15 min.



Paolo observes the temperature and elongation records of Figure 2, acquired from March 8, 2011, when
acquisition started, to now, March 7, 2012. Something does not make sense. There is a gap between May 25 and
July 21, but this is not the problem: Paolo knows that in late May the interrogation unit stopped working; he
clearly remembers there was a fault in the photodiode (a component of the interrogation unit), that was
eventually replaced with a new one before the system started working again, on July 21. Paolo plots strain
against temperature and gets the graph of Figure 3: the data cluster in two separate clouds, one for samples
acquired before the interruption ‘o’, another for those taken after ‘+’. It looks like the data shifted some 100 pe
after the system started working again. Something has happened during that time interval, and Paolo has two
possible explanations: (1) indeed the cables shortened in that period or (2), for some reason he does not
understand, the new photodiode produced a spurious shift in the measurement. What has really happened? Paolo
is confused: he really does not know.
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Figure 1. Adige Bridge: longitudinal section, cross section and plan view with cable labels
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Figure 2. Data recorded by the FOS monitoring system (STR1TN) from March 2011 to March 2012
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Figure 3. Correlation between strain and temperature before and after the interruption (STR1TN)



Episode 2: ‘The company’

‘We have examined the data you sent us last week’ Paolo is on the phone with Daniele at Smartec. It is the early
afternoon of April 16, 2012. Daniele is speaking: ‘We don’t see any reason to think that replacing the
photodiode could have produced a change in offset.’

‘So you mean that the response observed is purely mechanical?’

‘We believe so’. So the cables, thought Paolo, really contracted.

Episode 3: ‘The structural engineer 1’

In the late evening of May 2, 2012, Paolo is still working at his desk, trying to make sense of the data observed.
A change in strain was expected by design, but this would have to be elongation, rather than contraction. So
why did the cables contract? Steel relaxation? Obviously not, cable relaxation always results in elongation.
Perhaps creep of the concrete slab? Paolo runs a finite element model (FEM) of the bridge with two different
creep scenarios, before realizing that, regardless of the scenario, the deck always yields due to concrete creep
and therefore the cables always elongate. Using nominal design values the elongation should be about 20
ne-year”. No way to explain cable contraction with creep. To Paolo, only one physical explanation remains: the
tower foundation is sinking, while the abutments are not. Possible, but unlikely. Seeing the things from this
perspective, Paolo starts thinking again that the replacement of the photodiode is the most credible explanation.
But he needs further evidence before drawing a conclusion.

Episode 4: ‘“The structural engineer 2’

On June 21, 2012, the story is at a turning point. Paolo just recived an email from the technical office of APT’s
Department of Transportation, showing the graph of Figure 4. This graph plots the deflection of the bridge deck
taken at different times (August 2010, January 2011 and December 2011) with a dumpy level. Comparison of
the plots shows that the bridge has deflected over time, suggesting that the cables could have only elongated in
the last two years. Just as expected. Conversely, no settlement of the tower foundation is observed; instead it
looks like the abutments could have sunk! At this point, Paolo has no more doubts: the cable did not shorten, the
offset observed in the data has to be a spurious effect of the photodiode replacement.
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Figure 4. Bridge deck displacement recorded by topographic surveys: Trento side (upper), Bolzano side (lower)
Epilogue

From March 7, to August 31, 2012, Paolo has changed his mind as to the probability of having an instrumental
bias, swinging from ‘possible’, to ‘unlikely’, to ‘plausible’, to ‘virtually sure’. The different judgments
expressed by Paolo reflect how his personal profile changes as he acquires new information. Here we want to
reproduce with a quantitative model the way how Paolo has perceived the likelihood of cable contraction. In
doing this, we first state the general methodology, based on Bayesian logic; next, we formulate how the method
applies to Paolo’s case. Finally, we compare the results of the analysis with Paolo’s heuristic conclusions.



PROBLEM FORMULATION

We denote in the following by ¢, and 7; the strain and temperature recorded at time 7, . Figure 2 illustrates the
values of ¢, and T, recorded from March 2011 to March 2012, where we clearly observe the interruption that

took place in summer 2011. As we have said, to Paolo there are two mutually exclusive and exhaustive ways to
interpret the data acquired.

Scenario 1: the strain measurements reflect the actual mechanical elongation/contraction of the cable as an effect
of temperature changes, settlement, steel relaxation, concrete shrinkage and creep.

Scenario 2: the data basically reflect the mechanical behavior as above, but replacing the photodiode in the
interrogation unit has produced a change in offset.

In scenario 1 the true values of strain £(¢) and temperature T (t) satisfy the equation model
&

(,)=c0, +a T(t;)+m 1,
(1a,b)

0, = {go,l’al’ml} >

where &, is an offset representing the ideal strain at time /=0 and temperature 7=0; «, is the apparent
thermal expansion coefficient; m, is the slope of a linear trend of elongation which depends on all long-term

effects (i.e. concrete creep and shrinkage, steel relaxation and possible settlements). The subscript 1, which
accompanies these parameters, relates to Scenario 1. However, we only know measures of strains and
temperatures instead of the true values. Measurement ¢, and 7, taken at the sensors at time ¢, are related to

physical values & and 7 through,
& :‘é(t/)Jrg(Us)’
T :f(tj)Jrg(GT)’

where g (o) generally indicates a zero mean Gaussian noise with standard deviation s, reproducing the sensors’

(2a,b)

inaccuracy, o, and o, are the standard deviations for the two sensor types. The accuracy of each acquisition,

according to Zonta et al. (2011) and Esposito (2010), is o, =5 pe in terms of strain and o, =0.5 °C in terms of

temperature. More detailed features of FOS can be found in Glisic and Inaudi (2007) and Measures (2001). Eqgs
(1) and (2) can be merged into a single equation:

g =&, —a T, —m -t_,+g(o-l)=0,

3a,b
crl:ql(al-ar)2+of. (3,0)

Let us label the difference between observation &; and the nominal value of the model as z, ;:
z,; =6 =&, =0 T;—mt,. “)

Eq. (3a) being equal to zero, the probability distribution of z, ; is exactly g(a,), which is to say a normal

distribution with zero mean and o, standard deviation. In scenario 2 strains é‘j and temperatures T , satisfy the
equation model

gyt T(t)+myt,

J’ J s

& (t./):

(50,2+A50’2)+a2-f‘(tj)+m2-tj, 1,21, (5a,b)
0, = {50‘2,a2,m2,A£0’2} ,

where the parameters 0, are those presented for scenario 1 plus the shift Ag, introduced by the monitoring

system. Following the approach already used for scenario 1 we obtain

g —6,—0, T, —m,-t,+g(0,)=0, t<t,

{g‘, ~(&00 +A&, )y T, =m,y -1, +g(0,)=0, 1,21, (6a.b)
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The posterior probability of each scenario, including both information from data and prior beliefs, can be
calculated using Bayes’ theorem (Sivia and Skilling 2006, Bolstad 2007), given a set of strain measures &€ and a

set of temperature measures T . In this way, the desired probability Prob(Sl. |€, T) is obtained by updating the

prior scenario probability Prob(Sl.) with the scenario likelihood Prob(g, TS, ) , using the expression

Prob(g,T|S,)-Prob(S,)
Prob (g, T)

where Prob(s, T) is the so called evidence. The likelihood Prob(s,T | S,.) is a probability which depends on the

Prob(S, |&,T)=

g ®)

parameters 0, and on T . It can be calculated by marginalization of parameters 0,

i

using the function
pdf (0, | S,) as a weighting function:

Prob(z,T|S,)= [ Prob(s,T|S,,0,)-Prob(0, |S,)-do, , ©)
Do,

where DO, is the domain of parameters for scenario i. Assuming uncorrelated observations, the probability
Prob(g,T|S,.0,) is given by

Prob(s,T|Si,()l.):lﬂ[Norm(zi,j,O,Gi), (10)
j=1

where N is the number of measures recorded and in general the notation Norm(u,o;x) indicates a normal
distribution with mean , standard deviation , calculated in x. The prior probability Prob(Sl.) represents the

judgment of the estimator before applying the Bayes’ theorem. Finally, the evidence Prob(a, T) is a constant

that guarantees that the sum of the two posteriors is 1:
Prob(e,T)=Prob(e,T|S,)-Prob(S,)+Prob(¢,T|S,)-Prob(S,). (11)
Bayes’ is also used to calculate the posterior distribution of the parameters 0, as
Prob(g,T|,,S,)-Prob(8, |S,) 0
Prob(g,T|S,) ' (12)
Egs. la to 12 enabled us to calculate the posterior probability of each scenario, as well as the posterior
distribution of the parameters, for each of Paolo’s profiles. When, as in this case, the number of parameters is
greater than 2 or 3, the integration of Eq. 9 is computationally demanding, and thus a numerical solution of Eq.
12 is preferable. Here we used the Metropolis-Hastings (M-H) algorithm. Using the M-H algorithm, we do not

calculate the posterior probabilities directly, but obtain a set of samples that could be considered as random
samples from the posterior distributions (Bolstad 2010). Then, we make inference using these samples in order

to obtain an assessment of Prob(0, |¢,T,S,).

Prob(0, |£,T,S,) =

PRIOR PROBABILITIES AND PROFILES

We have observed in the introduction how Paolo changes his mind as to the possibility of cable contraction
based on the information acquired to date. We can somehow say that Paolo acts differently at the different
stages of this story, characterized by the different profiles: statistician, company, structural engineer 1 and
structural engineer 2. Each profile is in turn driven by a different knowledge background. Here we will use
formal Bayesian logic to reproduce Paolo’s perception. Particularly, we will identify Paolo’s background
knowledge with prior information as explained in the following.

Profile A: ‘The statistician’

At the beginning of this story, Paolo simply analyzes the data statistically (he just calculates correlation) without
attempting to provide mechanical interpretation. Because his judgment does not involve any mechanical
knowledge, he has no particular reason to believe or not that cables have really shortened. This suggests that we
should reproduce Paolo’s knowledge by assigning equal prior credibility to each scenario, or

Prob(SI ) = Prob(Sz) =0.50. For the same reason, we can assign a normal distribution with zero mean and 10
pe-year! standard deviation to parameter m and a distribution uniform in R for offset &, . Differently from the

parameters m and &,, Paolo expects a specific value of &, even in the early stages of his evaluation. We assign



a normal distribution with mean 12 pue°C"' and the standard deviation 3 pe°C™" to & ; where the value of 12
ne®C™ is the average thermal expansion coefficient of steel. In the assumption of scenario 2, Paolo has no prior
preference as to the offset value A&, ; thus we will assume it uniformly distributed in the following. All these

prior values are also reported in Table 1.

Table 1. Prior values and probabilities (STR1TN)

Profile A B C D
Prob(S)) 0.50 0.99 0.99 0.99
Prob(S5) 0.50 0.01 0.01 0.01
Mean of a; and a, [pe°C™] 12 12 12 12
Mean of m; and m; [pe-year”] 0 0 18.5 14.5
Mean of 02 [Me] 100 100 100 100
St.d. of a; and o, [pe®C™'] 3 3 3 3
St.d. of m; and m, [pe-year'l] 10 10 5.1 4.4
St.d. of 02 [1e] 30 30 30 30

Profile B: “The company’

Following the phone call with Daniele at Smartec, Paolo updates his judgment by acknowledging the sensor
producer’s belief. Smartec’s guess is justly based on their experience, for a change in offset due to photodiode
replacement has never been reported, nor there is any physical explanation that could directly justify such a
behavior. Since after the call Paolo considers actual shortening by far the most likely explanation of the dataset,
we can formalize this belief by assigning prior probabilities of, say, 99% to scenario 1, and 1% to scenario 2.
However, it seems reasonable that the discussion with Smartec did not change Paolo’s prior expectations about
the parameters. Therefore, we will use for this profile the same prior distributions as profile A.

Profile C: ‘The structural engineer 1’

Paolo’s knowledge updates once more as he analyzes the structure using the FEM. Now, Paolo reconsiders
Smartec’s judgment based on the outcomes of the analysis, for a mechanical shortening of the cables is a very
unlikely possibility. We can reproduce Paolo’s reasoning as follows: Paolo still believes that the prior
probability of a mechanical contraction is 99%, however his analysis suggests that parameter m cannot take just

any value. The strain trend slope m is seen as the sum of three components: m, due to creep, m, due to steel

relaxation and m_ due to pile settlement. Paolo studies these components with the aid of the FEM. He sets

material proprieties partially based on the design information, when available, or literature. Particularly, the
concrete resistance, f., and elastic modulus, E., are those obtained from concrete sampling as reported in the
design documentation; the creep coefficient, ¢, is then calculated based on the Eurocode 2 creep model (CEN
2004); using these values in the FEM he estimates that cable elongation owing to creep is in the order of 12 per
year. Paolo is aware that this number is very uncertain: using his own words, the correct value could well be, say,
7 peyear' or 17 peyear', but in any case not lower than zero. More quantitatively, we can model his
perception as a lognormal distribution with a mean value equal to the nominal value of 12 pe-year’ and
coefficient of variation of 40%. Similarly, he uses the Eurocode 2 model to estimate the steel relaxation
coefficient, , and then, with the initial cable load found in the design documentation, he calculates with the
FEM an elongation trend of about m,=6.5 pe-year”'. He again recognizes that this value is very uncertain, with
an error of, say, 5 pe-year”, but never less than zero. Similarly, we can model this expectation with a lognormal
distribution with a mean value of 6.5 pe-year” and standard deviation of 5 pe-year™.

Then there is the settlement. In general, Paolo accepts there could be a differential settlement between
abutments and the central pier, and based on his experience he also knows that this difference could be just a
few millimeters, say up to 5 in the last year. However, he has no clue about the sign of the differential settlement,
which is to say he has no preference between the scenario where the pier sinks with respect to the abutments and
the opposite case. We can model this prior expectation of settlement as a normal with zero mean and 5 mm
standard deviation. Using the FEM Paolo calculates that when the pier sinks 5 mm with respect to the abutments,
the cables contract 4 mm; and similarly he estimates a 4 mm elongation in the opposite case. Thus in the end we
can define the prior of the elongation due to settlement as a normal with zero mean and 4 mm standard deviation
(Table II).

In conclusion, parameter m, the elongation trend slope, is seen as the sum of the three components above:



m=m,+m, +mg. (13)
The resulting prior distribution of m, pdf,. (m) , consistent with profile C, is not normal or lognormal, and has a

mean value of +18.5 pe-year” (plus meaning: elongation) and standard deviation of 5.1 pe-year™ (Figure 5).

Table 2. components of m assessed with FEM analysis for profile C

Creep m Relaxation m, Settlement m,
Probability distribution function lognormal lognormal normal
Mean value [pe-year™] 12 6.5 0
Standard deviation [pe-year '] 4.8 5.0 4.0
Coefficient of variation 0.40 0.77 0.68
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Figure 5. Prior pdfs of profile C
Profile D: “The structural engineer 2’

The survey data acquired by Paolo on June 21 provide him with an independent way to estimate the cable
extension trend m. In detail, let’s take an individual cable on April 8§, 2010, the time of the first levelling; its
length L can be estimated as:

L=NH*+B", (14)
where B is the distance between the pier and the cable bottom anchorage and H is the difference in level
between the top and bottom anchorages (Figure 6a). At the time of the last levelling, December 20, 2011, the
bottom anchorage is found deflected by a quantity we denote . the cable is elongated by a quantity L, and
similarly the drop H changes by a quantity = H. The geometrical relationship between these new quantities is
(Figure 6b):

L+AL=\J(H+AH +5) +B" . (15)
Quantity H depends basically on the thermal expansion of the tower (Maestranzi 2012), and therefore:
AH = HeAT , (16)
and similarly L can be expressed by:
AL = L(mAt+aAT), 17

where m is our unknown cable elongation trend and ¢ is the time interval between the two surveys, i.e. 621
days. Combining Eqs (14), (15), (16) and (17), the relationship between m and s finally expressed through:

1 \/[H(l+aAT)+5]2+BZ
m=
Al H*+B

—(1+aAT)}. (18)



Using this expression, knowing 7=18 °C and assuming =12 °C”!, Paolo estimates a trend of elongation
of 1.8 -year”'. Again, he recognizes that this estimate is uncertain: Particularly, he noticed a scatter in  of

=5.3 mm-year”. We use this value and, following a standard linear error propagation analysis (Kirkup and
Frenkel 2006), we can estimate a standard deviation of m of 9 -year”. Therefore we can model the
likelihood pdf (& |m) of the trend slope m, based on the deflection observation , with a normal distribution

with a mean value of 1.8 -year”" and standard deviation of 9 -year” (Table III and Figure 7).

As we have said, the distribution pdf (&5 |m) reflects in statistical terms the information on m obtained through

an independent measurement method, unknown to profile C. The new prior distribution of m according to
profile D, pdf,, (m), can be formally calculated by updating the prior of m of profile C, pdf,. (m), with this

new information, pdf (& |m), through Bayes’ rule
pdf(5 | m)-pdfc (m)

pdf, (m)=— . 19)
[ pdf (8| m)-pdf, (m)dm
The parameters of the prior distribution corresponding to profile D are reported, among others, in Table 1.
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Table 2. Components of m assessed with FEM analysis for profile D
Creep m Relaxation m, Settlement m, Surveys m;
Probability distribution function lognormal lognormal normal normal
Mean value [pe-year] 12 6.5 0 1.8
Standard deviation [pie-year '] 4.8 5.0 4.0 9.0
Coefficient of variation 0.40 0.77 0.68 5.00
ANALYSIS AND RESULTS

We applied the Bayesian approach, using about 150 measurements for each cable, recorded from March 2011 to
March 2012. Half of the data was acquired before the substitution of the photodiode and half of data was
acquired after. Therefore, the data acquired before the substitution of the photodiode did not prevail over the



other data and vice versa. The analysis was carried out for each cable individually, using only data recorded
from the sensor installed on it.

Analysis results regarding the cable STRITN are presented in Table IV and Figure 8. Results for the other
cables are very similar. It should be noted that, except for profile B, S, is always the most likely scenario. The

probability of photodiode replacement having modified the offset was about 58% when Paolo was acting as a
statistician (profile A). It fell to 2% after Paolo was influenced by Smartec’s opinion (profile B), but then
exceeded 72% after he carried out a structural analysis which convinced him the cables had not shortened

(profile C). The probability of S, finally reached the value of 91% after Paolo considered data from deck
levelling, using it to calculate new values of strain trend slopes which resulted in positive values.

Using the Bayesian inference we also calculated expected values of the parameters involved. Such values
change as the prior probabilities change. Particularly, at the end of Paolo’s evaluation (profile D) we obtained

the expected value of the shift E[s&z] =62 pe for scenario 2, while the expected value of the elongation trend

was E[mz] =17 peyear™.

Table 4. Posterior values and probabilities(STR1TN)

Profile A B C D
Prob(S)) 0.42 0.98 0.28 0.09
Prob(S,) 0.58 0.02 0.72 0.91
Eleo1] [pe] 49012 49012 48921 48902
E[o] [ue°C™] 8 8 11 12
E[m,] [pe-year'] -164 -164 13 16
Eleos] [pe] 49093 49093 49062 48978
E[a,] [ue°C™] 10 10 10 13
E[m,] [ue-year] 2 2 14 17
Eleso] [pe] 97 97 140 62
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Figure 8. Posterior probabilities of scenario 2
CONCLUSIONS

Above, we have used Bayesian logic to reproduce engineers’ heuristic interpretation of elongation data recorded
by a monitoring system installed on the cable-stays of a bridge. The sensors have recorded an apparent
shortening of the cables, and the engineer’s dilemma is whether this shortening is (1) pure physical behavior, or
(2) just a spurious effect of the interrogation unit. We showed that the engineer tends to believe one or the other
option based on information that he acquires over time. This information is of multiple nature: sensor data,
personal experience and background knowledge, verbal suggestion from other experts. We showed how
Bayesian logic is suitable to reproduce the engineer’s perception: particularly, we modelled the information
from the monitoring system using a likelihood function, and the knowledge which characterizes each
psychological profile, using different priors. Using formal Bayesian inference, we estimated that the final
posterior perception is 9% for option 1 and 91% for option 2, fully consistent with the engineer’s conclusion.
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