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ABSTRACT 
 
This paper compares two commonly used methods for performance degradation assessment, i.e., deterministic 
method and probabilistic method, by applying them to safety and reliability evaluation of a concrete gravity dam 
at Shenwo reservoir in Liaoning province of China. The deterministic responses of representative sluice piers 
are computed through static pushover and dynamic analyses. The probabilistic uncertainty analysis, including 
time invariant and time variant reliability analyses, is based on finite element reliability theory. For time 
invariant case, the material and loading parameters are considered as random variables, including elastic 
modulus, Poisson’s ratio, mass density, and pushover forces. For time variant case, the earthquake history is 
simulated by using random process, and the FORM approximation combined with Koo’s analytical solution is 
used to compute the mean upcrossing rate for a given performance function, through which the failure 
probabilities are calculated. Based on the analysis results using deterministic and uncertain methods, the current 
safety and reliability of the dam are assessed. Furthermore, the deterministic responses and the reliabilities of 
the dam in its current state are compared with those in the original state to quantify its performance degradation. 
Finally, the assessment results of using the two methods are compared, and the discrepancies between them are 
quantified and explained. The computation is based on a general finite element analysis platform for earthquake 
engineering simulation, OpenSees. 
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INTRODUCTION 
 
There are many concrete gravity dams built in strong earthquake region of China. In general, the safety of the 
dams in their long-term service will gradually decline due to concrete deterioration, design defect, overloading, 
earthquake effect, etc. Correctly performing the seismic safety evaluation and reinforcement of the existing 
dams are of significant importance. Therefore, the study of the time-varying failure probability of dams subject 
to strong earthquake should be considered primarily. In recent years, extensive researches on the reliability 
theory have been performed (Zhang and Li 2000; Gu et al. 2009), and the most advanced theories have been 
applied to the safety assessment of concrete gravity dams (He et al. 1998; Lian et al. 1994; Fan et al. 2008). The 
main approaches used in these studies are investigating the ultimate bearing capacity of concrete gravity dams 
under strong earthquakes, the possible failure modes of the dams and the failure probability or system reliability 
of dams corresponding to different failure modes. For life cycle assessment, performing degradation assessment 
of the concrete gravity dams is of significant importance. This assessment aims to balance the risk of utility and 
cost during its life-time period, thus providing a better understanding of the robustness or reliability of the 
structures. Recently, numerical methods for life cycle reliability study and optimization have been developed 
and most of them have been successfully applied to civil structures (Frangopal and Maute 2003; Onoufriou and 
Frangopal 2002; Stewart 2001; Mitropoulou et al. 2011; Streicher and Rackwitz 2004). However, only limited 
researches pay attention to the study of the life cycle assessment of hydraulic systems such as concrete gravity 
dams. In this context, a rational performance degradation assessment of concrete gravity dams is performed in 
this paper to highlight the importance and feasibility of using reliability-based optimization theory for life-cycle 
assessment of hydraulic structures. Furthermore, a comparison of deterministic and probabilistic methods for 
performance degradation assessment is made, by applying to a concrete gravity dam at Liaoning Shenwo 
reservoir. 
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Liaoning Shenwo reservoir is a large type multi-purpose hydro project, mainly for flood control, irrigation, 
water supply and power generation. This concrete gravity dam has been working for 37 years. The reservoir is 
located in the Tan-Lu fault zone of the North China seismic belt and has been subjected to an earthquake of 4.8 
degree in 1975. Moreover, the corbel of sluice pier has been subjected to a long-term excessive shear loads due 
to the incorrectly choosing low grade concrete in its original design, causing severe damages in the dam such as 
cracking, leaking, erosion, freeze-thaw damage, etc. as shown in Figure 1. Therefore, the reservoir has been 
classified as one of the 43 most dangerous reservoirs in China. In this context, the paper investigates the safety 
and performance of the dam under given earthquake in current working state and original design state 
respectively, by studying its deterministic static and seismic responses, time invariant and time variant 
reliabilities. The reliability study is based on the finite element reliability method, combining the capacity of 
finite element method and advanced reliability theory, thus is able to simulate the mechanical behaviour of the 
dam during strong earthquake and employ the most up-to-date reliability theory (Zhao et al. 2001). 
The computation is based on a general finite element analysis (FEA) platform, OpenSees (Silvia and Frank 
2006). OpenSees is an open source software framework for advanced modelling and simulation of structural and 
geotechnical systems developed under the auspice of the Pacific Earthquake Engineering Research (PEER) 
Center (http://peer.berkeley.edu). It has the advanced features such as parallel computing, sensitivity, reliability 
and optimization (Liu and Der 1986). 
 
FINITE ELEMENT RELIABILITY METHOD 
 

Time-invariant Reliability Method 
 
To evaluate the performance of the gravity dam at Shenwo reservoir, a limit state function (LSF) is defined as 
Z=g (θ), where Z>0 denotes the safe condition, and vise verse. The failure probability of the structure can be 
computed as: 
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Where f(θ) is the joint PDF of random variable θ, which can be material/geometrical/loading parameters of the 
computational model. When using design point (DP) based reliability methods (e.g., first order and second order 
reliability methods, or FORM and SORM), it’s necessary to transform the probability density function (PDF) 
from its original physical space defined by θ into the standard normal space defined by u (i.e., θ=θ(u)). Among 
several transformation methods, the Nataf method is used in this paper due to its numerical advantages (e.g., 
robustness and wide range of application) (Stewart 2001). After probability transformation, the performance 
function becomes: 
                                                                                 ( ) ( ( ))G u g uθ=                              ( 2 ) 
The performance function usually is an implicit function of θ (and thus an implicit function of u) and has to be 
evaluated through FE analysis (using OpenSees herein). After the failure probability in Equation (3) is 
computed, the reliability index β is obtained using: 
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The geometric interpretation of reliability index β is the shortest distance from the origin of the standard normal 
space to the limit state surface (LSS). The closest point on LSS is referred to as the design point (DP) u*. In 
FORM and SORM, the LSS is approximated by a plane and a second order polynomial at the DP, respectively, 
based on which the failure probability is estimated. Thus, finding the DP is a crucial step in DP based reliability 
methods. It is also an optimization process, i.e., to solve the constrained optimization problem below:  
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Currently, several methods exist to solve the optimization problem for design point search, among which one of 
the most commonly used is the so-called HLRF method developed originally by Hasofer and Lind (Hasofer and 
Lind 1992), and then extended to the computation of non-normal distribution random variables by Rackwitz and 
Fiessler (Rackwitz and Fiessler 1978). Recently, a powerful existing nonlinear optimization software package 
for solving large-scale optimization problems, SNOPT, has been integrated into OpenSees and can be used for 
DP search problems (Gu 2008; Gu et al. 2012). The paper uses OpenSees-SNOPT framework to find the DP. 
After the DP is obtained, the failure probability may be computed using FORM or SORM. These methods give 
trustable approximation to the failure probability when the system has low or moderate nonlinearity (Koduru 
and Haukaas 2010). 
 

http://peer.berkeley.edu/


 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1. Current status of damage in concrete gravity dam at Shenwo reservoir 

 
Time-variant Reliability Method 
 
In time-variant reliability analysis, the failure probability can be approximated by using mean upcrossing rate 
during a time interval. For small probability events, the estimated failure probability in (t1, t2) is computed as 
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Where ( , )v tζ + is the mean upcrossing rate of level ζ + at time t, dN is the number of upcrossings of level ζ +  in 
time interval (t, t+dt). According to Rice’s Formula (Rice 1944), the mean upcrossing rate is 
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Where ( 0, )GGf G G=
  is the joint probability density function (PDF) of ( ( , ))G u x t and its time derivative 

( ( , ))G u x t . Since the joint PDF is extremely difficult to obtain if not completely impossible, this paper uses an 
alternative method to calculate the mean upcrossing rate (Hagen and Tvedt 1991) 
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Equation (7) denotes that the structure is in safe domain at time t and in failure domain after a very small time 
interval δt. When δt is sufficiently small, Equation (7) is accurate enough for estimating the mean upcrossing 
rate. Numerically, the numerator in Equation (7) can be replaced by solving two parallel time invariant problems, 
i.e., 1[ 0]P g =  and 2[ 0]P g = . After the DPs corresponding to these problems are obtained, each LSS is 
approximated by using FORM, i.e., approximated by a plane tangent to the LSS at DP. Then the probability 

1 2[( 0) ( 0)]P g g> <  is estimated by computing the area of a wedge region between the two planes. Usually the 
δt is chosen small enough to ensure the accuracy of Equation (7). However, this causes the distance between the 
two DPs nearly close to zero, requiring the computation of the two DPs (and thus the evaluation of the two LSFs) 
extremely accurate, which is computationally prohibitive. To overcome this problem, an alternative method is 
employed based on Koo’s Equation (Koo and Der 2003), which provides a closed-form solution to estimate 
mean upcrossing rate when the distance between two design points tends to zero. Using Koo’s equation, only 
one DP needs to be computed, making the FORM based computation of the mean upcrossing rate efficient and 
accurate. After the mean upcrossing rate is obtained, the structural failure probability in time interval (t, t+dt) is 
computed from Equation (5) (Conte et al. 2009; Barbato et al. 2012).  
In this paper, the Gaussian white noise is employed to simulate stochastic earthquake process with constant time 
interval Δt. The intensity of the white noise φ0 corresponding to a specified ground acceleration gu (whose unit 
is g) is computed using Mile’s equation as: 
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By linear interpolation of the white noise with random impulse sequence, the standard deviation of the impulse 
can be obtained as (Gu et al. 2009; Gu 2008): 
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COMPUTAION MODEL 
 
The concrete dam at Shenwo reservoir is 532 m long, and consists of three parts: the water retaining dam, the 
overflow dam, and the hydropower station (see Figure 1) with length 217.3 m, 274.2 m and 40.5 m respectively. 
There are 31 dam sections, with the highest one 50.3 m high. The dam crest is 6 m wide. The overflow portion 
is in the middle of dam, having fifteen dam sections, fourteen surface spillways and six bottom outlets. The 
surface spillways are at 84.8 m below the crest of dam. Each surface spillway has a 12m×l2m steel arch-gate 
controlled by a 2×80 t winch hoist. There are eighteen sluice piers in this dam, i.e., two abutment piers, six 9 m-
wide “fat” piers and seven 4 m-wide “thin” piers. The fat piers have bottom outlets, access gate and work gate 
inside. In this paper, only a representative thin pier is selected as the benchmark example in both deterministic 
and uncertainty analyses for reliability and safety assessment. Figure 3 shows the finite element mesh of a 2D 
plane strain model of the thin sluice pier. The thin pier is 47 m high, 4 m wide and 32 m long. The area of the 
gate is 12 m×12 m and the distance between the bottom of gate and that of dam is 28 m. The corbel is 36 m high 
and 9.5 m from the edge of the pier’s downstream side. The width of pier below the gate is taken as 7 m. The 
depth of water in the calculation is 45 m, i.e., taken as the same as the peak water level during high-water 
periods. As shown in Figure 2, P and N are static water pressure of upstream and downstream side, respectively, 
and G is self gravity of the dam. Both quasi-static pushover and dynamic time history analyses are performed. 
The earthquake intensity is taken as 7 degrees, based on the seismic design code of Specifications for seismic 
design of hydraulic structures of China.  
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Figure 2. Gate pile (unit: m) 

 

 
Figure 3. Two dimensional finite element meshes 

 
MATERIAL PARAMETERS 
 
The sluice pier is modelled by using linear elastic material. Based on a comprehensive investigation of the crack 
in sluice piers and test results of concrete experiment, the grade level of the concrete in dam is classified as C19 
for the original design state and C16 for the current state, respectively. Based on lab test results of 20 samples 
taken from representative locations, following material parameters are obtained for current-state model: the 
elastic modulus E=2.29×104 MPa, the Poisson’s ratio μ = 0.175 and the density of the dam ρ=2400 kg/m3. 
While for original-state model, the parameters are obtained from the design data as: the elastic modulus 
E=2.48×104MPa, the Poisson’s ratio μ = 0.2 and the density of the dam ρ = 2400 kg/m3. 
 
ANALYSIS PROCESS AND RESULTS 
 
Concrete gravity dam may have various failure modes under earthquake loadings, each of which corresponds to 
evaluating a set of engineering demand parameters (EDPs). It is very difficult to considering all possible failure 
modes and their combinations due to the unacceptable large computational cost, which is particularly true for 
reliability analysis. This paper studies the responses of a representative sluice pier under earthquake, and the 
focus is on whether the maximum internal stress or deformation exceeds the allowable stress (e.g., yield stress 



divided by a factor) or allowable deformations. Based on the study not shown in this paper, it is observed that 
both the maximum tensile and compression stresses are relatively small and far below the corresponding 
allowable stress, indicating that the stress is in elastic stage and is not suitable to be chosen as EDP. Thus, in this 
paper, the maximum displacement (which happens at the top of the dam) of the dam is taken as the EDP to 
evaluate the safety of the dam in both deterministic and probabilistic analysis. 
 
Deterministic Analysis 
 
The deterministic analysis consists of static pushover and the dynamic analyses. The initial loads applied to the 
sluice pier include gravity force, static water pressures of the upstream and downstream side, respectively. The 
maximum static water pressure is 441 kPa on the upstream side and 22.8 kPa on the downstream side. In 
addition, the water pressure imposed on the gate is replaced by an equivalent concentrated horizontal force of 
15385.87 kN loaded at the corbel. In static analysis, according to the Specifications for seismic design of 
hydraulic structures of China (DL5073-2000), the maximum horizontal seismic force imposed on the edge of 
the pier’s upstream side is 866.25 kN. The analysis is performed by using OpenSees. The maximum horizontal 
displacements at the dam crest are 1.89mm for the original design state and 2.03 mm for the current state 
respectively. It is observed that the two responses are almost the same (about 8 percent different) and the 
performance degradation of the dam is small and neglectable. 
In seismic analysis, the dynamic water pressure is calculated by the additional mass method using Westerguard 
formula (Westergaard 1933) to account for the interaction between water and structure. After gravity load and 
static water pressures are applied, El Centro 1940 NS wave is taken as the base excitation input of the structure 
for performing dynamic analysis, with peak ground acceleration equal to 2.923 m/s2. In dynamic analysis, the 
maximum horizontal displacements of the dam crest are 4.9mm for the original design state and 5.8mm for the 
current state, respectively. In this case, the later one is nearly 19 percent larger than the former one. From both 
static and dynamic analysis, the differences between the responses of the original state and current state are not 
obvious. Based on the comparison of the seismic responses between its original state and current state using 
deterministic analysis, it is clear that the performance degradation in the dam can be neglected. 
 
Uncertainty Analysis 
 

Time-invariant reliability analysis 
 
The First Order Reliability Method (FORM) is used to perform time-invariant reliability analysis of the pier in 
initial design state and current state, respectively. Four material parameters are considered as random variables 
(RVs): elastic modulus E, Poisson’s ratio μ, mass density ρ of the dam and the maximum value of the push over 
force. The probabilistic properties of the random variables are obtained from lab test results of 20 samples taken 
from different locations of this dam, as shown in Table 1. The subscripts 1 and 2 correspond to the material in 
original design state and current state, respectively. The Coefficient of Variance (c.o.v.) between E and ρ is 
taken as 0.2, while c.o.v.s between others RVs are set to zero. The failure of dam is defined as the maximum 
horizontal displacement of the sluice pier crest exceeding a limit ulimit, thus the limit state function (LSF) is 
defined as  

                                   limit topg u u= −
                                                                    (11) 

 
Table 1. Probabilistic properties of random variables 

Parameter PDF Mean Coefficient of 
variation 

Elastic modulus E1 Logno`rmal 2.48366e10 Pa 0.131 
Poisson’s ratio μ1 Lognormal 0.2 0.15 

Density ρ1 Lognormal 2400 kg/m3 0.15 
Elastic modulus E2 Lognormal 2.288984e10 Pa 0.175 
Poisson’s ratio μ2 Lognormal 0.175 0.2 

Density ρ2 Lognormal 2400 kg/m3 0.2 
Max. nodal force pmax Lognormal 866.2518 kN 0.2 

 
Based on the deterministic analysis results, the ulimit is taken as 2.0 mm, 3.0 mm, 4.0 mm, 5.0 mm, 6.0 mm, 7.0 
mm and 8.0 mm corresponding to different damage level. Through FORM analysis, the structural failure 
probability at different damage levels are calculated and listed in Table 2, for both initial state and current state 
cases. The relation between failure probability in logarithm format and ulimit is shown in Figure 4, for both initial 



state and current state, respectively. From Table 2 and Figure 4, it’s observed that the logarithm of structural 
failure probability nearly linearly declines as the limit displacement increases. Based on these results, it is clear 
that the performance degradation of the dam is so obvious such that it should be treated seriously and 
immediately. What is more important is that the deterministic and reliability analyses provide an opposite 
conclusion about the performance degradation of the dam. Deterministic analysis shows the performance 
degradation is ignorable while probabilistic analysis shows the contrary conclusion. The explanation will be 
given later.  
 

Table 2. Failure probability of sluice pier corresponding to different ulimit  
ulimit 2.0 3.0 4.0 5.0 6.0 7.0 8.0 

pf 
Original state 0.339 1.458e-4 2.806e-8 1.452e-12 2.220e-16 0 0 
Current state 0.524 1.625e-2 6.834e-5 2.529e-7 8.652e-10 5.218e-12 2.642e-14 

 
Time-variant reliability analysis 
 
In time-variant reliability analysis, the mean upcrossing rate is computed by using FORM approximation 
combined with the Koo’s equation (Koo and Der 2003). The structural failure probability history is estimated by 
integration of the mean upcrossing rate with time. The Gaussian white noise is employed to simulate stochastic 
earthquake process with constant time interval of t∆  = 0.02 sec. The integration time step in OpenSees analysis 
is 0.005sec and the small time interval tδ in Equation (7) is taken as tδ  = 0.0001sec. The intensity of the white 
noise 0φ  corresponding to the ground acceleration of 0.25g is computed using Equation (8) as 0.000534 and 
0.000559 for initial design state and current state respectively. Through linear interpolation of the white noise 
with random impulse sequence, the standard deviation of the impulse can be obtained using equation (10) as 
0.579 and 0.593 for initial design state and current state respectively. The limit state function is defined as the 
maximum horizontal displacement of dam crest exceeding a limit limit 4u mm= , which is the same as shown in 
Equation (11). The time increment for calculating the mean upcrossing rate in OpenSees is 0.5 sec. The 
computation results are shown in Figure 5. From this figure, it is clear that the value of mean upcrossing rate 
tends to be stable (i.e., being a constant) after 2.0~3.0second for both original state and current state, thus the 
failure probability begins to linearly increase after that time, and there is no need to compute the mean 
upcrossing rate after 3.0 second. From Figure 5 it is observed that the failure probability grows much faster in 
the current state than the original state. Thus, the failure probability becomes increasingly larger in the current 
state than original state as time goes by during an earthquake. Similar conclusions can be made with those in 
time-invariant reliability analysis, that is, (1) the difference between origin state and current is remarkable and 
can not be ignored, thus the performance degradation of the concrete dam is serious and special treatments need 
to be performed immediately; and (2) the time variant reliability analysis and deterministic analysis give 
opposite conclusion about the performance degradation of the concrete dam.  
The reason that the conclusions from deterministic and probabilistic analyses are contradiction to each other is 
that the deterministic analysis can be understood as only a specific realization of the uncertainty analysis. In 
deterministic analysis, the value of each random variable (RV) is usually taken as its most likely (or most 
probable) value, such as its mean value. However the analysis can not consider the variation range of the 
random variables, and thus can not get the variation range of the responses. Therefore, even if the response is 
limited, it does not mean the variation range of the response is small, and so the failure probability may still be 
large. In this application, the response obtained by deterministic analysis shows that the system is safe, however 
the wide range of variation of the RVs (especially the wide range of the earthquake variation) makes the failure 
probability large, indicating the dam is not safe in its current state. Based on uncertainty analysis, it can be 
concluded that the concrete gravity dam is unsafe and need further reinforcement. From this example, it is clear 
that pure deterministic analysis may give misleading conclusions, if not correctly considering the system 
uncertainties. Uncertainty analysis is necessary in safety assessment of structures. 
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Figure 4. Failure probability estimates v.s.ulimit 
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Figure 5. Failure probability estimates v.s. time 

 
CONCLUSIONS 
 
This paper studies the performance degradation of a concrete gravity dam at Shenwo reservoir in Liaoning 
province of China, by comparing both the responses and failure probability of the dam in its current state with 
those in its original state. The deterministic responses of representative sluice piers are computed through static 
pushover and dynamic analyses, showing the difference of the seismic responses between its original state and 
current state is small and the performance degradation in the dam can be neglected. However, the finite element 
reliability analysis, including time invariant and time variant reliability analyses, gives opposite observation. 
That is, the difference of failure probabilities between the origin state and current state of the am is significant, 
thus its performance degradation is serious and special treatments need to be performed immediately.  
Based on these studies and engineering judgment, it can be concluded that the performance degradation of the 
concrete dam at Shenwo reservoir is remarkable, so it is unsafe and requires reinforcement. Furthermore, it can 
be seen that the deterministic method is not conservative and not safe for performance degradation analysis of 
this concrete dam. The reliability analysis provides an important alternative method for safety evaluation of the 
concrete gravity dams, providing insight to engineers performing safety assessment of concrete gravity dams. 
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