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ABSTRACT 
 
A new method is proposed for damage detection under the ambient white noise excitation and impulse excitation. 
This method facilitates the development of the output-only damage detection method based on the 
auto/cross-correlation function with the benefit of unknown excitation force. The cross-correlation functions are 
divided into two parts. One part depends on the structural parameters and the other part depends on the energy 
of the excitation. These two parts are updated sequentially by using the two-stage method. Numerical and 
experimental studies are carried out to demonstrate the accuracy, efficiency and robustness to measurement 
noise of the proposed method. 
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INTRODUCTION 
 
Traditional damage detection methods can be classified into two categories: time domain methods and frequency 
methods. The basic idea of the frequency domain methods is that the modal parameters (such as frequencies and 
mode shapes) are functions of physical parameters. The modal parameters are extracted using modal identification 
methods (e.g. Juang and Pappa 1985), and then the structural parameters can be identified using model updating 
techniques (e.g. Mottershead and Friswell 1993, Friswell and Mottershead 1998,). The time domain methods use 
the measured time history responses for damage detection. It minimizes the error between the calculated 
dynamic responses (such as acceleration) and measured counterparts. Several methods, such as quadratic 
sum-squares error method (Yang, et al. 2009a), extended Kalman filter method (Yang, et al. 2007a), and 
Least-squares method (Yang, et al. 2007b), have been proposed for damage detection using the acceleration 
responses. In the time domain methods, the excitations are either available (e.g. Yang, et al. 2009a) or identified 
with the structural local damage simultaneously (e.g. Yang, et al. 2007a, 2007b). 
 
The damage detection methods with unknown input force are more promising to engineering applications, 
because the excitations are usually difficult to be measured (for example, wind loading). However, numbers of 
unknown excitation forces introduced in the identification process, cause the accumulative error in the force 
identification and false damage detection. Recently damage detection methods without the identification of 
excitation forces have been developed. 
 
A damage detection method is proposed based on the cross correlation function amplitude vector (CorV) of the 
measured responses (Yang et al. 2007c). The damage can be detected and located with the correlation and the 
relative difference between the CorVs before and after damage. Further, inner product vector (IPV) is introduced 
for damage detection. The IPV vector is obtained from the cross correlation function, and the corresponding 
damage detection method is proposed based on these vectors (e.g. Yang, et al. 2009b; Wang, et al. 2010). Also, Li 
and Law proposed a damage detection method based on the covariance of covariance matrix (Li and Law 2008, 
2010), which is formed from the auto/cross-correlation function of the acceleration responses of the structure 
under ambient white noise excitation. The matrix of covariance of covariance is found more sensitive to local 
damage than modal frequencies and mode shapes. However, all of these methods require a number of sensors to 
record the responses from different point.  
 
Several advantages of using time history of cross correlation function for damage detection have been found by 
the authors. For one thing, the time history of cross correlation function contains more information for damage 
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detection and can be obtained more conveniently than vectors, such as CorV, IPV, and CoC matrix. For another 
thing, in many cases, the damage detection methods using acceleration responses fail to identify the damage 
location due to large measurement noise. Compared with these methods, the cross correlation function is better, 
because cross-correlation function is noise (white noise) free in theory. What is more, the unknown parameters in 
cross-correlation function are far less than that in the acceleration responses. Traditional acceleration based 
damage detection methods contain unknown input forces and unknown stiffness parameters, while 
cross-correlation function based damage detection methods contain only unknown stiffness parameters and a 
constant value part, which makes the damage detection become much simpler. Therefore, an innovative damage 
detection method should be proposed by using the time history of cross correlation function rather than using 
these vectors (e.g. Yang et al. 2007c; Yang, et al. 2009b; Wang, et al. 2010; Li and Law 2008, 2010).  
 
In the present paper, a damage detection method is proposed by using cross correlation function. The formula of 
cross correlation function is rewritten and divided into two parts. One part is a function that depends on the 
structural parameters under unit impulse response. The other is a constant value part, which depends on the 
excitation force. The structural parameters are updated by minimum the error between the measured and 
calculated cross correlation function with sensitivity method subsequently after the constant value part has been 
estimated. Numerical and experimental studies are carried out to demonstrate the accuracy, efficiency and 
robustness of the proposed method. 

 
DAMAGE DETECTION METHOD 
 

The Cross-correlation Function of Response under White Noise Excitation 
 
The equation of motion of an N-degree-of-freedom (DOF) damped structural system is given as: 

( ) ( ) ( ) ( )t t t t+ + =Mx Cx Kx Bf                                   (1) 

where M, C, and K are the ×N N  mass, damping, and stiffness matrices respectively. ( )tf  is the excitation 
force and B is the mapping vector relating the force excitation to the corresponding DOF of the system. The 
variables ( )tx , ( )tx  and ( )tx , are the 1×N  displacement, velocity, and acceleration vectors, respectively. 
This study assumes that the structure has zero initial conditions and is subjected to normal randomly distributed 
(white noise) excitation represented by the term on the right-hand-side of Eq. (1).  
The acceleration response of the structure can be expressed as: 

( ) ( ) ( )i ix t h t- f dτ τ τ
∞

−∞
= ∫                                          (2) 

Where ( )ix t  is the acceleration response from location i at time instance t, ( )ih t  the unit impulse function 

from location i when the support is subject only to the unit impulse force, and ( )f t  is the excitation force. 

If ( )ij τR  denotes the cross-correlation function of the accelerations from sensors at the i-th and j-th DOFs of the 
system, it can be written as follows (e.g. Bendat and Piersol 1980) 

( ) ( ) ( ) ( ) ( ){ }1 1 1 2 2 2

t t-

ij i jh t f d h t τ f d
τ

τ µ µ µ µ µ µ
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where 1µ  and 2µ  are the small time variation. With the assumed ambient white noise excitation, the above 
equation can be rewritten as: 
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The auto correlation function of ( )tf  is (e.g. Bendat and Piersol 1980) 

( ) ( )( ) ( )1 2 1 2f fµ µ δ µ µ= −E S                                  (5) 
where S is a constant defining the energy of excitation f . 
 
When 1 2µ µ= , Eqs. (4) and (5) give 
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or 
 ( ) ( ),ij ij=R θ S SH θ                                          (6b) 
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The Cross-correlation Function of Response under Impulse Excitation 
 
In lab, the impulse excitation is more common than ambient excitation. This situation actually occurs frequently in 
practice, for example, a system sustains a forceful, almost-instantaneous input. The impulse excitation can be 
obtained from a small hammer or an automated tapping device. The force can be described as a large constant 
force applied on a very small time interval. Such a model leads to the forcing function 

( ) , 0
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t
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ε
ε
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A
f                                     (7) 

where A is some constant and ε  is a “small” positive real number. When ε  is close to zero, the applied force is 
very large during the time interval 0 t ε≤ ≤  and zero afterwards. 
Submitted Eq. (7) into Eq. (2), the acceleration response of the structure can be expressed as: 
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∞
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It should be note that ( )tδ  is the delta function and the acceleration response can be rewritten as 

( ) ( )i ix t h t= A , t=1, 2, 3                               (9) 

Therefore, the cross-correlation function ijR  can be rewritten as 
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The cross-correlation functions in Eq. (10) and Eq. (6) are in the same form and only depend on the structural 
parameters ( )ijH θ  and constant part (S or A2). In both equations, ( )ih t  the unit impulse function can be 
obtained in the following. 
The equation of motion of a N -DOFs damped structural system under the unit impulse excitation is, 

( ) ( ) ( ) ( )t t t δ t+ + =Mx Cx Kx B                                   (11) 

where B is the mapping matrix relating the force excitation location to the corresponding DOF and ( )tδ  is the 
Dirac delta function. The impulse response function can be represented as a free vibration state with some specific 
initial conditions. Assuming that the system is in static equilibrium initially, the unit impulse response function 
can be computed from the equation of motion using the Newmark method: 
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In practice, the measurement response is acceleration and the cross-correlation function of acceleration can be 
obtained as a discrete inverse Fourier transform of the cross-spectral density function as (Caicedo, et al. 2004) 

( ) ( )
1

0

1 2exp
N

AB AB
k=

πktR t P k j
N N

−  =   
∑   ( 0,1, 2, 1t= N − )          (13) 

Where ( )ABP k  is the discrete cross-spectral density function, k is the discrete frequency index, ( )ABR t  is the 
cross-correlation function, and t is discrete time index. 

 

The cross-correlation functions under white noise excitation and impulse excitation are in the same form, as 
discussed. One part depends on the structural parameters and the other depends on the excitation force. A 
damage detection method will be proposed in following section by using the cross-correlation function. 
 
Damage Detection using Cross-correlation Function  
 
Assuming that the structural local damage is in the form of a change in the structural stiffness, the stiffness matrix 
of the damaged structure is expressed as   

1

ne
d

i i
i

Kθ
=

= ∑K                                      (14) 

Where iK  is the stiffness matrix of the i-th finite element in the intact state, iθ  ( 0 1iθ≤ ≤ ) is defined as the 
stiffness fraction which is a fraction of the intact stiffness of the i-th finite element. 0iθ =  denotes that the i-th 



 

structural element completely loses its stiffness while 1iθ =  indicates that the structural element is intact. It is 
taken as a damage index for the i-th element. ne is the total number of elements in the structure.  
From Eq. (6) or (10), the cross-correlation function depends on the stiffness fraction θ  and the constant 
coefficient part S. It can be expressed as 

( ),=R R S  θ                                          (15) 

where 
1, , ,, ,

i i i i+ i i+my y y y y y =  
   

T
R R R R  is a ( )1ml ×  vector. S  is a constant value and depends on the 

excitation. 
The problem of damage detection or system identification is to find the system parameters θ  from the 
cross-correlation function. The objective function for damage detection is defined as the difference between two 
sets of response vectors 

obj m cal= −g R R                                        (16) 

Where mR  is the measured cross-correlation function, obtained from Eq.(13), and calR is the calculated 
cross-correlation function which is obtained from Eq.(6) or (12). 

Eq. (16) can be rewritten as 
( ) ( ) ( )* *, , ,obj m cal= − g θ S R θ S R θ S                           (17) 

The minimum value of the objection function in Eq. (12) is occurring at *θ θ= , and *S S= , where *θ  and *S  
are the unknown system parameters.  
 
The two-stage method is applied for damage detection. In this first stage, the constant coefficient part S  can be 
estimated from the measured cross-correlation function m

R  and calculated function ( )H θ , since the initial 

value of θ  is given. The linear relationship between m
R  and ( )H θ , as shown in Eq. (6b), can be used to 

identify the constant value S, by using the polynomial curve fitting function “polyfit” in matlab.  
 
In the second stage, the identification equation based on the cross-correlation function sensitivity can be expressed 
as a first-order Taylor expansion (Lu and Law 2004) as 
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Where [ ]1 2 ne=θ θ θ θ  is the damage index vector. The higher order terms ( )2o θ  are small and they can 

be ignored. cal∂
∂

R
θ

 is the sensitivity matrix of cross-correlation function, and it can be obtained using Newmark 

method (Li and Law 2008) or the forward difference method as  
[ ]( ) [ ]( )

[ ]( ) [ ]( )

1 2 1 2

0

1 2 1 2

, , , , , , , ,
lim

, , , , , , , ,

cal i ne cal i necal

i

cal i ne cal i ne

θ θ θ + , θ θ θ θ , θ
θ

θ θ θ + , θ θ θ θ , θ
         

R S R SR

R S R S

ϕ

ϕ
ϕ

ϕ
ϕ

→

−∂
=

∂

−
=

     

    
             (20) 

The identification equation in Eq. (18) can be solved by the damped least-squares method with  
1T T

cal cal cal

−
      ∂ ∂ ∂
 ∆ = + ∆     ∂ ∂ ∂       

  
R R R

θ λ R
θ θ θ

                             (21) 

where λ  is the non-negative optimal regularization parameter determined by the L-curve method (Tikhonov 
1995).  
 
Implementation Procedures 

 
Step 1: Obtain the responses from ambient white noise excitation or impulse excitation, and then transform these 

responses into cross-correlation function from Eq. (13). 
Step 2: Set the initial value of structural parameters 1.5×1011 . 
Step 3: Calculate ( )H θ from Eq. (6c) and estimate the constant value S. 



 

Step 4: Obtain the calculated cross-correlation function from Eq. (6b) and the sensitivity matrix from Eq. (20). In 
this paper, ϕ  is 10-5. 

Step 5: Update the structural parameters from 1i i+ = + ∆θ θ θ , where ∆θ  is obtained from Eq. (21). 
Step 6: Repeat Steps 3–5 until the convergence condition in Eq. (22) is met. The tolerance in this paper is given as 

10-3. 
1
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Figure 1. The dimensions of the frame  

 
EXPERIMENTAL VERIFICATION 
 
A steel shear-type four-story building model was designed and the dimensions of the fame are shown in Figure 1. 
The height of each floor is 300 mm and the floor of each story is made of 25 mm thickness steel plate. The two 
columns of each story have the same section shape with a width of 50 mm and a thickness of 5 mm. The length of 
column is the first floor is 287.5 mm, while the length of the upper three floors is 275 mm. The beam element in 
each floor has a width of 100mm and a length of 595mm. The beams and columns were properly welded to form 
rigid joints. The theoretical values of stiffness parameters and mass parameters can be computed using the 
material and geometric properties. The elastic module of the steel is 200 GPa, and the mass density of the steel is 
7850 kg/m3. The bottoms of two columns of the fame are welded onto a thick and solid steel plate which is fixed to 
the ground. 
 
Experimental Setup 
 
The horizontal direction acceleration responses were measured at each floor using KD1300 accelerometers. A 
commercial data logging system INV306U and the associated signal analysis package DASP V10 are used for 
data acquisition. The cut-off frequency range was preset as [1, 300] Hz for all the test cases. The data logging 
system and signal analysis package DASP V10. The SINOCERA LC-04A hammer with a rubber tip is used to 
generate the excitation. 
 
Model Updating for the Undamaged State 
 
From the material properties and dimensions of the shear building, the theoretical value of mass and stiffness of 
each floor can be calculated. The weight of the sensor is also added in the mass of each floor. The calculated mass 
properties are 13.1280kg, 13.0976kg, 13.0838kg and 12.4948kg for the first, second, third and fourth floor, 
respectively.  
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Figure 2. Auto/Cross-correlation function 
 

The test is performed with a dynamic hammer model hitting the top floor of the frame. The sampling frequency 
was set to 1024Hz. In each test, the input and output time history of 60s is recorded. The typical curves of 
auto/cross-correlation function are displayed in Figure 2.  

 
Table 1. The frequencies of the structure before damage (Hz) 

frequency calculated Measured 
1st 5.18 5.17 
2nd 15.01 15.05 
3rd 23.19 23.52 
4th 28.60 29.20 

 
The first four natural frequencies of the undamaged structure from modal analysis are shown in Table 1 along with 
analysis results from the finite element model. The analytical frequencies are found very close to the measured 
values indicating a model which is accurate enough for the subsequent damage identification. The damping ratios 
are 1 0.110%ξ = , 2 0.067%ξ = , 3 0.049%ξ =  and 4 0.042%ξ =  respectively, obtained from Logarithmic 
decrement method.  
 
The measurement responses from the first floor to the third floor are selected for the initial model updating with 
reference point at the second floor. The acceleration responses are transformed into the auto/cross-correlation 
functions and the first 100 data is selected for model updating. The final results are shown in the table 2. It should 
be noted that the identified results are very close to the theoretical values of finite element model. 

 
Table 2. The identified results 

Stiffness 
parameter 

Intact Damage Error 
(%) Identified 

(105N/m) 
Standard 

deviation (105) 
Identified 
(105N/m) 

standard 
deviation (105) 

1st 1.0745 0.0013 1.1059 0.0011 -2.92 
2nd 1.2725 0.0004 0.7411 0.0004 41.76 
3rd 1.2749 0.0009 1.3177 0.0006 -3.36 
4th 1.1886 0.0003 1.1600 0.0006 2.41 

 



 

 
Damage Detection 

 
The damage is introduced by reducing the width of column in the second floor from 50mm to 30mm as shown in 
Fig. 3. The same test is carried out for damage detection. The iteration with identified results is shown in Fig. 4 
and the final results are shown in the table 2. Compare with the results of model update in section 3.2, the damage 
element can be found exactly. It should be point out that the 16 times of the same test are carried out for damage 
detection and all of the final results are very close to the true value with a small standard deviation. These results 
demonstrate the accuracy, efficiency and robustness of the proposed method. 
 
Damage Detection with Different Sensor Number and Location 
 
In the section different number of sensor and different sensor location are studied. Table 3 shows the final 
identified results from three accelerations with different sensor location, while Table 4 shows the results using 
only two acceleration sensors. Both of Table 3 and 4 shows the proposed method can identify the damage location. 
However, when fewer sensors are considered, the final identified error becomes larger.   

 

 
Figure 3. The damaged element 

0 30 60 90
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

Iteration No.

St
iff

ne
ss

 fr
ac

tio
n

 

 

Element 1
Element 2
Element 3
Element 4

 
Figure 4. The iteration with identified results 



 

 
Table 3. The identified results from three two acceleration sensors (105N/m) 

sensor Element 1 Element 2 Element 3 Element 4 
1,2,3 1.0639 0.7776 1.2729 1.2203 
2,3,4 1.1210 0.7613 1.3014 1.1865 
1.2,4 1.0527 0.8038 1.2966 1.1347 

standard 
deviation 0.0354 0.0218 0.0125 0.0340 

 
Table 4. The identified results from two acceleration sensors (105N/m) 
Sensor Element 1 Element 2 Element 3 Element 4 

2,3 1.1404 0.7326 1.3414 1.1611 
2,4 1.1404 0.7326 1.3414 1.1611 
1,3 1.0151 0.7787 1.2795 1.2686 
1,4 1.0234 0.8069 1.2956 1.1483 
1,2 1.0231 0.8325 1.3411 1.1580 

standard 
deviation 0.0657 0.0445 0.0300 0.0501 

 
CONCLUSIONS 
 
This paper proposed a damage detection method based on the auto/cross-correlation function. The measured 
response is transformed into auto/cross-correlation function at the measured locations. The damage detection 
method is proposed by searching the minimum value of the error between the measured auto/cross-correlation 
function and the calculated auto/cross-correlation function. The use of cross-correlation function ensures the 
proposed approach insensitive to measurement noise with improved accuracy and efficiency as illustrated by a 
cantilever beam structure and shear-type building. 
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