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damage detection are based on eigenvalues andénveictors extracted from vibration
measurements and, strictly speaking, are only ldeitéor linear system. However,
nonlinearities exist widely in engineering struetsiras the occurrence of a fault in an
initially linear structure will, in many cases, v#sin nonlinear behavior. Consequently,
the identification and modeling of nonlinear dynansystems is a problem of
considerable importance in the applied mechania.ake this paper, based on the
instantaneous values of the state vectors, a pserexs polynomial model (PSPM) was
utilized to model the restoring force of a nonlins&ructure under dynamic loadings.
An iterative approach, referred to as weighted adajterative least-squares estimation
with incomplete measured excitations (WAILSE-IME)as proposed to identify each
coefficient of the polynomial as well as the unkmowpadings. To improve the
efficiency and accuracy of the proposed WAILSE-IMiBe appropriate values of
weight coefficient and learning coefficient weremayed to identify the coefficients of
the PSPM. The feasibility and accuracy of the pseploapproach is demonstrated via
numerical multi-degree-of-freedom (MDOF) systemhaiduffing oscillator which is
employed to simulate nonlinear performance. Thalliesshow that the proposed
approach by combining the PSPM and WAILSE-IME alkpon is capable of
effectively representing and identifying the noehln restoring force of the nonlinear
system with partially unknown excitations, and pdeva promising way for damage
detection and evaluation of engineering structundsch should be regarded as
nonlinear system.
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1 INSTRUCTION

An important objective of health monitoring systeras civil infrastructures is to

estimate the state of the structure and to detecidamage when it occurs. In many
cases, the occurrence of a fault in an initiallyeéir structure will usually result in
nonlinearity, and the accumulation of damages widkily cause the failure of the
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structure. Though much progress has been made \@iogeng system identification
(SI) and damage detection methodologies, most efctirrently available approaches
are based on eigenvalues and/or eigenvectors drdom vibration measurements,
which strictly speaking are only suitable for linsystems (Doebling et al. (1998) and
Wu et al. (2003)). Consequently, the identificateoxd modeling of nonlinear dynamic
systems is a challenging problem in the appliett figf civil engineering. It is of
considerable importance for developing nonline@nidication algorithm to evaluate
the current reliability, performance, and conditafrthe structures for the prevention of
potentially catastrophic events, as well as forrémeaining life estimation.

The field of nonlinear structural dynamics has bstmlied for a relatively long time.
Based on the state variables of nonlinear systeasriMet al. (1979, 1982) proposed a
fruitful approach, namely the restoring force scefgd RFS) method, to express and
identify the nonlinear system characteristics irmt of orthogonal polynomials, e.g.
Chebyshev polynomial. Using power series expansioas relatively simple
nonparametric approach for the estimation of aetyarof discrete nonlinear vibrating
systems was proposed by Yang & lbrahim (1985). Muhad et al. (1992) proposed a
direct parameter estimation method for identifyihg physical parameters of linear and
nonlinear multi-degree-of-freedom (MDOF) structur@ased on Bayesian screening
algorithm for model selection, Kerschen et al. @0proposed an approach for the
identification of nonlinear mechanical structuresng a simple variant of the Markov
Chain Monte Carlo sampling technique. Masri et(2005, 2006) presented a general
data-based approach by using power series fiteogrniques for developing reduced-
order, non-parametric models in the form of orthwgolynomial for identifying the
internal forces in non-linear MDOF systems. Padeatel. (2010) proposed a method to
model and estimate multivariable nonlinear systbynemploying polynomial nonlinear
state space equations. A major drawback of theiquely mentioned S| methods is that
these methods require the measurements of inpuag kerailable for identification.
However, in practical situations, either sensory mat be installed to measure all the
external excitations or some external excitations @an-measurable. Moreover, the
identification of unknown inputs is also a challemnyp issue for structural damage
prognosis which is the future of structural heattbnitoring and where the remaining
service life estimation and loading profile anadyplay key roles (Farrar & Lieven,
2007). Consequently, it is highly desirable to depethe nonlinear identification
algorithms for the purpose of identifying nonlindaghavior and external excitations
simultaneously utilizing structural responses ammbmplete measured forces.

In this paper, a power series polynomial model (B5mvolving the instantaneous
values of the state variables of the system waslamg to represent the nonlinear
restoring force (NRF) of the system (He et al., 0An alternative iterative approach,
referred to as weighted adaptive iterative leastses estimation with incomplete
measured excitations (WAILSE-IME), was proposeddentify each coefficient of the
PSPM as well as the unknown loadings solely utijzine response measurements. In
order to improve the efficiency and accuracy of fireposed WAILSE-IME, the
appropriate values of weighted coefficient andreay coefficient were employed for
identification. The feasibility and accuracy of theposed approach was demonstrated
via numerical MDOF system with Duffing oscillatorhigh is employed to simulate
nonlinear performance. As a practical consideratibe responses of the numerical
example were assumed to be contaminated by noseused for identification. The
results show that the proposed approach by contbthia PSPM and WAILSE-IME is
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capable of effectively representing and identifythg nonlinear restoring force of the

nonlinear system with partially unknown excitatipaad provides a promising way for

damage detection and evaluation of engineeringtsires which should be regarded as
nonlinear system.

2 IDENTIFICATION OF NRF BY PSPM AND WAILSE-IME

The dynamic equation of amDOF nonlinear dynamical system can be can always be
written in this form,

MX(t) + R(x, X, p) = f(t)

1)

wherex(t) = the displacement vector of order M = the mass matrixg(x, x, p) = the
nonlinear non-conservative restoring force vector the vector of system-specific

parameters, and (t) = the directly applied excitations, respectively.
AssumingM is available for the system, Eq. (1) can be reamits
R(X, X, p) = f (t) = MX(t)
2)
Here, the NRF of the system is assumed to be esgutdsy the PSPM as shown below,

R —1(X X p) R —l(V S) Zz:C0¢1—:Lab ..—13 -1 (a+b ¢ 0)
3)
whereR ,,(x,% p)is the NRF between thi' DOF and thei-1" DOF, v, ,ands _,are
relative velocity and relative displacement vect@ig.v,_, =% —X_,S,, =X —X_,),

co€" ., is the coefficient of the polynomial, alkdandq are integers which depend on

the nature and extent of the nonlinearity of theteay. Consequently, the equation of
motion of thei™ DOF can be rearranged by the following equation,

33 cog, Vi 3 3 C08, Vs = () ~msQ)
4)
Since the responses are measured for identificatiothe terms
ofv_s’,andv’,s’.,shown in Eq. (4) can be considered as known infatomaHence,
EqQ. (4) can be represented as,

H rim_i 0|i_i = Phixl
)
where H,,, = response matrix composed of the system respoasters (i.e.v’. s’
and V'.s°..), 6..= the unknown coefficients of the NRF shown in EHd)
(i.e.cod, and co€?y ., ), the subscriph = the number of sample points, the subscript

L; = the number of the unknown coefficients relativith thei™ DOF, andP., = input

vector of thei™ DOF composed of external excitations and inemicds at timet.
Similarly, the equation of motion of the remainingOFs can be obtained.
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Consequently, Eq. (5) can be extended for a compiddOF nonlinear system as
follows,

H (7

(R

P

(hxn)xL (hxn)x1

(6)

where H = the complete response matrig= the total unknown coefficients, the
subscriptL = the total number of the unknown coefficients) 8w the complete input
vector which can be expressed as

P=[Pt) P{,) .. P@)[
(7)

where P(t,) =[f,(t,) -msx (t,) f,(t)-mi,t) ... f )-mx )] k=12, ...h)

Based on the external excitations and correspondiggponses, the unknown
coefficients shown in Eg. (6) can be obtained byamseof any available optimization
algorithms. For example, the structural parametersin be estimated by the least-
squares estimation (LSE) as follows,

G =[H"H]'HP
(8)
A major drawback of the traditional LSE is thatatjuires all external excitations being
available. However, in many cases, it is usuallffiadiit to obtain the complete
excitation measurements. Hence, the coefficientsmaabe identified directly by the
traditional LSE approach. Here, it is assumed thatt vector shown in Eq. (7) are

composed of the known inpuPy) and the unknown inputP() as shown in the
following equation,

P=[r. RI
9)
whereR, = f, -M % ;P, =f, —M_/%,, fk = the known external excitationf, = the
unknown external excitations which is not measuaed, the subscrig¢ andU = subset
consisting of the DOFs on which the known excitagi@re applied, and the DOFs on
which the unknown excitation are applied, respetyivConsequently, the estimated

input vectors on th@" iteration are composed of two corresponding pant$ shown
below,

pi=lpr B
(10)
where the symbol '~ indicates estimated valuegesscriptj means thg™ iteration,
and subscripK andU are defined before. Here, an approach, referreastaveighted
adaptive iterative least-squares estimation witlsomplete measured excitations

(WAILSE-IME), is proposed for simultaneously iddying the coefficients of PSPM
and the unknown external loadings. During the itenaprocess, the above estimated

input matrix shown in Eq. (10) was firstly updated replacingP,; with known input
Pk as shown below
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Pzl A
(11)
where the symbol " indicates updated values ejfftiteration. Subsequently, in order

to accelerate the convergence rate, the incremetiteoestimated unknown external
excitations at the previous two iterations is ergptb to re-updatethe unknown part

(P}) as follows,

P=[p R
(12)
where

RI=R/+1R™-R?)
(13)

where the symbol- indicates the re-updated values, gnsla learning coefficient with
the value y1[01). To prevent the ultra-iteration, the learning éoedfnt y employed

here can be variable values. The estimated unkrexwitation time series are getting
close to the actual values when the iteration m®cearried out, and the learning
coefficient can take smaller values accordingly: §implicity, in this paper, the value
of yis set to bey /].

Furthermore, to improve the efficiency and accumafcthe identified results, a weighted
positive definite matrix is employed

{ 0}
W =

0
(14)

whereE = identity matrix, andr , 8 = weighted coefficientsd 0[1,+), S0(01]). The
dimension of aEand SE depends on the dimension Bk and Py defined before,

respectively. Based on the principle of LSE, thgediive function of the estimated
system is improved by using the weight matrix, #mas the LSE algorithm shown in
Eqg. (8) can be rearranged as

6 =[HWH]*H"WP

(15)
The basic concept of the WAILSE-IME can be desdilie the following steps in
which the symbol '~’, "', and~’, and superscrigtare defined before.

(a) Build the response matrkt, set the values of weighted coefficients and liegrn
coefficient, arbitrarily assign the initial valué the unknown excitation force for all

time steps, and form the initial input matrix nanfetd

(b) According to Eq. (15) and the re-updated inp}itsestimate the system parameters
g';

(c) Using the estimated system paramelérfound in step (b), solve for the estimated
inputsp; :[I5KJ',l |5U{l]T according to Eq. (6);

(d) Obtain the updated inpus =[PK FE{JT according to Eq. (12);
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(e) If j > 2, based oR’, obtain P! through Eq. (13-14); if<2, it's unnecessary to re-
update the inputs, hence, Ret=P/ directly;
(f) Calculate the errore’ =|B’ -R/| which

) is 1-norm. If the error is below the

acceptable threshold, the iteration is completeetise leP'* =R’, and repeat steps
(b) through (e).

The flowchart of the approach is shown in Figundl helps to illustrate the procedure.
Since the coefficients of PSPM are determined by pmoposed WAILSE-IME
approach as discussed before, the NRFs of thensysta be obtained according to Eq.

3).

Input response measurements,
form matrixH

|

Setthe valuesaf B ,awd |, assiigld) ,
and form input matrixp,

!

Estimate the parameters
6 =[H"WH]'H"WE,

Obtain the estimated inpuf?} by
solving Eq. (6) usingy

.

Obtain the updated inpuf§ by
using the known input(s,

|

Get the re-updated inpué basing
on the updated inpups1

Check convergence>

Figure 1 Flowchart for iterative approach with ingaete measured excitati

3 NUMERICAL SIMULATION VALIDATION

In this study, a 3-DOF numerical model with Duffiogcillator as shown in Figure 2 is
used to illustrate the accuracy of the proposedaoamh. Each story of the model is
associated with one horizontal DOF. In this examphe system parameters are
assumed to bey=10Kg, k=1x10'N/m andci=50N-s/m(i=1, 2, 3). The coefficient of the
cube term in the Duffing oscillator is set to belB% The top floor of the structure is
excited horizontally by a white noise force. Theresponding response time histories
of the model are obtained by means of the Newmasthad (Newmark, 1959). The
external excitation applied on th& 8oor is assumed to be unknown after the response
measurements are calculated. Since there are nesfam the 5 and 2¢ floor, the
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external excitations on these floors are zero wigalm be considered as known
information and used for identification.

Selecting values for the ordét#q=3 of the basis functions in Eq. (3) results in the
following basis including @ower series,

Basis = % s, V& vs, s& v v’s, vs?t s}

(16)

wherev; ands are relative velocity and relative displacementaned before. The
weighted coefficients af andg, andlearning coefficieny are set to be 10, 0.1, and 0.8,
respectively. The total time duration fromatd 4s with 400 sampling points are used for
identification. As a practical consideration, someise is expected in the output

measurements. Here, the noise level is set to hevb¥eéh means the standard deviation
of the random noise is equal to 5% of the corredpmmean value.

The NRF of the system is expressed by PSPM of wbagificients are identified by
WAILSE-IME approach. Since each coefficient is det@ed, the NRF of each floor
can be easily obtained according to Eq. (3) anevahn the following equations,

R10™" = 1.01x10xs,+49.64%,-137.345%,°+1.68>6,v,-0.12%,°-344.16,

~40.9456,2v;-7.1 156, %+0. 145, (17a)
Ry.1"" = 1.01x10xs,+49.09%,-438.185,°+0.3556,V>+0.15%,°+5.56x 1 0xs,°
+181.13%,°v>+10.23>565,v,°-0.113,° 7
Rs2™" = 1.02x10xs;+48.58%/5-86.9256:"~1.58>53v5+0.16%/5°+4.21 x 1 Gxs5°
+132.43%:°v5-7.97553v5°~0.03%v5° (17¢)
@ —>
K3, C3 f3
The 3rd floor
M2
K2, C2 Duffing
The 2nd floor oscillator
M1
K1,C1
The 1st floor

Figure 2. 3-DOF numerical model with Duffing osattr
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Figure 4. The comparison of the external excitatinrthe %' floor

The NRF is equal to the summation of the elasstoreng force, the damping effects of
the structure, and the nonlinear member force. €gqunently, in practice, it's usually

difficult to validate the accuracy of the identdi®lRFs directly because it is impossible
to measure the restoring force. However, it's gaesio obtain the nonlinear member
force to validate the identified NRFs to some ektém this example, the nonlinear
member force is the force provided by Duffing datdr, which can be determined by
subtracting the linear elastic restoring force dacdhping force provided by the structure
itself from the identified total restoring forceh& nonlinear member force for each
floor of the structure is shown in Figure 3. In @rdo evaluate the accuracy of the
identified restoring force, the simulated restoriiogce determined by its numerical

model is also shown in Figure 3. Note that foritfanf comparison, different scale of

y-axis is chosen in Figure 3.

It can be seen from Figure 3 that the nonlinear beerforces on the®land & floor are
relative small and close to zero by comparing wlith restoring force on thé%floor.
Consequently, it is easy to conclude that the neali member should be located on the
2" floor, and the ¥ and 3 floor of the system behave linearly which match tkal
situation very well. Furthermore, it's obvious thia¢ identified nonlinear member force
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has good agreement with the simulated one fromr&ig(b). These findings mean the
nonlinearity of the system can be accurately latated the extent of the nonlinear
performance can be determined quantitatively bypttoposed approach with excellent
accuracy.

Moreover, based on the proposed method, the unknexaitations can also be
identified for the example given. The identifiedciéations on the "3 floor of the
numerical model when the response is polluted byrisfise is plotted in Figure 4 as
solid curves, whereas the dashed curve is the smoneling actual excitation force for
comparison. For clarity, only a segment froreetto 2secis presented, and the relative
error between the identified excitation and theialcone in percentage is also shown in
Figure 4. Here, the relative error is defined d®ves,

Error (%) = @ x100

ac

(18)

whereFig means the identified external excitation, &g means the actual external
excitation. It's clear from Figure 4 that the idéetl excitation has good agreement
with the actual one even the response measuremsesgataminated by 5% noise.

4 CONCLUSIONS

In this study, a combination of the PSPM and WAILSE approach is proposed to
represent and identify the NRF of nonlinear sysesmwell as the unknown dynamic
loadings. The feasibility and robustness of theppsed method is validated via a 3-
DOF numerical system incorporating Duffing oscolatResults show that the proposed
approach is capable of simultaneously identifyimg NRF and the unknown inputs, and
provides a promising way for the analysis of nogdinty and evaluation of damage
severity of engineering structures.
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