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ABSTRACT 
 
Structural damage detection and vibration control of building structures have been actively studied. However, in 
most previous investigations, these two aspects were treated separately. In this paper, a time domain on-line 
integration of structural damage detection and instantaneous optimal control is proposed using partial 
measurements of structural acceleration responses. It is based on extended Kalman estimator approach for the 
on-line identification of structural parameters. The main idea of the proposed damage detection approach is to 
judge the instant of the degradation of structure stiffness by the comparing the error of quadratic sum of 
predicted and observed accelerations and update the stiffness parameters by reducing the quadratic sum of 
acceleration error using an optimization function. Numerical simulation results demonstrate that the proposed 
algorithm is effective for on-line integration of structural damage detection and vibration control using only 
partial observations of structural acceleration responses. 
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INTRODUCTION  
 
In the past decades, a large number of structural health monitoring and vibration control methods have been 
proposed (Chang, 2011; Chang et al., 2003; Spencer and Nagatajaiah, 2003; Casciati et al,. 2012). However, in 
most previous investigations, the two aspects were treated separately according to the primary objective 
pursued. In recent years, Chu and Lo proposed a model-reference adaptive identification technique based on 
Lyapunov algorithm (Chu and Lo, 2009). An adaptive observer of shear frame deployed MR dampers was 
proposed by Jimenez-Fabian and Alvarez-Icaza (Jimenez-Fabian and Alvarez-Icaza, 2009). Considering the 
structural damage, Nagarajaiah proposed a structural vibration control method based on an adaptive smart tuned 
mass damper which is proved to be more effective in vibration control (Nagarajaiah, 2009). Bitaraf et al. studied 
the performance of structure under seismic action controlled by active or semi-active control (Bitaraf et al., 
2008; Bitaraf et al., 2011). An integration of structural health monitoring and vibration control in both time and 
frequency domain was proposed by Xu (Xu and Chen, 2008; Chen et al., 2010; Huang et al., 2012). However, 
all of these methods are not in real time. For the purpose of effective monitoring and early warning of structural 
damage during a severe event, such as an earthquake, it is essential to conduct an on-line integration of 
structural damage detection and vibration control method. Always, both of the two tasks need a sensory system, 
a data acquisition system and a transmission system. So it is desirable to have a common sensory system and the 
common data acquisition transmission system for both vibration control and damage detection of a building 
structure. So the integration of SHM and vibration control is supposed to available and helpful. Recently, an 
adaptive structural control method base on local or global structural damage detection is proposed by Lin (Lin et 
al., 2012). 
Even the controlled structure may damage if it suffers a strong earthquake or wind load. In the past decades, 
many structural damage detection techniques have been proposed. Improved techniques based on constant or 
variable forgetting factor have been proposed (Smyth et al., 2002). Loh et al. (Loh and Huang, 2007; Weng and 
Loh, 2011) proposed adaptive Kalman filter with forgetting factor and on-line recursive subspace identification. 
Yang et al. (Yang et al., 2006; Huang et al., 2010) proposed various adaptive techniques by replacing the scalar 
variable forgetting factor with an adaptive factor matrix to track the changes of structural parameters on-line 
when vibration data involve damage events. But the adaptive factor matrix is too complicate to apply to 
structural vibration control. Usually only partial structural acceleration responses are measured on-line as 
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limited accelerometers are deployed on a structure. Extended Kalman estimator has been shown useful for 
structural identification with partial measurements of structural acceleration responses (Lei et al., 2012).  
In this paper, an on-line integration approach of damage detection based on extended Kalman estimator  (Lei et 
al., 2012) and vibration control is proposed for on-line identification of abrupt degradations of structural 
stiffness parameters using only partial measurements of structural acceleration responses. The damage detection 
process consists of three stages in time-domain. In stage one, extended Kalman filter is utilized for recursive 
estimation of structural state and parametric vector. Then, the active control force could be calculated by the 
instantaneous optimal control algorithm (Yang et al., 1987; Chen et al., 2010). Then the time instant and 
possible locations of the abrupt degradations of structural stiffness are detected by tracking the square errors of 
measured data with estimated values in stage two. In stage three, the exact locations and extent of structural 
stiffness degradations are determined by solving constrained optimization problems and structural stiffness 
parameters are updated in real time for continuous on-line identification and vibration control.  
 
PROPOSED ALGORITHM 
 
The equation of motion of a structure can be written as: 

( ) ( ) ( ) ( ) ( )t t t t t+ + = +Mx Cx Kx EU Bf                                                     (1) 

where  ( )tx , ( )tx  and ( )tx  are the vectors of acceleration, velocity and displacement responses, respectively; 
M , C and K are the mass, damping and stiffness matrices, respectively; f is the external excitation vector, 

( )tU  is control force, and B and E are the influence matrices associated with f and U .Usually, the mass of a 
structure can be estimated accurately based on its geometry and material information, so M is assumed to be 
known. 
 
Vibration Control 
 
In this paper, the control method is the instantaneous optimal control algorithm (Yang et al., 1987; Chen et al., 
2010 ) .The above Eq.(1) can be rewritten in the discrete-time state-space form as 

( ) ( ) ( ) ( )t t t t′ ′= + +Z AZ E U B f                                                            (2) 

in which [ ]T=Z x x  is the state vector 

1 1 1 1 ;
− − − −

     
′ ′= = =     

− −     

0 I 0 0
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The discrete-time observation vectors can be expressed by: 

1k d k d k d k+
′′= + +Z A Z E U B f                                                                 (3) 

in which in subscript ‘ d ’ denotes discrete time. dA , d′E , d
′B are the discrete time state system matrix, location 

matrices of control force and external excitations, 
In practical structural control, only limited responses of the structure are measured. The discrete-time 
observation vectors at time t= k∆t can be expressed by: 

k k k k k= + + +y CZ FU Gf v                                                                   (4) 
in which C, F, and  G are measurement system matrices. 

[ ] d=C D 0 I A , [ ] d′F = D 0 I E , [ ] d
′G = D 0 I B ，  

Then instantaneous optimal control force can be expressed by (Yang et al., 1987) 
0=U G Z                                                                              (5) 

in which 0G is the gain matrix of the controlled system. 

0
-1 TΔt=

2
′−G R E Q                                                                       (6) 

In this paper, instantaneous optimal control system uses a suitable Q  matrix: 
ρ

η
ρ

 
=  

 

K M
Q

M M
                                                                       (7) 

in which a larger the value of η  presents stronger control force. The structural response becomes smaller when 
the value of ρ turns from positive to negative (Rofooei and Monajemi-Nezhad, 2006).  
 



Damage detection of controlled structure 
 
The proposed damage detection algorithm consists of three stages for on-line identification of abrupt 
degradations of structural stiffness parameters using partial measurements of structural acceleration responses. 
In stage one, extended Kalman estimator (Lei et al., 2012) is adopted for recursive estimation of structural state 
and parametric vector. It is assumed that an abrupt degradation of structural stiffness does not occur in stage 
one, i.e., the unknown structural parameters are assumed as constant in this stage. 

By introducing an extended state vector of the structure defined as ( ) ( )(t) , ,
TT T Tt t =  X x x θ , the equation for 

the extended state vector can be derived from Eq. (1) as 

( )
( )

( ) ( ) ( ) ( ){ } ( )-1

t

t t t t t t

 
  = − − + + + 
 
  

x

X M Cx Kx EU Bf w

0



                                  (8) 

where ( )tw  is the model noise (uncertainty) with zero mean and a covariance matrix (t)Q .  
As observed from Eq. (2), the extended state equation is a nonlinear equation of the extended state vector X (t) . 
Then, Eq. (2) can be rewritten in the following nonlinear differential state equation as 

( ) ( )( ) ( ), ,t t t= +X g X wf U                                                                (9) 
In practice, only a limited number of accelerometers are deployed to observe structural acceleration responses. 
Hence, observation equation at time t k t= ∆  can be expressed in the discrete form as follows, 

( )
( ),

k k k k k k

k k k k

−1= − − + + +
        = , +
y DM Cx Kx EU Bf v

h X U f v


                                            (10) 

in which, 
( ) [ ]-1

k k k k k k k, , = − − +h X U f M Cx Kx EU + Bf                                         (11) 

ky  is the observation vector (measured acceleration responses) at time t k t= ∆  with t∆  being the sampling time 
step, D denotes the matrix associated with the location of limited accelerometers, and k+1v  is the measurement 
noise vector assumed to be a Gaussian white noise vector with zero mean and a covariance matrix 

T
i j ij ijδ 

 E v v = R , where ijδ  is the Kroneker delta.  

Based on the extended Kalman Estimator, the extended state vector at time ( 1)t k Δt= + ×  can be estimated 
with the given observation of ky  as follows: 

1| 1| | 1 | 1
ˆ ˆ ˆ( , , )k k k k k k k k k k k+ + − −

 = + − 
X X K y h X U f                                              (12) 

where 1|k k+
X  is the prediction of 1k +X  from Eq. (2) by integration as 

( )( )k 1 t

k 1|k k|k 1 t k t k t kk t
ˆ ˆ ˆg , , dt

∆

∆

+

+ −= + ∫X X X U f                                                  (13)
 

and kΚ  is the Kalman gain matrix (Lei et al., 2012). 
Then, the constrained condition is obtained as  

 1| 0 1|
ˆ ˆ

k k k k+ +=U G Z                                                                            (14) 

where the estimation of structural state vector 1|
ˆ

k k+Z  can be obtained from the estimation of the extended state 

vector  1|
ˆ

k k+X  by Eq.(12). 
It is assumed that estimated values of structural parameters converged in stage one of the identification process. 
Then, the time instant and possible locations of abrupt stiffness degradations of structural elements are detected 
in the second stage of the proposed algorithm. It is based on the phenomena that an abrupt change of structural 
element stiffness results in immediate sharp deviations only in the local acceleration responses near the 
degraded element. Whereas, acceleration responses of other stories are not immediately affected by the abrupt 
change as it takes time for the propagation of the influence to other stories away from the damaged story. In 
general, an abrupt degradation of the i-th element stiffness in other types of building results in immediate 
significant variations only in the local acceleration responses of the structural element. 
The error between the i-th observed acceleration at time ( 1)t k t= + ∆  denoted by , 1i ky + with the predicted 
acceleration is defined as 

1 1 1|i ,k i ,k i ,k k
ˆy xε + + += −                                                                     (15) 



where 1i ,k |kx̂ +  is the predicted acceleration at time t k t= ∆ , which can be predicted by: 

( )k+1|k k+1|k k+1|k k+1|k k+1
-1ˆ ˆ− − + +x = M Cx Kx EU Bf                                                 (16)  

in which k+1|kx̂  and k+1|kx̂  can be predicted by Eq.(7). i.e., the predicted acceleration i ,k 1|kx̂ + is obtained based on 
estimation of structural extended state vector by EKF with the assumption that the structural parameters are not 
time-varying. 
Then, the sum of squares error of all observed accelerations at time ( 1)t k t= + ∆ is define as 

1 1

m
2

k
i 1

i ,k∆ ε+
=

+
= ∑                                                                            (17) 

where m is the total number of the deployed accelerometers. The abrupt change of element stiffness will results 
in a significant increase of the sum of squares-error as long as the extent of the abrupt change of stiffness is not 
too small. Therefore, 1k∆ + is selected as the index for the detection of time instant of abrupt change of structural 
stiffness as a significant increase of 1k∆ +  indicates that abrupt changes of structural stiffness occur at time 

( 1)t k t= + ∆ . Analogously, 1
2
i ,kε

+
 is used as the index for the detection of possible locations of abrupt changes 

of structural stiffness. A significant increase of 1
2
i ,kε

+
 indicates that abrupt changes of element stiffness. 

In the third stage, the exact locations and extent of structural stiffness degradations are determined by solving a 
constraint optimization problem. Based on the identification in the above second stage, the time instant of abrupt 
degradations of structural stiffness can be detected. However, the exact locations of structural stiffness 
degradations may not be identified due to the limited measurements of responses. To avoid multi-solutions in 
the optimization problem, it is assumed that if 

1i ,k

2ε
+

exist a significant increase, only one of the possible degraded 

elements associated with i-th DOF degrades abruptly at time ( 1)t k t= + ∆ . Therefore, objective function of the 
optimization problem is defined as 

2
1 1 1( )j ,k |k i ,k

ˆJ θ ε+ + +
=                                                                        (18) 

where j=1, 2… p is the j-th number of the possible degraded elements associated with the i-th DOF while p is 
the total number of the elements. 
The constrained condition is 

, 1| 1 , |

, |

ˆ ˆ
1 0ˆ

j k k j k k

j k k

θ θ

θ
+ + −

≥ ≥  ; j=1, 2,…, p                                                           (19) 

i.e., for each i-th DOF where there is a significant increase of error defined by Eq. (14), the above optimization 
problem needs to be solved with p number of possible degraded elements, respectively. The function of 
FMINCON in MATLAB can be used conveniently to search for such an optimal solution. Then, exact location 
of the degraded element together with the extent of stiffness degradation is the solution which minimizes the 
objective function in Eq. (17).  
After the identification of the exact locations and extent of element stiffness degradations, the structural stiffness 
parameters are updated in real time for continuous on-line identification as shown in stage two and stage three.  
 
NUMERICAL EXAMPLE 
 
A six-story frame is selected as a numerical example to illustrate the proposed decentralized control algorithm 
and to evaluate its control feasibility. 

 
Figure 1. A 6-story frame with active control 



The building is subject to the EI-Centro earthquake with a peak ground acceleration PGA=0.05g. The equations 
of motion of the building are given by 

( ) ( ) ( ) ( )gt t + t x t−  Mx + Cx Kx = MI                                                      (20) 

Structural parameters of the building are: 1 2 6 60kgm m m= = = = , 5
1 2 6 1.2 10 N/mk k k= = = = × , 

1 2 6 200Ns/mc c c= = = = , respectively. 
Only three accelerometers are deployed at the 1st, 3rd and 5th stories, whereas the acceleration responses at the 
2nd, 4th and 6th stories are not measured. The parameters in the instantaneous optimal control are selected as: 

40, 10η ρ= = . 
A damage is assumed to occur in the first floor at the time moment of t=2.5s which results in the degradation of 
k1 from 51.2 10 N/m×  to 50.6 10 N/m× . 
To have a reasonable comparison of control performance of the semi-active friction dampers two sets of 
normalized performance indices are used. The first set of the performance indices is related to the building 
responses (Chen and Xu, 2008). They include peak- and RMS-based inter-storey drift ratios (J1 and J3) and 
peak- and RMS-based absolute acceleration responses (J2 and J4). 

( ),
1 max

max /t i i idx t h
J

δ
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J
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4 max

max t i ai
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x t
J

x

  =  
  




 

where ( )idx t  is the inter-storey drift of the ith storey of the building with control; hi is the height of the i-th 

storey; ( ) /i idx t h  is the inter-storey drift ratio of the ith storey of the building with control; maxδ  is the 
maximum inter-storey drift ratio of the original building without any control; aix  is the absolute acceleration 

response of the i-th floor of the building with control; max
ax  is the maximum absolute acceleration response of 

the i-th floor of the building without any control. The RMS response quantities within the time duration tf under 

each earthquake are calculated by [ ]2

0

1 t

f

f dt
t

= ∫  . The sign ,max t i  means to find the maximum value within 

the given time duration first and among all the building stories/floors afterwards. 
The second set of performance indices are related to the capacity of control devices. Only the peak-based 
control force (J5) is used in this study. 

( ),
5

max t l lf t
J

W

  =  
  

 

where ( )lf t is the control force generated by the l-th control device; and W is the seismic weight of the building, 
that is, the total weight of all the building floors in this study. 
Figure 2 shows the time history of the sum of square-errors of all observed accelerations. It is noted that there is 
a significant increase of ∆ at time t=16 sec, which exactly detect the time instant for the occurrence of abrupt 
degradation of structural stiffness. From location of error square 2

iε  at time t=16 sec as shown in Figure 3, it can 
be deduced that stiffness degradation may occur in the 1st or/and 2nd stories. Figure 4 presents the variations of 
identified structural stiffness parameters as solid curves whereas the dashed curves are the theoretical results for 
comparison. Figure 5(a)-(d) present the comparison of control effects on the maximum story displacements, 
inter-story drifts, maximum story acceleration and maximum story control force using three kinds of algorithms. 
‘Identification’ means no control and only identification; ‘Integration’ means control with identification; 
‘Control’ means only control and no identification. As listed in Tables 1 are the performance indices of the 
controlled building using instantaneous optimal control. According to these figures and tales it is obvious that 
the proposed algorithm can reduce the maximum of structural response effectively and detect the damage by the 
time instant, the location and the extent of stiffness degradation with very good accuracy. 



 

Figure 2. Time histories of ∆                                         Figure 3. Square errors 2
1ε  at t=2.5 sec 

 

  
(a) Variations of identified 1k                                (b) Variations of identified 2k  

  
(c) Variations of identified 3k                               (d) Variations of identified 4k  

  
(e) Variations of identified 5k                                (f) Variations of identified 6k  

Figure 4. Variations of identified structural stiffness parameters 



  
(a) Max. Disp                                                              (b) Max. drift 

  
(c) Max. Acc                                                          (d) Max. control force 

Figure 5. Comparison of the response of the controlled and uncontrolled system 
 

Table 1. Performance indices for instantaneous optimal control 

Performance indices 

EI Centro 

Control with 
Identification 

Control  with 
known stiffness 

variation 
J1(peak drift ratio) 0.377 0.377 

J2(peak acc.) 0.564 0.565 

J3(rms drift ratio) 0.386 0.387 

J4(rms acc.) 0.582 0.583 

J5(control force) 0.027 0.027 
 
CONCLUSIONS 
 
In this paper, an algorithm for on-line integration approach of structural damage detection and instantaneous 
optimal control scheme is proposed for on-line identification of structural stiffness due to damage and reduction 
of structural seismic responses using only partial measurements of structural acceleration. Compared with other 
previous work, the proposed algorithm is simple and straightforward. The physical essence together with the 
application conditions that the degradation of structural stiffness must be a sudden change and the damage 
cannot occur before the algorithm is convergent of the proposed algorithm is clear. In this paper, only numerical 
examples of shear-type building structures are adopted to validate the proposed algorithm. Examples of on-line 
integration of structural damage detection and semi-active control of other types of complex structures are 
required to be investigated.  
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