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structures under earthquakes and strong dynamic loadings are typical nonlinear process. 
However, the theory of nonlinear system identification is far less established than the 
theory for linear systems. Thus, the development of efficient and reliable identification 
approaches for nonlinear systems is crucial for creditable damage initiation detection 
and severity identification. In this study, a nonlinearity identification approach was 
developed and employed to identify the nonlinear behavior of a frame model equipped 
with shape memory alloy (SMA) damper using acceleration response and excitation 
measurement time series. A double flag model of SMA was used to mimic the behavior 
of SMA dampers. The performance of the proposed methodology was verified with 
numerical simulation for a 4 degree-of-freedom frame structure with a SMA damper 
which was introduced to mimic the nonlinear restoring force. Using the excitation force 
and acceleration measurements of the model structure, the restoring force provided by 
the SMA damper was identified. No any information about the system’s mass should be 
known. It is shown that the proposed data-based approach is convenient and efficient for 
nonlinear behavior identification of structures under dynamic loadings.  

Corresponding author’s email: binxu@hnu.edu.cn 



5th International Conference on 
Structural Health Monitoring of Intelligent Infrastructure (SHMII-5) 2011 
11-15 December 2011, Cancún, México 
 
 

PIECEWISE NONLINEAR RESTORING 
FORCE IDENTIFICATION OF A MDOF 

DYNAMIC SYSTEM 

Guokai Yuan1, Bin Xu1, 2, and Sami F. Masri3 
1 College of Civil Engineering, Hunan University, Changsha, 410082, Hunan, China 
2 Ministry of Education Key Laboratory of Building Safety and Energy Efficiency 
(Hunan University), Changsha, 410082, Hunan, China 
3 Department of Civil Engineering, University of Southern California, Los Angeles, CA 
90089, USA 

ABSTRACT: The initiation and development of damage such as cracks in engineering 
structures under earthquakes and strong dynamic loadings are typical nonlinear process. 
However, the theory of nonlinear system identification is far less established than the 
theory for linear systems. Thus, the development of efficient and reliable identification 
approaches for nonlinear systems is crucial for creditable damage initiation detection 
and severity identification. In this study, a nonlinearity identification approach was 
developed and employed to identify the nonlinear behavior of a frame model equipped 
with shape memory alloy (SMA) damper using acceleration response and excitation 
measurement time series. A double flag model of SMA was used to mimic the behavior 
of SMA dampers. The performance of the proposed methodology was verified with 
numerical simulation for a 4 degree-of-freedom frame structure with a SMA damper 
which was introduced to mimic the nonlinear restoring force. Using the excitation force 
and acceleration measurements of the model structure, the restoring force provided by 
the SMA damper was identified. No any information about the system’s mass should be 
known. It is shown that the proposed data-based approach is convenient and efficient for 
nonlinear behavior identification of structures under dynamic loadings.  
 

1. Introduction 
Structural health monitoring (SHM) has received comprehensive attention from both 
engineering and academia for a long time and damage identification is one of most 
important and difficult components of the SHM system. It is easy to understand that 
many vibration-based methods using the frequencies and mode shapes are applicable to 
linear systems only, but they fail when applied to nonlinear systems. However, damage 
accumulation and development in engineering structures especially under strong 
dynamic loadings such as earthquakes and typhoons are typical nonlinear processes. 
Therefore, it is more practical and efficient to carry out nonlinear system identification 
(NSI) to reflect the behavior of the system and to evaluate the damage severity.  
Nowadays, NSI has become increasingly an important research topic in connection with 
damage assessment and safety evaluation in many fields such as aerospace, mechanics 
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and civil engineering. In general, methods related to NSI can be classified into 
frequency-domain methods, time-domain methods and others. Several researchers have 
already started to deal with the identification of nonlinear single-degree-of-freedom 
(SDOF) and multi-degree-of-freedom (MDOF) models. Masri and Caughey (1979) 
presented the restoring force surface method (RFS), which was a nonparametric 
modeling for the restoring force in both linear and nonlinear SODF systems. RFS was 
then extended to handle the chain-like MDOF systems by Masri and Caughey (1982). In 
the sequential years, Masri et al. (2005, 2006) presented a general data-based approach 
which develops reduced-order and non-parametric models in the form of orthogonal 
polynomial (power series) fitting for the internal forces in non-linear MDOF systems. 
The approach utilized a two stage procedure. At first, the equivalent linear system 
matrix was identified, and subsequently, based on a generalization of the restoring force 
method; the residual (nonlinear) forces were identified and rotated to a modal space, 
using eigenvectors corresponding to the equivalent linear system matrices, to establish 
an approximate power series function in which each coefficient may be determined by 
using least-squares approaches. Except RFS, there are numerous other effective 
approaches applied to NSI. For comprehensive and recent literature and literature 
reviews of NSI can be found at the work of Worden and Tomlinson (2001), as well as 
Kerschen et al. (2006). The former reference focused on characterization of the theory 
and some results of the established and classic NSI method in detail, while the latter one 
was concentrated in describing the past, present and future of NSI method 
comprehensively but not in detail. 
Considerable progress in the application of the NSI methods in the field of civil and 
structural engineering has been made in recent years. In most of the current available 
vibration based identification approaches, the damage is represented by the changes in 
structural stiffness. However, the restoring force of engineering structure under dynamic 
loadings is more useful for the damage initiation and development procedure 
identification and energy assumption evaluation. So it is essential and crucial to develop 
methods which can effectively identify the nonlinear behavior of civil engineering 
structures under vibration. This study aims to develop a piecewise nonlinear behavior 
identification approach for a nonlinear frame model structure equipped with nonlinear 
structural members using acceleration response and excitation measurement time series. 
The nonlinear component is a shape memory alloy (SMA) damper. Shape memory alloy 
(SMA) is a novel functional material and has found increasing applications in many 
areas due to their high power density, solid state actuation, high damping capacity, 
durability and fatigue resistance (2006). Liang and Rogers (1995) developed and 
presented a complete, unified, one-dimensional constitutive model for shape memory 
alloys. The model had been validated effectively from the numerical and experimental 
point of view and was used widely later. Auricchio et al. (2009) employed a one-
dimensional constitutive model to carry out parameter identification and model 
prediction for SMA and obtained good results. Li and Mao (2001) designed a passive 
energy dissipation system based on SMA dampers. Seismic responses of structures with 
SMA dampers were calculated by using a program incorporating a double flag model, 
which was one of a macroscopic constitutive model. Due to its rationality, the double 
flag model was used to mimic the nonlinear behavior in this study. The performance of 
the proposed methodology was verified with numerical simulation for a 4 degree-of-
freedom frame structure. Using the excitation force and acceleration measurement of the 
model structure, the restoring force of the structure was then identified. No any 
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information about the system’s mass was known. Numerical simulation is given to 
verify the usefulness and effectiveness of the performance of the proposed 
methodology. 

2. Identification Methodology 
Consider a linear MDOF system subjected to directly applied excitation forces ( )f t . 
The methodology under discussion starts from the dynamic equation of motion, which 
can be written in the following Equation: 

( ) ( ) ( ) ( )Mx t Cx t Kx t f t+ + =&& &                                                                                      
(1) 

where M is the diagonal mass matrix , K is the stiffness matrix, C is structural damping 
matrix of the system, and ( )x t&& , ( )x t&  and ( )x t  is the acceleration, velocity and 
displacement response respectively.  
The i-th component of ( )f t  of the nonlinear system can be expressed by the 
combination of the system state variables as follows:  

1 1 1

( ) ( ) ( ) ( ) ( 1,2, , )
m m m

i ij j ij j ij j
j j j

f t a x t b x t c x t i m
= = =

= + + =∑ ∑ ∑&& & L                                        

(3) 
From the above equation, when the dynamic responses and excitation measurements are 
known, the i-th corresponding mass, stiffness and damping of the linear system can be 
estimated using standard least-square technique.  
Then consider a nonlinear MDOF structural system subjected to directly applied 
excitation forces ( )F t . The dynamic equation of motion can be written in the following 
Equation: 

( ) ( ) ( )n TMx t F t F t+ =&&                                                                                                           

(4) 
where M  is mass matrix, ( )nx t&&  are the measured acceleration responses and ( )TF t  the 

total non-conservative force vector presented by structural damping, stiffness and 
nonlinear components. In order to identify the ( )TF t , an equivalent linear system is 

assumed and the corresponding equation of motion can be described as follows: 

( ) ( ) ( ) ( )E n E n E nM x t C x t K x t F t+ + =&& &                                                                                             

(5) 
where EM , EC , EK  are the mass matrix, damping matrix and stiffness matrix of the 

equivalent linear structural system respectively. ( )nx t&  and ( )nx t  represent the velocity 

vector and acceleration vector of the nonlinear system. The i-th component of ( )F t  of 
the nonlinear system can be expressed by the combination of the system state variables 
like equation (3). If no mass nonlinearity exists, according to Equation (4), FT(t) can be 
calculated as: 

( ) ( ) ( )T EF t F t M x t= − &&                                                                                                   

(6) 
Obviously, the non-conservative forc e is the function of velocity and displacement. In 
the numerical simulation, the identified total restoring force is calculated through 
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Equation (6), which can be compared by that measured one obtained using Newmark-β 
method, which was introduced in the book written by Chopra AK (2009). Therefore, the 
nonlinear restoring force contributed by SMA dampers is calculated by equation (7). 

)()()()( txCtKxtFtF Tn &−−=                                                                                                   

(7) 
where K and C is the linear stiffness and damping matrix of the system described by 
Equation (1). 

3. Numerical Simulation 

A 4-DOF frame model structure without/with a SMA damper shown in Figure 1 is 
studied. The structure masses are M1=M2=M3= M4=10.00kg; and the inter-story 
stiffness of each story is 1.0×104N/m and damping coefficients can be calculated based 
on Rayleigh damping matrix.  
In this study, the non-linear restoring force afforded by the nonlinear component of 
SMA damper is assumed to adopt the double flag model as shown in the Figure 2 and 
the following equations. 

1

1 2 2

1 2 1

1 2 2

( , ' ' ')

( ) sgn( ) ( , ' ')
( )

( )( )sgn( ) ( , ' ')

( ) sgn( ) ( , ' ')

b
SMA

b d

a

k S oab o a b

k k S S k S bd b d
F S

k k S S S k S dc d c

k k S S k S ac a c


 − +=  − − +
 − +

                          

(8) 

Assume the slope (namely stiffness) of oab and cd segment k1=5000N/m, and the slop 
of bd and ac segment k2=2500N/m. The displacement values of inflexiones also should 
be assumed according to the slope of these segments when calculating the nonlinear 
responses of structures under external excitations. 

 

Figure 1. Frame model without/with a SMA damper. 

SM
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Figure 2. Hyperelastic mechanical model of SMA dampers. 

According to the methodology discussed above, consider a frame model without a SMA 
damper firstly.  The excitations are shown in Figure 3 and corresponding linear 
acceleration responses are shown in Figure 4. 

 

Figure 3. Excitations applied to the linear structure.   

 

Figure 4. Acceleration response of the linear structure. 

Based on the excitation information and corresponding acceleration response, the mass, 
stiffness and damping matrix can be identified  using standard least-squares technique. 

FSMA 



5th International Conference on 
Structural Health Monitoring of Intelligent Infrastructure (SHMII-5) 2011 
11-15 December 2011, Cancún, México 
 
 

10 0 0 0

0 10 0 0

0 0 10 0

0 0 0 10

M

 
 
 =
 
 
 

                                                                                               

(9a) 

4 4 5 -6

4 4 4 -5

-5 4 4 4

-5 -6 4 4

2 10       -1 10      1.3 10   -1.8 10

-1 10       2 10        -1 10     -1.2 10

3.9 10    -1 10        2 10      -1 10

-1.5 10   -8.7 10   -1 10       1 10

K

− × × × ×
 

× × × × =  × × × ×
 
 × × × × 

                                                   

(9b) 

-7 -7

-7

-7

-7 -8

37.67       -14.2       4.6 10  -1.2 10

-14.2        37.67      -14.2       -1.610

6.9 10   -14.2       37.67      -14.2

-5.6 10  8.1 10  -14.2        23.47

C

 × ×
 

× =  ×
 
 × × 

                                                       

(9c) 
Compared with the assumed structural parameters, it is clear that the proposed method 
can estimate the parameters of linear structures exactly.  

 

Figure 5. Acceleration response of the nonlinear structure. 

In the following, the frame model with a SMA damper was excited by the same 
excitation applied in linear case, corresponding acceleration responses are shown in 
Figure 5. Equivalent linear structure matrices can be estimated using the identification 
method mentioned above. 
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(10c) 

Obviously, the identified equivalent linear mass matrix ME is very close to the linear 
one. While the equivalent lineari stiffness matrix KE and damping matrix CE give a total 
performance provided by structure and the SMA damper. Compared with Equations 
(9b) and (10b), (9c) and (10c), it is clear that the SMA damper was located between the 
third and fourth floor of the model.  

 

Figure 6. SMA damper’s force-relative displacement curve. 

 

Figure 7. Comparison between identified and actual nonlinear restoring force. 

For better understanding, SMA damper’s force-relative displacement curves are shown 
in Figure 6. Note that the Fni-j means the SMA damper force applied on the j-th floor by 
the relative movement of the i-th floor relative to j-th floor. Because no SMA dampers 
are located on the first, second and the third floors, Fn1-1, Fn2-2 are nearly zero. 
Meanwhile, according to Equations (6) and (7), the nonlinear performance of the SMA 
damper under discussion is identified and compared with the actual one. From Figure 7, 
the identified and actual nonlinear restoring force curve can agree with each other with 
acceptable accuracy. Results show that that the proposed method provides a reasonably 
accurate identification of the nonlinear non-conservative force provided by SMA 
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damper, both qualitatively as well as quantitatively. 

4. Conclusions 

A nonlinearity identification approach was developed and employed to identify the 
nonlinear behavior of a frame model equipped with a shape memory alloy (SMA) 
damper using dynamic response and excitation measurement time series. A double flag 
model was used to mimic the behavior of the SMA damper. The performance of the 
proposed methodology was verified with numerical simulation for a 4 degree-of-
freedom frame structure. No any mass information was known in advance and the 
identified equivalent linear mass is almost close to actual one. By comparing the 
identified and actual nonlinear restoring force, the location of SMA damper can be 
identified correctly. Numerical simulation results show that the proposed data-based 
approach is convenient and efficient for nonlinear behavior identification of structures 
under dynamic loadings. 
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