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ABSTRACT

Accurate identification of structural parameters is one of the important goals of structural health monitoring
system. Time domain analysis methodologies based on measured vibration data have been studied and shown to
be useful for the online parametric identification of structures. However, the problem becomes more challenging
when the external excitations are not measured, which is generally the case in real civil engineering practice due
to limited sensor placement in structural health monitoring system. Therefore, it is more desirable to develop a
damage identification technique taking into consideration of unknown excitations. In this paper, a new approach,
referred to as the quadratic sum-squares error with AR model (QSSE-AR) will be proposed for online
identification of structural parameters. Analytical solutions of the proposed QSSE-AR approach will be derived
and presented. Numerical examples based on the ASCE Benchmark structure will be used to verify the accuracy
and effectiveness of the proposed QSSE-AR approach in identifying structural parameters as well as the
unknown excitations.
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INTRODUCTION

Installation of structure health monitoring (SHM) system is necessary and plays an important role in the
assessment of structure conditions to ensure the reliability and safety of structures. Accurate estimation of
structural parameters is one of the important aspects of SHM systems. Analysis methodologies for parametric
identification of structures, based on measured vibration data, have been studied in the literature (e.g., Bernal
and Beck 2004), Chang 2003). However, most of the methodologies available in the literature (e.g., Bernal and
Beck 2004) require the measurement of external excitations, unless the excitations are assumed to be Gaussian
processes. Due to practical limitations, either sensor may not be installed to measure all the external excitations
(inputs) or the external excitations are not measurable, such as wind and traffic loads. In fact, it is highly
desirable to install as few sensors as possible in the structural health monitoring system. Consequently, the
purpose of this paper is to present a system identification methodology utilizing only limited measurements of
responses (outputs), in order to reduce the number of sensors required in the health monitoring system. When
the external excitations are not measured or not available, numerical iterative procedures have been proposed to
identify the constant structural parameters without analytical solutions (e.g., Wang and Haldar 1994, 1997; Ling
and Haldar 2004). Recently, analytical recursive solutions with unknown external excitations have been
proposed to identify the structural parameters based on: (i) the LSE approach (Yang et al 2007a), (ii) the
extended Kalman filter technique (Yang et al 2007b), (iii) the sequential nonlinear least-square estimation
(SNLSE) (Yang and Huang 2007c), and (iv) the quadratic sum-squares error (QSSE) (Huang et al 2010).

However, when applying the above approaches, an extended unknown vector has to be formed consisting of
both the unknown structural parameters and the unknown excitations. The time-varying feature of this extended
vector leads to a relative complicated derivation of its recursive solution and consequently makes it difficult to
apply in real engineering practice. Thus, in this paper, a new approach based on the basic concept of QSSE
method and AR model will be proposed, referred to as the QSSE-AR approach, aiming to improve the



efficiency of estimating unknown structural parameters and unmeasured external excitations. In this approach,
the unmeasured excitations will be expressed using AR model and instead of estimating the unknown inputs at
every time step as in the QSSE-UI method, only constant ARMA parameters need to be computed, thus the
computational efforts are significantly reduced. Analytical recursive solutions for such a new approach will be
derived and presented. The accuracy and effectiveness of the proposed approach will be demonstrated by
numerical simulation of the ASCE Benchmark structure.

QUADRATIC SUM-SQUARES ERROR WITH AR MODEL

The equation of motion of a m-DOF structure can be expressed as:

M X(t) +F, [x()]+F, [x(D]=n" £ () +nf(t) 6]
in which x(t) =[ x,, X,, ..., xm]T = m-displacement vector; M = (mxm) mass matrix; F, [X(t)] = m-damping
force vector; F, [x(t)] = m-stiffness force vector; f =] fl* (v, f; ®, ..., f: (t)]" = r-unknown (or unmeasured)
excitation vector; n° = (mXr) excitation influence matrix associated with £'(t) ; £(t) = [ f,(t), f,(®), ..., f.()]" =
s-known (or measured) excitation vector; and n = (mXxs) excitation influence matrix associated with f(t). In
Eq. 1,0=[0,,0,,..,0,]" is an n-unknown parametric vector with 6, (i = 1, 2, ..., n) being the ith unknown

parameter of the structure, including damping, stiffness, nonlinear and hysteretic parameters. For simplicity of
derivation, we shall assume for the time being that the unknown parametric vector © is constant, i.c.,

0=0=0,=..=0 where 0, =0 (t=1At) for i = 1, 2, ..., k+1. In what follows, the bold face letter
represents either a vector or a matrix.

k+l 2

Introducing a state vector X(t) = [xT X' JT with a dimension of 2m, we can transform the equation of motion
in Eq. 1 into a state equation, i.e.
dX(v) _
dt
If discretizing the excitation time functions at a sampling time of t =1 At, for unknown excitation, we have
£ =[f,f,,..f. 1", inwhich f =f (t=iAt) and fl*J =f;(t=iAt) for j =1, 2, ..., r. Theoretically, f; is

L)

g(X, 0, f)+w() )

unknown foralli=1,2,...,and j =1, 2, ..., r. In order to reduce the number of unknowns and the required
number of sensors, and unknown excitation can be expressed using the AR model as follows
f;=0; £ 1~J+aJ2fl 27t +°‘pran =Aye, 3)
fori=1,2,3,...,ktlandj=1,2,3, ..., r, where
= [, 0, s 0,1 4)
in which o forq=1,2,..., p are ARMA constants of order p, and
_[f i-1j° 12‘17 ey f:p,j] (5)

Let 0" denote the rp-unknown parametric vector containing all the ARMA constants for f, , i.e.,

0 =[a,al,.,a] (6)
It is noticed that 8" is a constant unknown vector, i.e., 6, =0, =..=0,,, =0 . Then, the unknown excitation
f’ can be expressed as
f =A0 =A0 @)
in which A, is a (rxrp) matrix,
A, 0 0
R ®
0 0 A,
Consequently, the equation of motion, Eq. 1, can be expressed as
F.[x(1),8]+ E[x(1),0] + F, (0°,1) = f(t)—M x(t) 9

where F, 0.,)=-1"A0.



A nonlinear discrete equation (at t=i At) for an observation vector (measured responses) can be expressed as
follows,

y, =h[X;(0,),0,0 ,f1+v,; i=1,2,... k+l (10)
in which y, is a l-dimensional observation (measured) vector, and f, is a measured s-dimensional excitation
vector at t=iAt (sampling time step At), respectively, ie., y, =y(t=iAt) , X, =X(t=1At) and
f. = f(t=iAt). In Eq. 9, X,(8,) is an implicit function of the unknown parametric vectors 8; and ©; , and v; is
a measurement noise vector assumed to be a Gaussian white noise vector with zero mean and a covariance
matrix E [v,v;]=R;8; where 3, is the Kroneker delta.

The weighted sum-squares error (up to t=(k+1)At between the observation data y, and the analytical

expression h is given by
k+1
Jo. =2 ¢/R'e ;e =y, —h[X;(0,),9,,06,1] (11)
i=1
in which y, and h[X,(0,), 0,, 0;, f,] are given by Eq. 10, and the weighting matrix R, =E [v,v] ] is a (I x 1)
variance matrix of the measurement noises at t = iAt .

Let éi be the estimate of 0, 0] be the estimate of ] at t=iAt, and 5(].“_1 be the estimate of X, based on the

estimated parametric vector 61-1 and 07, i.c., X(éi_l) = Xi-l' Since h[X;(0,), 0,, 0., f,] is a nonlinear function of

i-12 i2 0

unknown parametric vectors 0, and 0; , it will be linearized around the estimates of these two unknown vectors

A

at the previous step, i.c., 0, =0, 00 =07, and X, =X(8,) = X(0,,) = X, as follows
h [ Xi(ei)9 9{3 9:3ﬂ ] =h= ﬁi +H; (ei _61-1)"'1){ (Of _é;) (12)
in which for simplicity of notation ﬁi: h(f(i, éi-l, é:_l, f),and
Hi = He,i +Hx,iX0,i (13)
£ A h(X;, 0, 0/, f
u,, = H, &, 6., &, fi){a (X, 0., 6, J} (14
o8, X;=X;: 0,20, 0; =07,
oA oh(X;, 0,, 0, f
Hy, =H,(X, 0, 0, f1>=[ e o B ')} (15)
X, X;=X;: 0,=b;_p: 0;=0;_
— ~ | X,
X = X, (0,_)= |:£} (16)
i o, =0;_;:07=0 ,
D, =D, (17)
PSS A, oh(X, 0., 0, f
D, =D.(X. b, 6, f)= [ (X 9 9, ‘)} (18)
i 20’ .
i X;=X;: 0,0, ;0 =0

i-1> 7 i1

Note that Eqs.(13) and (18) are obtained by the chain rule of partial derivative, with respect to the unknown

vectors 0, and 0] , respectively, and H,, H,,, X,,, H,,, D,, and De* ~are (I xn), (Ix2m), (2m X n), (1 X n),
’ ’ ’ 51

(I x rp), and (1 X rp) matrices, respectively. X, (0) is referred to as the sensitivity matrices of the state vector X
with respect to the parametric vectors 0 , respectively, i.e.,

X Xy
X, 0)=—=|7" 19
W)= 5 L} (19)
in which Xg and Xg are (mxn) matrices,
PRI, S (20)



Substituting Eq. 12 into Eq. 11, we can obtain the following objective function, J,,,, which is a quadratic

function of unknown vectors 0, and 0; , as follows
k+1

JkHZZ[yi -H,6,-D, 9? ]TR;I[Yi -H6, _Die:] (21)
i=1
where
Y =V _ﬁi +H16|-1 +D, 6?—1 (22)
Let us define an extended unknown vector 0 ; and an extended matrix H_; at t=1At, i.e.,
0;
9e,i = 0_; 5 He,i = [H; 5 D] (23)
i

in which 0 ; is a (n + rp)-unknown vector.

Combining all k+1 time instants (from i = 1 to i = k+1), and assuming that 0,; is a constant vector, i.e.,

0., =0, fork=1,2, ..., the objective function in Eq. 21 can be expressed as

e,i

K+
S = Z[yl _Heﬁiee,lﬁl ]T R;l [yl _Heﬁieeﬁkﬂ] =Y., _(I)e.k+l®e¢k+1:|T W [Ye _(I)e.k+l®e$k+l] (24)
i=1
where
— I H, D, 1
Zl H, D,
_ 0k+1 . _| Y ) — : :
®e,k+] - 9* > YkH - : s Fe ktl . . (25)
K+ _' H, D,
Yo
K _Hk+1 Dk+l _

In Egs.(24)-(25), ©,,., is a [n+rp)]-unknown column vector, Y,,, is a (k+1)l-known (measured) column vector

at step k+1 with y, given by Eq. 22, H; and D, are given by Eqs.(13) and (17), respectively, fori=1, 2, ...,

-1

k+1, ®_,., is a [(k+1)] X (n+rp)] known (measured) data matrix at step k+1, and W,,, =diag(R;', R}, ..., R},)).

Let (:)e’kﬂ be the estimate of @, att=(k+1)At, ie., (:)e’k+1 =[6L1, ﬁ:l]T . Minimizing the quadratic

objective function J,,, in Eq. 24 with respect to © we obtain the estimate © , in the following (e.g.,

ektl ek+
Yang et al 2007)
A A
®e,k+1 = Pe,k+1[q);r,k+lwk+1Yk+1] 5 Pe,k+l = [(I):-,k+lwk+lq)e,k+l] - (26)
Similarly, the estimate (:)C,k for @, at t=KkAt is obtained as follows
A A
0, = Pe,k[q)eT,kaYk]; Py = [(I);:r,kwkq)e,k] - (27)

in which the definition of each entry is identical to those given in Eq. 26 with k+1 being replaced by k. To
derive the recursive solution for @, , ie., the solution ®,,,, expressed in term of @, , we make the

Y = _Y_k_ - ® — _(IZC;k_ W= _‘Yk__!_qk_'XI_ (28)
ot ykﬂ ’ el He,k+1 ’ k 0I><k| :R:H

in which Y, is a kl-column vector, y,,, is a lI-column vector given by Eq. 22 with i replaced by k+1, @, is a

following partitions,

[kIX(n+rp)] data matrix, and H,,, =[H,, i D,,,] is [IX(n+rp)] data matrix. The recursive solution for éc,kﬂ in
Eq. 26 can be obtained by substituting Eq. 28 into Eq. 26 using Eq. 27 as follows

®e,k+l = G‘)e,k + Ke,k+l (Ykﬂ - He,k+l®e,k) (29)

in which
H, ., =[H, i D] (30)
Ke,k+] = Pe,kHZ,k+1 (R, + He,kHPe,kH;r,kH )_1 31



Pe,k+1 = (I - Ke,kHHe,kH )Pe,k (32)

In Egs.(29)-(32) above, K_,,, and P, ., are gain matrices, respectively, of size [(n+rp)x1] and [(n+rp) X (n+rp)].

ek+1 ek+l

For the numerical computation, lAlk+1 is first obtained, in which )A(kﬂ‘k is the estimate of the state vector X(t) at

t=(k+1)At basedon =0, and 0" =6 , i.c.,

N A (k+1)At

Xk+1\k = Xk\k +J.

where X, is the solution of Eq. 2 in k At <t < (k+1)At with the initial condition X,, and w = 0.

g (X, ,.0,.0;,.1) dt (33)

kAt

Note that in Eqs.(29)-(32), R,,, is the variance matrix of the measurement noises at t =(k+1)At, H,,, and
Hx,k+1 and Xe,k+1
are given by Eqs.(14)-(16), with i being replaced by k+1. Further, P, in Eq. 32 is the adaptation gain matrix at

D,,, are given by Eqgs.(13) and (17), respectively, with i being replaced by k+1, and H

0.k+1 2

*

t =kAt . Once (:)e’k+l is computed the unknown inputs f,,, at t=(k+1)At can be updated using Eq. 1. The

analytical solution derived in Eqs. 29-33 is referred to as the quadratic sum-squares error with AR model
(QSSE-AR), which is not available in the previous literature.

PARAMETRIC IDENTIFICATION

Recently, an ASCE benchmark building for structural health monitoring and damage detection has been
established (Johnson et al 2004) in order to compare the efficiency of various system identification and damage
detection techniques (Bernal and Beck 2004). This 4-story steel frame benchmark building was modeled using
different levels of sophistication (Johnson et al 2004). For simplicity of demonstration, we consider a simple
case in which the building is symmetric and is modeled by a 4DOFs shear-beam model similar to Case 4 in
(Johnson et al 2004). The external excitation, modeled by a white noise process to simulate the ambient
vibration, is applied to the 4th floor similar to Case 3 in (Johnson et al 2004). The model is further simplified by
assuming a proportional damping where the damping matrix C is proportional to the stiffness matrix K, i.e., C =
BK with B = 10 sec. Thus, the stiffness and damping coefficients in each story unit are as follows: k; =k, = ks

=k4 = 67.90 MN/m, ¢; =cy = c3=c4 = 6.79 kN.sec/m. The mass of each floor is m; =3.4524 tons ,
m, =mj3 = 2.6524 tons , and my =1.8099 tons .

The example above was considered in (Yang and Huang 2007c), in which absolute accelerations (X;,X,X3,X4)

at all floors and the white noise excitation are measured. In this paper, we only measure the absolute
accelerations, but the white noise excitation is not measured and hence unknown. All the measured quantities
are simulated by superimposing the theoretically computed quantities with the corresponding stationary white
noise with a 2% noise to signal ratio. The sampling frequency is 1000Hz for all measured data (Johnson et al
2004). Unknown quantities to be identified are the parametric vector 8 consisting of stiffness k; and damping

c; i=1,2,3,4) and the unknown external excitation f *(t). The extended unknown vector is forming as

0, =1k, k,, k;, k,,c,, c,, 5, ¢,,0,] where only one ARMA constant will be assumed for this case.

As the main purpose of this paper is to show the accuracy and efficiency of using QSSE-AR approach for
identifying structural parameters as well as unknown external excitation, only the undamaged structure was
considered and the first 5 seconds of measurement data was used.

Based on the recursive solution in Eqs.(28)-(31), the following initial values will be assumed for all cases to be
presented below: (i) the initial values of state variables and the unknown excitation are zero, (ii) the initial
values for ¢; and k; are: ¢; o = 1 kN-s/m, k; o= 10 MN/m (i = 1, 2, 3, 4), respectively, (iii) the initial value for

ARMA constant is 0 9= 0.1, (iv) the initial error covariance matrix of the extended vector is chosen to be
P, =diag[10", 10", 10", 10,1, 1, 1, 1,0.01], and (v) the covariance matrix of the measurement noise vector
v(t) is chosen to be R = I, where I; is a (j*j) unit matrix.

The measured acceleration responses of all stories are plotted in Figure 1. Using the proposed QSSE-AR
approach and input data shown in Figure 1, the identified structural parameters for stiffness k; (i=1, 2, 3, 4)



and damping coefficient [ are presented in Figure 2 as solid curves, whereas the dashed curves in Figure 2 are
the theoretical results for comparison. Further, the identified white noise excitation for a segment from 3 to 4
seconds is shown in Figure 3 as solid curves, compared with the theoretical values plotted using dashed curve. It
is observed from Figs.2-3 that the identified structural parameters agree very well with the theoretical results
and the estimated unknown white noise excitation has reasonable accuracy compared to the corresponding
theoretical values. Therefore, it might be a more preferable approach in practice for identifying structural
parameters as well as predicting unknown excitations.

Time, sec
Figure 1. Measured acceleration responses for a benchmark problem; a;in m/s
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Figure 2. Identified parameters for a benchmark problem; k; in MN/m

Figure 3. Identified unknown white noise excitation for a benchmark problem; unit of £'(t) in kN
CONCLUSIONS

A new system identification technique, referred to as the quadratic sum-squares error with AR model (QSSE-
AR), has been proposed for structural health monitoring. Analytical recursive solutions for such a new approach
has been derived and presented. Numerical simulation of the ASCE Benchmark structure has been carried out to
verify that the QSSE-AR approach is capable of identifying the structural parameters and the unknown
excitations. Further, with similar accuracy in the identification results, the QSSE-AR approach has a much
simpler form of recursive solutions, and therefore, it is more preferable to be implemented in real engineering
practice.
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