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ABSTRACT 

 

Output-only modal identification is cast into the blind source separation (BSS) framework, which can be 

efficiently and effectively solved via a powerful unsupervised learning rule termed complexity pursuit (CP). The 

modal expansion and the CP learning rule are connected by the proposed concept—independent “physical 

systems” on the modal coordinates, such that the modal responses and mode matrix can be directly extracted by 

CP from the measured structural responses. It is shown that the proposed CP method is able to identify a wide 

range of structures with highly-damped modes, closely-spaced modes, or complex modes even in the presence 

of non-stationary excitation.  

What is more, a new output-only modal identification method based on sparse component analysis (SCA), is 

developed to address the challenging underdetermined problem where sensors may be highly limited compared 

to the active modes. The SCA method discovers that the monotone modal responses with disjoint sparsest 

representations in the frequency domain naturally cluster in the directions of the modeshapes, which can be 

readily extracted by standard clustering algorithms. -minimization technique is then employed to recover all 

the modes with the incomplete knowledge of estimated modeshapes and structural responses from limited 

sensors. 
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INTRODUCTION  

 

Traditional modal analysis typically follows the system identification theory based on both of system inputs and 

outputs (Ewin 2000; Maia et al. 1997). This corresponds to an ideal test situation where excitation to the system 

can be controlled or measured. For large-scale civil structures such as bridges, buildings, dams, etc., it is 

extremely difficult or expensive, if not impossible, to apply controllable excitation to conduct input-output 

modal test; equally challenging is the measurement of the ambient excitation (e.g., wind, earthquake ground 

motion, etc) to structures in their operating environment. Output-only or operational modal identification 

methods are therefore needed when only structural responses are available in many cases. 

Quite a few output-only algorithms have been established, including Ibrahim time domain (ITD) method 

(Ibrahim and Mikulcik 1973), eigensystem realization algorithm (ERA) (Juang et al. 1985), natural excitation 

technique (NExT) (James et al. 1995), stochastic subspace identification (SSI) (VanOverschee and De Moor B 

1996), and frequency domain decomposition (FDD) (Brincker et al. 2001). Most of these methods presume a 

parametric mathematic model (e.g., stochastic state-space model) to characterize the structural dynamic 

behaviors and then fit the measured structural responses to the model; as such, the model order problem (such as 

over-fitting) remains a challenge, for which using the stability chart demands exhaustive expert interference and 

time-consuming computation burden. Other non-parameteric method such as FDD is known to be user-involved 

and has difficulty in identification of highly-damped closely-spaced modes. 

Recently, blind source separation (BSS) has emerged as a new unsupervised signal processing tool 

(Hyvärinenand Oja 2000), and has been extensively studied in structural dynamics and output-only modal 

identification (Antoni 2005; Kerschen et al. 2007; Yang and Nagarajaiah 2012a, 2012b, 2013a, 2013b; Poncelet 

et al. 2007; McNeill and Zimmerman 2008; Hazra B et al. 2010; Sadhu et al. 2012; Abazarsa et al. 2012; Antoni 

and Chuahan 2012). Essentially, BSS techniques are able to recover the hidden source signals and their 
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underlying factors using only the observed mixtures; it may thus be suitable to perform output-only modal 

identification.  

Specifically, two BSS techniques, independent component analysis (ICA) (Hyvärinen and Oja 2000) and second 

order blind identification (SOBI) (Belouchrani et al. 1997), have seen successful applications in output-only 

modal analysis of structures, where the modal responses are viewed as the targeted sources of the BSS model. 

Compared to conventional parameter-fitting methods, the BSS based methods are non-parametric with 

straightforward and efficient implementations, and may thus enjoy wider applications. Several issues on the 

BSS methods are noted, however. For example, ICA method is restricted to undamped and very lightly-damped 

structures (Kerschen et al. 2007; Yang and Nagarajaiah 2012a, 2012b); SOBI methods make assumption of 

stationary sources (Poncelet et al. 2007; McNeill and Zimmerman 2008; Hazra B et al. 2010; Sadhu et al. 2012; 

Antoni and Chuahan 2012) and meet with difficulty in the closely-spaced modes and non-diagonalizable 

damping cases (McNeill and Zimmerman 2008), which are quite common in practical applications of structural 

dynamics. 

This paper presents a new output-only time-domain modal identification method using a novel BSS learning 

rule termed complexity pursuit (CP) (Hyvärinen 2001; Stone 2001; Yang and Nagarajaiah 2013a), intending to 

handle the aforementioned issues in modal identification. Besides, a new BSS based output-only modal 

identification method sparse component analysis (SCA) (Yang and Nagarajaiah 2013b) is introduced to address 

even the underdetermined problem with limited sensors. 

For illustrations, both numerical simulations and experimental examples are demonstrated. Results show that the 

CP method is able to accurately and efficiently extract modal information (frequency, modeshape, and damping 

ratio) directly from the measured system responses, even in highly-damped mode cases and closely-spaced 

mode cases. Further, the SCA method is formulated to reveal the essence of modal expansion and successfully 

solve the underdetermined problems. The CP and SCA methods are shown to yield clear physical interpretation 

in modal identification, and are very simple and user-friendly without the need of parameter adjustments. 

 

THEORETICAL BACKGROUND 
 

BSS & Modal Expansion 

 

For a linear time-invariant system with   degree-of-freedom (DOF), the governing equation of motion is 

  (1) 

where  ,  , and  are the symmetric mass, (diagonalizable) damping, and stiffness matrices, respectively, 

and  is the external force.  

The system responses   can be expressed using the modal expansion 

  (2) 

where  denotes the inherent vibration mode matrix (real-valued normal modes) with its th column   

(modeshape), and  is the modal responses (real-valued). 

The output-only identification issue pursues to identify the modal parameters only from the knowledge of  

without the excitation or input information to the system, such like identification of both  and  only from 

 in Eq. (2). Such is an ill-posed problem and may not be solved mathematically. Traditional output-only 

modal identification methods usually presume a parametric model (e.g., a stochastic state space model) to 

proceed with the identification; however, they have a serious drawback of the model order determination 

problem. Other methods may suffer from sensitivity to noise, dependence on expert experience, and heavy 

computational burden. The BSS technique provides a more straightforward and efficient algorithm for output-

only modal identification, as detailed in the following. 

The BSS problem has a similar ambition with the output-only modal identification issue. In the linear 

instantaneous model, 

  (3) 

the BSS aims to recover both the mixing matrix   (full-rank) and the  latent sources 

 from the  observable or measured mixtures —hence 

termed “blind”;  is the th column of   associated with . Most existing BSS techniques (e.g., ICA 

and SOBI) impose , i.e., the number of mixtures equals that of sources, such that  is square and there 

exists an inverse transformation 



  (4) 

This greatly alleviates the BSS problem, as the sources can be easily recovered by Eq. (4) once   is estimated. 

Note that the overdetermined BSS problem ( ) can always be cast into the square case using principal 

component analysis (PCA) to reduce the dimension. 

Similar with the output-only identification issue, blind recovery of  and  with only  known is 

mathematically ill-posed. Conventional BSS algorithms make the general (weak) assumption that sources are 

statistically independent such that the BSS model can be estimated. For example, ICA searches for the a de-

mixing matrix   such that the components   recovered by 

  (5) 

are as non-Gaussian (the measure of independence) as possible and approximate the sources , and 

; SOBI uses the joint-diagonalization algorithm to estimate  and the uncorrelated  . 

The close similarity is implied between the modal expansion Eq. (2) and the BSS model Eq. (3). If the system 

responses are fed as mixtures into the BSS model, then the target of output-only identifying   and   in Eq. 

(2) can be solved by blind recovery of  and  using those BSS techniques dependent on the independence 

assumption, since  typically with immeasurable frequencies are independent on the modal coordinates. 

Therefore, modal identification methods using time-frequency ICA (Yang and Nagarajaiah 2012a) and SOBI 

(Poncelet et al. 2007; McNeill and Zimmerman 2008; Hazra B et al. 2010; Sadhu et al. 2012; Antoni and 

Chuahan 2012) enjoy wide success; in addition, compared to parametric methods, they are easy and 

straightforward to implement and more efficient, e.g., ICA has a fast algorithm with cubic convergence rate. 

However, as mentioned, ICA and SOBI have several drawbacks that hinder their wider applicability as 

mentioned. The CP method is introduced to address them in the following.  
 

Complexity Pursuit on Modal Coordinates 

 

In statistics, the complexity of a signal, say,  (the temporal index  is made implicit), is rigorously 

measured by Kolmogorov complexity. Given that Kolmogorov complexity is not intuitive and difficult to 

approximate in practice, Stone (2001, 2004) provided a simple yet robust complexity measure of a signal, 

temporal predictability, which is defined by 

  (6) 

where the long-term predictor   and short-term predictor  are given, respectively, by 

  (7) 

The parameter   is defined by the half-life parameter  as 

  (8) 

where  and  is arbitrarily set (say, 900000) as long as   (Stone, 2001, 2004). 

Incorporate  into Eq. (6), 

  (9)    

where  and  are the  long-term and short-term covariance matrix between the mixtures, respectively; 

their elements are defined as 

  (10) 

The covariance matrices can be computed by fast convolution operations (Eglen et al. 1997, Stone 2001). 

Therefore, given a set of mixtures  , the CP learning rule is formulated to search for the de-mixing vector  

which maximizes the temporal predictability contrast function ; this can be solved by the classic gradient 

ascent technique as described in the following. 

Following Eq. (9), the derivative of  with respect to  is 



  (11) 

By iteratively updating , a maximum of is guaranteed to be found; the extracted component  with 

maximum temporal predictability is the least complex signal, and thus approaches the simplest source hidden in 

the mixtures, according to Stone’s theorem in the CP learning rule. 

Restricted to Stone’s theorem (Xie et al. 2005), however, only the simplest source can be extracted by 

maximizing the temporal predictability using the gradient ascent technique. Fortunately, such ambiguity can be 

easily resolved by the deflation scheme. Thereby, the sources can be subsequently extracted: after one source 

(the currently simplest one) is extracted, it is “removed” from the mixtures using a Gram-Schmidt de-correlation 

technique (Stone 2001); the second simplest source then becomes the simplest one in the remaining mixtures 

and can thus be extracted by CP, and so on. Stone (2001) proposed a more elegant algorithm that can efficiently 

extract all the hidden sources simultaneously, described as follows.  

The gradient of  reaches zero in the solution, where 

  (12) 

Rewriting as 

  (13) 

yields a well-defined generalized eigenproblem (Stone 2001; Borga 1998); the solution for  can thus be 

obtained as the eigenvector of the matrix , with the eigenvalue . The sources can then be 

efficiently extracted simultaneously by 

  (14) 

where the eigenvector matrix , with  as its th row, is the target de-mixing matrix such that , 

and   is the recovered component vector which approaches the source vector . 

The aforementioned CP framework can then be cast into the modal identification whose physical 

interpretation is based on a new concept of “independent physical system on modal coordinates” proposed in 

(Yang and Nagarajaiah 2013a). 

 

Sparse Component Analysis of Modal Expansion 

 

Existing BSS methods, such as ICA, SOBI, CP, may not be applied to the underdetermined problem where 

 (i.e., only partial observations are available), which also often arises; e.g., for a large-scale structure, 

compared to its complexity with quite a few active modes, the measurement sensors may be limited. In this 

situation, the SCA method (Yang and Nagarajaiah 2013b) is used to tackle both the determined and 

underdetermined problem. The targeted modal responses, which are viewed as sources in the BSS framework, 

are monotone, implying that they are active at only one distinct frequency, respectively. Therefore, they are 

most sparsely and disjointly distributed in the frequency domain and naturally satisfy the source sparsity 

assumption of SCA. Hence, transform the modal expansion Eq. (2) into the sparse frequency domain to 

incorporate modal identification to the SCA framework 

  (15) 

with 

  (16) 

where , , and  denote the Fourier transform operator, frequency index, and the imaginary operator, 

respectively. Note that  is an invertible linear transform; it holds the form of the modal expansion such that Eq. 

(15) is valid and   remains invariant. 

To avoid complex elements in Eq. (15), it is more practical to use the cosine transform  (also linear) to yield 

real-valued , simply replacing the Fourier basis  with the cosine basis  in Eq. (15). The 

DCT is adopted in the proposed SCA method, then   and   are understood as real-valued cosine 

transform coefficients. 

Using the disjoint sparsity property of modal responses with distinct frequencies, at some  where only one 

modal response   ( ) is active and  for  , Eq. (15) becomes 

  (17) 



Therefore, the points of  will cluster to the direction of the th modeshape  ( ), such that the 

estimated vibration mode matrix  can be extracted by the automatic Fuzzy C-means clustering algorithm.  

For determined case,   is square, and the time-domain modal responses can be recovered directly by 

  (18) 

From which the frequency and damping ratio can be estimated by straightforward Fourier transform and 

logarithm decrement, respectively. In underdetermined case,  is rectangular. The frequency-domain modal 

sources   can first recovered using  -minimization  : at each , 

  (19) 

where  . The validity of this strategy resides in the ability of the -minimization to 

recover the sparsest solution to Eq. (19), which is exactly the desired monotone frequency-domain modal 

responses since they are the sparsest solution among all feasible solutions to Eq. (19).  

Using the inverse cosine transform, the time-domain modal responses can be readily recovered by 

  (20) 

thereby estimating the frequency and damping ratio. 

 

SIMULATIONS 

 

To validate the proposed CP and SCA modal identification method, numerical simulations are conducted on a 

three-DOF linear time-invariant spring-mass damped model (Figure 1). Newmark-Beta algorithm is used to 

obtain the time histories of the system responses with a sampling frequency of 10 Hz. 

The procedures of the CP method are carried out on the obtained system responses. The long-term and short-

term half-life parameters are set to be  and  , respectively, where   is determined and 

  is arbitrary as long as  (these parameters remain unchanged for all the examples in this 

study). In the following, the long-term and short-term covariance matrices are computed using the fast 

convolution filter. Eigen-decomposition is then conducted on the obtained covariance matrices, yielding the 

eigenvector matrix as the de-mixing matrix. The vibration mode matrix is the inverse of the de-mixing matrix, 

and the time-domain modal responses are recovered by Eq. (18) such that the frequency and damping ratio can 

be calculated in a straightforward way by FT and LT, respectively.  

For SCA, the time-domain system responses are first windowed by the Hanning function and then transformed 

into the frequency domain using DCT with 1024 samples. The mode matrix (partial in the underdetermined case) 

is then obtained using the automatic clustering algorithm: the DCT coefficients are first normalized and then fed 

as inputs to the FCM clustering algorithm. With the estimated mode matrix, in the determined case, the time-

domain modal responses are directly recovered using Eq. (18) to obtain the time-domain modal responses. For 

the underdetermined situation, the frequency-domain modal responses are recovered by -minimization solving 

1024 underdetermined linear systems of equations (because of a 1024-point DCT), each of which is of scale 

. Inverse DCT and multiplication of the inverse Hanning window are then subsequently conducted on the 

frequency-domain modal responses to obtain the time-domain modal responses. Frequency and damping ratio 

are estimated from the time-domain modal responses. 

For convenient comparisons, the following parameters are borrowed from Kerschen et al. [33] and set to the 

system (Figure 1) for the proportional damping case,   

  

Different values of   are considered corresponding to different damping levels. The identified results by the CP 

method are compared with the theoretical results as shown in Table 1. Clearly the identified frequency, damping 

ratio, and vibration modes are in excellent agreement with those theoretical results (the MAC values for the 

modes are 0.9990, 0.9993, and 0.9975, respectively). In Yang and Nagarajaiah (2013a), different system 

parameters are set to address well-separated modes, closely-spaced modes, and complex modes, respectively, in 

both lightly- and highly- damped system and the results are also accurate; they are not presented here but 

referred to Yang and Nagarajaiah (2013a), however, for limited space. 

Also presented in Figure 2 is the case of  with system responses in free vibration, and the recovered 

modal responses in free vibration as well as their power spectral density (PSD). It is observed that the multi-

component system responses are well separated into monotone modal responses. In free vibration, the recovered 



modal responses match the desired exponentially decaying sinusoids. Note that ICA fails when  , as 

shown in (Kerschen et al. 2007). 

The developed SCA is also performed for modal identification. The scatter plot in Figure. 3 shows that the 

points in frequency-domain of the system responses cluster to three significant directions, which are the 

modeshape directions. The high MAC values presented in Table 1 indicate that the modeshapes estimated by the 

FCM clustering algorithm match very well with the theoretical ones. The recovered time-domain modal 

responses shown in Figure. 4 are the desired monotone exponentially decaying sinusoids, whereby estimating 

the frequency and damping ratio. The detailed identification results by SCA are shown in Table 1, which 

indicates excellent accuracy compared with those theoretical results in both determined and underdetermined 

cases, regardless of damping levels. More studied cases are referred to Yang and Nagarajaiah (2013b). 

 
Figure 1. The 3-DOF linear spring-mass damped system 

 

Table 1. Identification results of free vibration (proportional damping well-separated modes) 

 Frequency (Hz) Damping ratio (%) 

Mode 1 2 3 1 2 3 

α =0.01 Exact 0.0895 0.1458 0.2522 0.8887 0.5460 0.3155 

CP 0.0879 0.1465 0.2539 0.8822 0.5691 0.3116 

α =0.05 Exact 0.0895 0.1458 0.2522 4.4437 2.7299 1.5775 

CP 0.0879 0.1465 0.2539 4.4493 2.8233 1.5248 

α =0.13 Exact 0.0895 0.1458 0.2522 11.5537 7.0977 4.1015 

CP 0.0879 0.1465 0.2539 11.4167 7.3448 3.9240 

 

Table 2. Identified modal parameters by SCA of the numerical model with well-separated modes 

  Frequency (Hz) Damping ratio (%) MAC 

 Mode Theoretical Determined Under- Theoretical Determined Under- Determined Under- 

 1 0.0895 0.0879 0.0879 7.11 7.10 7.36 1.0000 1.0000 

0.08 2 0.1458 0.1465 0.1465 4.37 4.37 4.59 0.9995 0.9999 

 3 0.2522 0.2539 0.2539 2.52 2.51 2.46 1.0000 1.0000 

 1 0.0895 0.0879 0.0879 11.55 11.73 11.73 0.9995 0.9997 

0.13 2 0.1458 0.1465 0.1465 7.10 6.88 7.00 0.9998 0.9999 

 3 0.2522 0.2539 0.2539 4.10 4.10 4.08 0.9999 0.9999 

 

 
(a)                                                                                            (b) 

Figure 2. (a) The system responses and (b) he modal responses recovered by CP in free vibration (proportional 

damping with well-separated modes, ) 



 

             
(a)                                                                                     (b) 

Figure 3. The scatter plot in frequency domain of the system responses of (a) all three sensors; (b) Sensor 1 and 

Sensor 2 (well-separated modes case, ) 

 

          
(a)                                                                                         (b) 

Figure 4. (a) The modal responses recovered by SCA in the determined case using all the three sensors and (b) 

in the underdetermined case using Sensor 1 and 2. (well-separated modes case, ) 

 

EXPERIMENTAL EXAMPLE 

 

A three-story steel frame model (Figure. 5(a)) is used to experimentally investigate the capability of the CP 

modal identification method. The structural model has three dominant masses on each floor, which are framed 

by two steel columns. The base of the model is fixed on the shaking table controlled by a feedback control 

system. Accelerometers are attached on top of the masses to record the system responses. Band-limited white 

noise excitation is generated at the base by the shaking table, and the measured responses are recorded by the 

National Instrument data acquisition system. The original sampling frequency is set 5128 Hz.   

For more efficient computation, the measured data are down-sampled by a factor of 128, and then the CP and 

SCA method (in free vibration) are directly applied on the data without additional preprocessing. The measured 

system responses and recovered modal responses are depicted in Figure. 6 and 8, which clearly indicate that the 

coupled random system responses are completely separated into three mono-component modal responses. 

The classic peak-picking (PP) method is also implemented for reference comparisons; it uses both the input 

excitation and output information. The chirp sinusoid wave is applied to excite the system at the base; besides, 

one additional accelerometer is attached on the surface of the shaking table to record the input signal. 

The identification results by CP are summarized in Table 3 and SCA in Table 4. The identified frequency in 

both methods matches fairly well, and the high MAC values in all the three modes indicate high correlation of 

the mode shapes identified by the two methods (Figure. 5(b), 5(c), and 7). While giving comparable accuracy 

with the input-output PP method, the CP method and SCA method need no input excitation information; such an 

advantage is attractive in applications when the excitation is not available or extremely difficult to obtain. 



Besides, the CP and SCA methods are straightforward to implement with little interactions with the users; the 

SCA can handle even underdetermined situation with limited sensors. 

 

                                
(a)                                                                (b)                                                                 (c) 

Figure 5. (a) The experimental 3-story structure, (b) the modeshapes estimated by CP, and (c) the 

modeshapes estimated by SCA 

 

           
(a) (b) 

Figure  6. (a) The measured system responses and (b) the modal responses recovered by CP of the experimental 

model subject to white noise excitation 

 

                   
                          (a)                                                                                                       (b) 

Figure 7. The scatter plot in frequency domain of the system responses of (a) all three sensors; (b) Sensor 1 and 

2 in the experimental model 



 

  
(a)                                                                                           (b) 

Figure 8. The modal responses recovered by SCA (a) using all the three sensors and (b) using Sensor 1 and 2 of 

the experimental model 

 

Table 3. CP identification results of the experimental model 

 

 

 

 

 

 

 

 

 

Table 4. Identified modal parameters by SCA of the experimental system 

 Frequency (Hz) Damping ratio (%) MAC 

Mode PP Determined Under- Determined Under- Determined Under- 

1 2.55 2.66 2.66 1.12 1.04 0.9997 0.9995 

2 7.33 7.51 7.51 1.08 1.03 0.9997 0.9996 

3 10.46 10.80 10.80 0.68 0.67 0.9988 1.0000 

 

 

CONCLUSIONS 

 

This paper presents two new output-only modal identification methods: the time-domain CP method and the 

SCA method which can handle even underdetermined problem with limited sensors. The physical 

interpretations of CP and SCA in modal identification are derived and the successful applications are also shown 

using both numerical and experimental examples. The CP and SCA method are straightforward and efficient to 

implement with little user interactions. 
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