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ABSTRACT: Most of the currently available identification approaches for structural 
damage detection are based on eigenvalues and/or eigenvectors extracted from vibration 
measurements and, strictly speaking, are only suitable for linear system. However, 
nonlinearities exist widely in engineering structures, as the occurrence of a fault in an 
initially linear structure will, in many cases, result in nonlinear behavior. Consequently, 
the identification and modeling of nonlinear dynamic systems is a problem of 
considerable importance in the applied mechanic area. In this paper, based on the 
instantaneous values of the state vectors, a power series polynomial model (PSPM) was 
utilized to model the restoring force of a nonlinear structure under dynamic loadings. 
An iterative approach, referred to as weighted adaptive iterative least-squares estimation 
with incomplete measured excitations (WAILSE-IME), was proposed to identify each 
coefficient of the polynomial as well as the unknown loadings. To improve the 
efficiency and accuracy of the proposed WAILSE-IME approach, the appropriate values 
of weight coefficient and learning coefficient were employed to identify the coefficients 
of the PSPM. The feasibility and accuracy of the proposed approach is demonstrated via 
numerical multi-degree-of-freedom (MDOF) system with Duffing oscillator which is 
employed to simulate nonlinear performance. The results show that the proposed 
approach by combining the PSPM and WAILSE-IME algorithm is capable of 
effectively representing and identifying the nonlinear restoring force of the nonlinear 
system with partially unknown excitations, and provides a promising way for damage 
detection and evaluation of engineering structures which should be regarded as 
nonlinear system.  

KEYWORDS: nonlinear identification, dynamic loading identification, nonlinear 
restoring force, power series polynomial model, weighted adaptive iterative least-
squares estimation, partially unknown excitations, Duffing oscillator. 

1 INSTRUCTION 

An important objective of health monitoring systems for civil infrastructures is to 
estimate the state of the structure and to detect the damage when it occurs. In many 
cases, the occurrence of a fault in an initially linear structure will usually result in 
nonlinearity, and the accumulation of damages will easily cause the failure of the 
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structure. Though much progress has been made on developing system identification 
(SI) and damage detection methodologies, most of the currently available approaches 
are based on eigenvalues and/or eigenvectors extracted from vibration measurements, 
which strictly speaking are only suitable for linear systems (Doebling et al. (1998) and 
Wu et al. (2003)). Consequently, the identification and modeling of nonlinear dynamic 
systems is a challenging problem in the applied field of civil engineering. It is of 
considerable importance for developing nonlinear identification algorithm to evaluate 
the current reliability, performance, and condition of the structures for the prevention of 
potentially catastrophic events, as well as for the remaining life estimation.  

The field of nonlinear structural dynamics has been studied for a relatively long time. 
Based on the state variables of nonlinear system, Masri et al. (1979, 1982) proposed a 
fruitful approach, namely the restoring force surface (RFS) method, to express and 
identify the nonlinear system characteristics in terms of orthogonal polynomials, e.g. 
Chebyshev polynomial. Using power series expansions, a relatively simple 
nonparametric approach for the estimation of a variety of discrete nonlinear vibrating 
systems was proposed by Yang & Ibrahim (1985). Mohammad et al. (1992) proposed a 
direct parameter estimation method for identifying the physical parameters of linear and 
nonlinear multi-degree-of-freedom (MDOF) structures. Based on Bayesian screening 
algorithm for model selection, Kerschen et al. (2003) proposed an approach for the 
identification of nonlinear mechanical structures using a simple variant of the Markov 
Chain Monte Carlo sampling technique. Masri et al. (2005, 2006) presented a general 
data-based approach by using power series fitting techniques for developing reduced-
order, non-parametric models in the form of orthogonal polynomial for identifying the 
internal forces in non-linear MDOF systems. Paduart et al. (2010) proposed a method to 
model and estimate multivariable nonlinear systems by employing polynomial nonlinear 
state space equations. A major drawback of the previously mentioned SI methods is that 
these methods require the measurements of input being available for identification. 
However, in practical situations, either sensors may not be installed to measure all the 
external excitations or some external excitations are un-measurable. Moreover, the 
identification of unknown inputs is also a challenging issue for structural damage 
prognosis which is the future of structural health monitoring and where the remaining 
service life estimation and loading profile analysis play key roles (Farrar & Lieven, 
2007). Consequently, it is highly desirable to develop the nonlinear identification 
algorithms for the purpose of identifying nonlinear behavior and external excitations 
simultaneously utilizing structural responses and incomplete measured forces.  

In this paper, a power series polynomial model (PSPM) involving the instantaneous 
values of the state variables of the system was employed to represent the nonlinear 
restoring force (NRF) of the system (He et al., 2010). An alternative iterative approach, 
referred to as weighted adaptive iterative least-squares estimation with incomplete 
measured excitations (WAILSE-IME), was proposed to identify each coefficient of the 
PSPM as well as the unknown loadings solely utilizing the response measurements. In 
order to improve the efficiency and accuracy of the proposed WAILSE-IME, the 
appropriate values of weighted coefficient and learning coefficient were employed for 
identification. The feasibility and accuracy of the proposed approach was demonstrated 
via numerical MDOF system with Duffing oscillator which is employed to simulate 
nonlinear performance. As a practical consideration, the responses of the numerical 
example were assumed to be contaminated by noise and used for identification. The 
results show that the proposed approach by combining the PSPM and WAILSE-IME is 
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capable of effectively representing and identifying the nonlinear restoring force of the 
nonlinear system with partially unknown excitations, and provides a promising way for 
damage detection and evaluation of engineering structures which should be regarded as 
nonlinear system. 

2 IDENTIFICATION OF NRF BY PSPM AND WAILSE-IME 

The dynamic equation of an n-DOF nonlinear dynamical system can be can always be 
written in this form,  

)(),,()( tfpxxRtxM =+ &&&                                                                                                                         
(1) 

where )(tx = the displacement vector of order n, M = the mass matrix, ),,( pxxR & = the 
nonlinear non-conservative restoring force vector, p = the vector of system-specific 
parameters, and )(tf = the directly applied excitations, respectively.  

Assuming M is available for the system, Eq. (1) can be rewritten as 

)()(),,( txMtfpxxR &&& −=                                                                                                 
(2) 

Here, the NRF of the system is assumed to be expressed by the PSPM as shown below, 
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where ),,(1, pxxR ii
&− is the NRF between the ith DOF and the i-1th DOF, 1, −iiv and 1, −iis are 

relative velocity and relative displacement vectors (i.e. 11,11, , −−−− −=−= iiiiiiii xxsxxv && ), 
non

baiicoe ,,1, − is the coefficient of the polynomial, and k and q are integers which depend on 

the nature and extent of the nonlinearity of the system. Consequently, the equation of 
motion of the i th DOF can be rearranged by the following equation, 
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Since the responses are measured for identification, the terms 
of b

ii
a
ii sv 1,1, −− and b

ii
a
ii sv 1,1, ++ shown in Eq. (4) can be considered as known information. Hence, 

Eq. (4) can be represented as, 
i

h
i
Li

i
Lih PH 11 ××× =θ                                                                                                                         

(5) 

where i
LihH × = response matrix composed of the system response vectors (i.e. b

ii
a
ii sv 1,1, −−  

and b
ii

a
ii sv 1,1, ++ ), i

Li 1×θ = the unknown coefficients of the NRF shown in Eq. (4) 

(i.e. non
baiicoe ,,1, − and non

baiicoe ,,1, + ), the subscript h = the number of sample points, the subscript 

Li = the number of the unknown coefficients relating with the i th DOF, and i
hP 1× = input 

vector of the i th DOF composed of external excitations and inertia forces at time t. 
Similarly, the equation of motion of the remaining DOFs can be obtained. 
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Consequently, Eq. (5) can be extended for a complete n-DOF nonlinear system as 
follows, 

1)(1)( ××××× = nhLLnh PH θ                                                                                                                     

(6) 

where H = the complete response matrix, θ = the total unknown coefficients, the 
subscript L = the total number of the unknown coefficients, and P = the complete input 
vector which can be expressed as 

[ ]T

htPtPtPP )(...)()( 21=                                                                                                 
(7) 

where [ ]T

knnknkkkkk txmtftxmtftxmtftP )()(...)()()()()( 222111
&&&&&& −−−=  (k = 1, 2, …, h) 

Based on the external excitations and corresponding responses, the unknown 
coefficients shown in Eq. (6) can be obtained by means of any available optimization 
algorithms. For example, the structural parameters θ~ can be estimated by the least-
squares estimation (LSE) as follows, 

PHHH TT 1][
~ −=θ                                                                                                                      

(8) 

A major drawback of the traditional LSE is that it requires all external excitations being 
available. However, in many cases, it is usually difficult to obtain the complete 
excitation measurements. Hence, the coefficients cannot be identified directly by the 
traditional LSE approach. Here, it is assumed that input vector shown in Eq. (7) are 
composed of the known input (PK) and the unknown input (PU) as shown in the 
following equation, 

[ ]T

UK PPP =                                                                                                                             
(9) 

where KKKK xMfP &&−= ; UUUU xMfP &&−= , fK = the known external excitations, fU = the 
unknown external excitations which is not measured, and the subscript K and U = subset 
consisting of the DOFs on which the known excitations are applied, and the DOFs on 
which the unknown excitation are applied, respectively. Consequently, the estimated 
input vectors on the j th iteration are composed of two corresponding parts and shown 
below, 

[ ]Tj
U

j
K

j PPP
~~~ =                                                                                                                        

(10) 

where the symbol ’~’ indicates estimated values, superscript j means the j th iteration, 
and subscript K and U are defined before. Here, an approach, referred to as weighted 
adaptive iterative least-squares estimation with incomplete measured excitations 
(WAILSE-IME), is proposed for simultaneously identifying the coefficients of PSPM 
and the unknown external loadings. During the iteration process, the above estimated 
input matrix shown in Eq. (10) was firstly updated by replacing j

KP
~

 with known input 
PK as shown below 
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[ ]Tj
UK

j PPP
~ˆ =                                                                                                                         

(11) 

where the symbol ’^’ indicates updated values at the j th iteration. Subsequently, in order 
to accelerate the convergence rate, the increment of the estimated unknown external 
excitations at the previous two iterations is employed to re-update the unknown part 
( j

UP
~

) as follows, 
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j PPP =                                                                                                                        
(12) 

where 
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where the symbol ’-’ indicates the re-updated values, andγ is a learning coefficient with 
the value )1,0[∈γ . To prevent the ultra-iteration, the learning coefficient γ employed 
here can be variable values. The estimated unknown excitation time series are getting 
close to the actual values when the iteration process carried out, and the learning 
coefficient can take smaller values accordingly. For simplicity, in this paper, the value 
ofγ is set to be γ /j.  

Furthermore, to improve the efficiency and accuracy of the identified results, a weighted 
positive definite matrix is employed  


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(14) 

where E = identity matrix, and α , β  = weighted coefficients ( ),1[ +∞∈α , ]1,0(∈β ). The 
dimension of Eα and Eβ depends on the dimension of PK and PU defined before, 
respectively. Based on the principle of LSE, the objective function of the estimated 
system is improved by using the weight matrix, and thus the LSE algorithm shown in 
Eq. (8) can be rearranged as 

PWHWHH TT 1][
~ −=θ                                                                                                             

(15) 

The basic concept of the WAILSE-IME can be described in the following steps in 
which the symbol ’~’, ’^’, and ’-’, and superscript j are defined before.  

(a) Build the response matrix H, set the values of weighted coefficients and learning 
coefficient, arbitrarily assign the initial value of the unknown excitation force for all 
time steps, and form the initial input matrix named jP0 ; 

(b) According to Eq. (15) and the re-updated inputsjP0 , estimate the system parameters 
jθ~ ; 

(c) Using the estimated system parametersjθ~  found in step (b), solve for the estimated 

inputs [ ]Tj
U

j
K

j PPP 1,1,1

~~~ = according to Eq. (6); 

(d) Obtain the updated inputs [ ]Tj
UK

j PPP 1,1

~ˆ = according to Eq. (12); 
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(e) If j > 2, based on jP1̂ , obtain jP1 through Eq. (13-14); if 2≤j , it’s unnecessary to re-

update the inputs, hence, let jj PP 11
ˆ=  directly; 

(f) Calculate the error 
101

jjj PPe −= which 
1

•  is 1-norm. If the error is below the 

acceptable threshold, the iteration is complete; otherwise let jj PP 1
1

0 =+ , and repeat steps 
(b) through (e). 

The flowchart of the approach is shown in Figure 1 and helps to illustrate the procedure. 
Since the coefficients of PSPM are determined by the proposed WAILSE-IME 
approach as discussed before, the NRFs of the system can be obtained according to Eq. 
(3). 
 

Input response measurements, 
form matrix H

Estimate the parameters

[ ] 0

1~
PWHWHH TT −=θ

Obtain the estimated inputs       by   

solving Eq. (6) using 

Start

Set the values of     , , and , assume             , 
and form input matrix

0P

)(tfU

No
Check convergence

Stop

Yes

1

~
P

θ~

Obtain the updated inputs      by 
using the known input(s)  

1̂P

KP

Let 10 PP =

β

Get the re-updated inputs       basing 
on the updated inputs  

1P

1̂P

α γ

Input response measurements, 
form matrix H

Estimate the parameters

[ ] 0

1~
PWHWHH TT −=θ

Obtain the estimated inputs       by   

solving Eq. (6) using 

Start

Set the values of     , , and , assume             , 
and form input matrix

0P

)(tfU

NoNo
Check convergence

Stop

Yes

Check convergence

Stop

Yes

1

~
P

θ~

Obtain the updated inputs      by 
using the known input(s)  

1̂P
KP

Let 10 PP =

β

Get the re-updated inputs       basing 
on the updated inputs  

1P

1̂P

α γ

 

Figure 1 Flowchart for iterative approach with incomplete measured excitati 

3 NUMERICAL SIMULATION VALIDATION   

In this study, a 3-DOF numerical model with Duffing oscillator as shown in Figure 2 is 
used to illustrate the accuracy of the proposed approach. Each story of the model is 
associated with one horizontal DOF. In this example, the system parameters are 
assumed to be mi=10Kg, ki=1×104N/m, and ci=50N·s/m (i=1, 2, 3). The coefficient of the 
cube term in the Duffing oscillator is set to be 5×104. The top floor of the structure is 
excited horizontally by a white noise force. The corresponding response time histories 
of the model are obtained by means of the Newmark method (Newmark, 1959). The 
external excitation applied on the 3rd floor is assumed to be unknown after the response 
measurements are calculated. Since there are no forces on the 1st and 2nd floor, the 
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external excitations on these floors are zero which can be considered as known 
information and used for identification.  

Selecting values for the order k+q=3 of the basis functions in Eq. (3) results in the 
following basis including 9 power series, 

Basis = {vi, si, vi
2, visi, si

2, vi
3, vi

2si, visi
2, si

3}                                                                  
(16) 

where vi and si are relative velocity and relative displacement as defined before. The 
weighted coefficients ofα andβ , and learning coefficientγ are set to be 10, 0.1, and 0.8, 
respectively. The total time duration from 0s to 4s with 400 sampling points are used for 
identification. As a practical consideration, some noise is expected in the output 
measurements. Here, the noise level is set to be 5%, which means the standard deviation 
of the random noise is equal to 5% of the corresponding mean value.  

The NRF of the system is expressed by PSPM of which coefficients are identified by 
WAILSE-IME approach. Since each coefficient is determined, the NRF of each floor 
can be easily obtained according to Eq. (3) and shown in the following equations, 

R1,0
non = 1.01×104×s1+49.64×v1-137.34×s1

2+1.68×s1v1-0.12×v1
2-344.16×s1

3 
-40.94×s1

2v1-7.11×s1v1
2+0.14×v1

3                                                      (17a) 

R2,1
non = 1.01×104×s2+49.09×v2-438.18×s2

2+0.35×s2v2+0.15×v2
2+5.56×104×s2

3 
+181.13×s2

2v2+10.23×s2v2
2-0.11×v2

3                                                 (17b) 

R3,2
non = 1.02×104×s3+48.58×v3-86.92×s3

2-1.58×s3v3+0.16×v3
2+4.21×103×s3

3 
+132.43×s3

2v3-7.97×s3v3
2-0.03×v3

3                                                   (17c) 
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Figure 2. 3-DOF numerical model with Duffing oscillator 
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Figure 3. The Duffing oscillator force: (a) on the 1st floor; (2) on the 2nd floor; (3) on the 
3rd floor 
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Figure 4. The comparison of the external excitation on the 3rd floor 

The NRF is equal to the summation of the elastic restoring force, the damping effects of 
the structure, and the nonlinear member force. Consequently, in practice, it’s usually 
difficult to validate the accuracy of the identified NRFs directly because it is impossible 
to measure the restoring force. However, it’s possible to obtain the nonlinear member 
force to validate the identified NRFs to some extent. In this example, the nonlinear 
member force is the force provided by Duffing oscillator, which can be determined by 
subtracting the linear elastic restoring force and damping force provided by the structure 
itself from the identified total restoring force. The nonlinear member force for each 
floor of the structure is shown in Figure 3. In order to evaluate the accuracy of the 
identified restoring force, the simulated restoring force determined by its numerical 
model is also shown in Figure 3. Note that for clarity of comparison, different scale of 
y-axis is chosen in Figure 3.  

It can be seen from Figure 3 that the nonlinear member forces on the 1st and 3rd floor are 
relative small and close to zero by comparing with the restoring force on the 2nd floor. 
Consequently, it is easy to conclude that the nonlinear member should be located on the 
2nd floor, and the 1st and 3rd floor of the system behave linearly which match the real 
situation very well. Furthermore, it’s obvious that the identified nonlinear member force 
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has good agreement with the simulated one from Figure 3(b). These findings mean the 
nonlinearity of the system can be accurately located and the extent of the nonlinear 
performance can be determined quantitatively by the proposed approach with excellent 
accuracy.  

Moreover, based on the proposed method, the unknown excitations can also be 
identified for the example given. The identified excitations on the 3rd floor of the 
numerical model when the response is polluted by 5% noise is plotted in Figure 4 as 
solid curves, whereas the dashed curve is the corresponding actual excitation force for 
comparison. For clarity, only a segment from 1 sec to 2 sec is presented, and the relative 
error between the identified excitation and the actual one in percentage is also shown in 
Figure 4. Here, the relative error is defined as follows, 

010(%) ×
−

=
ac

acid

F

FF
Error                                                                                                          

(18) 

where Fid means the identified external excitation, and Fac means the actual external 
excitation. It’s clear from Figure 4 that the identified excitation has good agreement 
with the actual one even the response measurements is contaminated by 5% noise. 

4 CONCLUSIONS 

In this study, a combination of the PSPM and WAILSE-IME approach is proposed to 
represent and identify the NRF of nonlinear system as well as the unknown dynamic 
loadings. The feasibility and robustness of the proposed method is validated via a 3-
DOF numerical system incorporating Duffing oscillator. Results show that the proposed 
approach is capable of simultaneously identifying the NRF and the unknown inputs, and 
provides a promising way for the analysis of nonlinearity and evaluation of damage 
severity of engineering structures. 
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