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ABSTRACT: Traditional model updating of large-scad&ructures is usually time
consuming because the global structural model neetle repeatedly re-analyzed as a
whole to match the global measurements. This pppaposes forward and inverse
substructuring methods for the model updating @jdescale structures.

In the forward substructuring approach, the anadytmodel of the global structure is
partitioned into independent substructures. Eatistsucture is analyzed independently
to obtain its designated eigensolutions, which hent assembled to recover the
eigensolutions and eigensensitivity of the glotaldure by imposing constraints at the
interfaces. Within each iteration of model updatiogly the modified substructures are
re-analyzed and assembled with other untouchedtrsghses to calculate the

eigensolutions and eigensensitivity of the glokdalickure. The eigensolutions of the
global structure are compared with the experimem@asurement for model updating
purposes.

In the inverse substructuring approach, the expartal properties of the global
structure are disassembled into the substructie=ibflity matrices by satisfying the
constraints at the interfaces. Afterwards, eaclstsutture is treated as an independent
structure. The analytical model of each substrectis updated to match the
substructural flexibility matrix extracted from theeasurement.

Both of the proposed substructuring methods areodstrated through a laboratory-
tested frame structure. The artificial damage i®aed successfully, and the damage
severity identified from the forward and inversdsucturing methods are consistent.
Both substructuring methods are effective in magbelating and damage identification.
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ABSTRACT: Traditional model updating of large-scaé&uctures is usually time
consuming because the global structural model neetle repeatedly re-analyzed as a
whole to match the global measurements. A forwardssucturing method and an
inverse substructuring method are proposed inghpger for model updating of large-
scale structures. In the forward substructuringr@ggh, the analytical model of the
global structure is partitioned into substructuré&ach substructure is analyzed
independently and assembled to recover the eiggimod and eigensensitivity of the
global structure by imposing constraints at theriiaices. Within each iteration of model
updating, only the modified substructures are r@yaed and assembled with other
untouched substructures to assemble the eigermmduand eigensensitivity of the
global structure. The eigensolutions of the globmucture are compared with the
experimental measurement for model updating pugpdsethe inverse substructuring
approach, the experimental properties of the glghalcture are disassembled into the
substructural flexibility matrices by satisfying ethconstraints at the interfaces.
Afterwards, each substructure is treated as anperient structure. The analytical
model of the substructure is updated to match thestsuctural flexibility matrix
extracted from the measurement. Both of the prapaséstructuring methods are
demonstrated through a laboratory-tested framectsiret The artificial damage is
detected successfully, and the damage severityifigéeinfrom the forward and inverse
substructuring methods are consistent. Both sutisting methods are effective in
model updating and damage identification.

1 INTRODUCTION

In vibration-based model updating, the finite elem@E) model is iteratively modified
to ensure that its vibration properties optimakypnoduce the measured counterparts
(Mottershead and Friswell, 1993). The FE model dbrmge-scale structure usually
comprises a large number of degrees of freedom E)CEhd many uncertain
parameters, which make the conventional model upglatethod expensive in terms of
computation time and computer memory (Bakir et24Q7).
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The substructuring approach is potentially effitienthe model updating of large-scale
structures and related applications (Weng et &092 Xia et al., 2010). First, as the
global structure is replaced by smaller and mor@ageable substructures, analyzing
the small system matrices is much easier and qui@exond, substructuring methods
not only allow for the identification of local partbut also reduce the number of
uncertain parameters and alleviate the ill-condipeoblem. Finally, in practical testing,

experimental instrument can be saved if it is nemgsto measure the local area
corresponding to the concerned substructures.

Forward and inverse substructuring methods aregsep in this paper for model
updating and damage identification. In the forwamabstructuring approach, the
substructures of the analytical global model aralyamed independently and are
assembled to recover the eigensolutions for theajlstructure by imposing constraints
at the interfaces. Afterwards, the eigensolutiond &igensensitivity of the global
structure are used for model updating (Weng eR@ll,1a). In the inverse substructuring
method, the experimental properties of the glolalcture are disassembled into the
substructure level by satisfying the constraintthatinterfaces. Once the substructural
properties are extracted, model updating is perdorion the substructure concerned by
treating it as an independent structure (Weng .et28l11b). In the next section, the
forward and inverse substructuring methods wildiszussed and will be demonstrated
through a laboratory-tested frame structure.

2 FORWARD SUBSTRUCTURING METHOD

2.1 Eigensolutions

In the forward substructuring method, the substmatt eigensolutions and
eigensensitivity are calculated and assembled twmvex the eigensolutions and
eigensensitivity of the global structure. The gloMucture withN DOFs is divided
into Ns substructures. Treating thigh substructure of® DOFs [=1, 2, ...,Ng) as an
independent structure, it had pairs of eigenvalues and elgenvectors as (Wermd et
2009):

AV =Diag AV A, A |, @ =[ @4, ) |, (=1, 2, ....Ng) (1)
Based on the principle of virtual work and geoneetompatibility, the substructuring

method reconstructs the eigensolutions of the ¢ilstibacture by imposing constraints at
the interfaces

AP=Al -T|[z]_|O
= ollz] |o (2)
F=[C<I)p] AP = Dlag[ 1) A ) ,A(NS):I’ PP = D|ag|:(I)(l) ,(I)(Z) ,...,(I)(NS):I (3)

where C is a rectangular connection matrix constraining thterface DOFs of the
adjacent substructures to move jointly, is the eigenvalue of the global structuze,
acts as the participation factor of the substrattargenmodes, the eigenvectors of the
global structure can be recovered @y ®°{z} , and superscrigt denotes the diagonal
assembly of the substructural matrices, represgritie primitive matrices before the
independent substructures are constrained.

From the viewpoint of energy conservation, all medéthe substructures contribute to
the eigenmodes of the global structure, i.e., tenplete eigensolutions of all
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substructures are needed to assemble the prinfétive of AP and®P. Calculating all
modes of the substructures is inefficient, as anlfew eigenmodes are generally of
interest for a large-scale structure. In this rdg#ne eigenmodes of each substructure
are classified as either ‘master variables (lowewdes) or ‘slave’ variables (higher
modes). Only the master modes are calculated terdde the eigenequation of the
global structure, whereas the slave modes arerdesd¢and compensated with the first-
order residual flexibility. From here on, subscsipt ands will denote the ‘master’ and
‘slave’ modes, respectively.

Denoting T, =[C<I>§]T, T, =[C®§T, the eigenequation (Eq. (2)) is re-written acaogdi
to the master and slave modes as

AP =l 0 -T, |(z,] (O
0  AP-Al -I |iz. ;=40 (4)
-, -T 0 ||« 0

By expressing the slave part in terms of the ma&tgables and retaining only the first
item of the Taylor expansion, (A?-11) T, =T (A?)"T,, Eq. (4) is simplified into

[(Ap-71,)+T,¢7T] |2, =0 (5)

where ¢=T7] (A;’)_lrs is associated with the first-order residual fléiyp that can be

calculated using the master modes of the substegc{@Weng et al., 2009). The size of
the reduced eigenequation (Eq. (5)) is equal tonthmeber of the retained master modes,
which is much smaller than the original one of &).

2.2  Eigensensitivity

The eigensensitivity of thé&h mode =1, 2, ..., N) with respect to an elemental
parameter will be derived in this section. The eatal parameter chosen is the
stiffness parameter, such as the bending rigidityao element, and denoted as
parameter in the Rth substructure. Differentiating Eq. (5) with respto parameter
leads to (Xia et al., 2010)

ofa) ATy ©)

As [(Ah-Al,)+T,¢rT ]| is symmetric, pre-multiplyindz}™ on both sides of Eq. (6)

[(Ap=A1,)+TcTT ]

gives the eigenvalue derivative of iitle mode

9 7| OAP a(rmc‘lr;)
= ) m ) 7
ar { Zl} [ ar + ar { ZI} ( )
where
0 (F o ) or.. ac or’
m m - m ~— FT -T -1 —1FT r -1 m 8
or or m ™ € or ¢ In*hn¢ or (8)

ar,

P
In this equation, the derivative matricé’éa.\ﬂ, , and ‘;—C are formed using the
r r

eigenvalue derivatives, eigenvector derivatives] eesidual flexibility derivatives of
the substructures. As the substructures are indiepénthese derivative matrices are
calculated within thdth substructure solely, whereas those in othertsudiares are
Zeros.
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Regarding Eq. (5), the eigenvectors of the globralcture are recovered by =@’z .
Hence, the eigenvector derivative of tttemode is obtained as

0D, _0D] 0z,
—__ 1 = ml- (1 P g
a or {z}+ m{ar} ©)
p
In Eq. (9), a;l:m is associated with the eigenvector derivativethefRth substructure.

{%} can be calculated from Eg. (5) following Nelsonisthod (Nelson, 1976; Xia et

al., 2010).

In model updating, the substructure-based eigetisnki are compared with the
experimental frequencies and modes shapes to foenmobjective function, and the
eigensensitivity is used to indicate the searchiimgction of the optimization (Bakir et
al., 2007).

3 INVERSE SUBSTRUCTURING METHOD

In the inverse substructuring method, the globadahadata are disassembled into
substructural flexibility matrices, based on whithe substructures are updated
independently. LetXg} denote the nodal displacement vector of the dlsbacture and
{fg} the external force vector. The primitive forms thie substructural displacements
and forces are associated with the global displac¢iend force vectors as

e} =reigh [T {re {1} (10)
whereLP is the geometric operator and is determined byg#wmetric relation between
the substructures and the global structure (Werd,2011b).

The displacement of an independent substructuréeamritten as a superposition of its
deformational and rigid body motions

{x?} =F*{t°}+Rr?{a"} (11)
Where{ f p} is the force imposed on the independent substestiAs an independent

structure, a substructure is loaded by the extdoraé and the connecting force from
the adjacent substructures as

(=T ) {1} +cin ={f}+c( (12)
where{f,} = ([LP]T)+{ f,}=C*{f,}, andL" :([Lp]T)+iS the generalized inverse E)lf."]T .

Considering Egs. (12) and (11), the global disptzmat can be expressed by the
substructural variables as

{ul =[] e[ T e () soln) <[0T R} =) (13)
Eq. (13) will be used to relate substructural fiélily matrix F? and global flexibility
matrix Fq, provided that{s} and {a’} are known. The force and displacement

compatibilities will be used to solve the two vaites:
1) The primitive forms of the rigid body modes dncces satisfy the force equilibrium
compatibility equation (Alvin and Park, 1999)

[RPT {1} ={0) (14)

2) Matrix C bears the displacement compatibility
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c’{x"} ={q} (15)
As long as{r} and{ap} are solved, Eq. (13) is expressed as
[} =[C°] (F* -FPHF? -F"K (F, - FIK LF? +F, ) L7{ £, } (16)

Fr =Rp([Rp]T KcRp)_l[RpJT , H=K¢ -KRK¢, K =CR’C

As a result, the global flexibility matrix is exg®ed by the substructural flexibility
matrices:

LPFg[LP]T =FP -FPK .Fy —FLKLF" —FPHF® +F, (17)
In Eq. (17), substructural flexibility matric€&8 contribute to global flexibility matris,
implicitly. An iterative scheme is required to oint&” (Weng et al., 2010, 2011b).

For a free substructure, the generalized substalcfiexibility extracted from the
measurement is contributed by both the rigid bodyg aeformational modes. An
orthogonal projector is required to remove thedrigopdy modes and thus extract the
modal flexibility of a free substructure (Felippaa.,1998; Weng et al., 2011b). The
substructural flexibility matrix extracted from tlgdobal flexibility and that calculated
from the analytical substructural model are norpeali with the orthogonal projector
and compared for the model updating purposes.

In the inverse substructuring method, the subsitrattflexibility matrices inFP are
independent. The flexibility matrices of all sulostures can be simultaneously
extracted from the global flexibility, or those @fie or more specific substructures only
can be separately extracted. In the former, theajlstructure needs to be measured and
the substructural flexibility matrices of all theibstructures can be simultaneously
obtained at the points corresponding to the meddbf@Fs. In the latter, only the local
area of the substructures concerned need to beunsdas the experiment, and the
flexibility matrices of the concerned substructuaes extracted. The flexibility matrices
of other substructures of the analytical modelused.

4 LABORATORY FRAME STRUCTURE

The effectiveness of the forward and inverse subgiring methods in model updating
and damage identification is examined using a klooy-tested steel frame structure.
The dimensions of the frame are shown in Figurg afa Figure 1(b). The cross-
section of the beam is 50:08.8 mnf and that of the columns is 50<04.4 mnf. The
mass density of the steel is 7.8710° kg/n. The analytical model of the frame is
composed of 44 nodes and 45 elements, and eackrél&00 mm in length as shown
in Figure 1(c). In the experimental testing, theederometers are arranged at the nodes
to measure the translational vibration. The anedytimodel is first updated in the
undamaged state. The refined model is subsequesely for damage identification. In
the undamaged state, the Young’s moduli of all ¥Bnents are updated, with initial
values of 10" Pa. The global structure is divided into threessulztures, which are
labeled in Figure 1(c). Accordingly, there are lgdating parameters in the first
substructure, 15 in the second, and 13 in the.third

Using the forward substructuring method, the f88tmodes in each substructure are
chosen as the master modes to calculate the firsiggnsolutions and eigensensitivities
of the global structure. During the model updatprgcess, the eigensolutions and
eigensensitivities calculated with the forward subxguring method are compared with
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the 14 frequencies and mode shapes measured irexjperiment. The updating

parameters of the analytical model are tuned iteslgt to match the measured

frequencies and mode shapes. Figure 2(a) repartstitfiness reduction factor (SRF)
values of the three substructures after updatihg. model improved in the undamaged
state is used for damage identification.

Two damage configurations are introduced in then&aln the first damage case, the
column of the first storey is cut at 180 mm awagnirthe support (Figure 1(b)). The

width of the cut i9= 10 mm and its deptth= 15 mm. Subsequently, the second storey
is cut at 750 mm from the support with a widthbef 10 mm and @p@@ﬁ@ﬁ‘
* (6] (7 (&) o
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Figure 1. Laboratory-tested frame structure.
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In the first damage configuration, the cut is lechin the first substructure only. The 17

elemental parameters in Substructure 1 are adjtigtedsure that the analytical modal

data of the global structure match the measuredahata. In each iteration, only the

first substructure is re-analyzed and assembleld thié second and third substructures,
which remain unchanged throughout the whole prodessalculate the eigensolutions

of the global structure. The substructural eigesiieity matrices with respect to the 17

parameters are calculated for the first substrecsately, whereas those in the second
and third substructures are zero-matrix. The ifiedtiSRF values are shown in Figure

3(a). Element 2 has an obvious reduction in st#nevhich agrees with the location of

the cut in the experiment.

In the second damage configuration, the two cugsl@cated in the first and second
substructures, respectively. Consequently, thet fasd second substructures are
updated, whereas the third substructure remainhamged. The SRF values are
presented in Figure 4(a). In the figure, Elemeint the first substructure and Element 2
in the second substructure have significant SRRiegal The identified locations
coincide with the cuts in the experiment. The SRElement 2 in the first storey is
approximately -23%, similar to that identified hetfirst damage configuration, because
this cut is unchanged in the two damage configomnati
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Figure 2. SRF values of the three substructurésarundamaged state
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Figure 3. SRF values of the first damage configonaffirst substructure)

SRF

SRF

(a) Forward substructuring method

0.3
-0.1
0O 2 4 6 8 10 12 14 16
Element
First substructure
-0.5
-0.3
-0.1]

0 2 4 6 8 10 12 14
Element

Second substructure

SRF

SRF

-0.5

-0.3

0.3
-0.1
0 2 4 6 8 10 12 14

0 2 4 6 8 10 12 14 16
Element

First substructure

Element
Second substructure
(b) Inverse subsiring method

Figure 4. SRF values of the second damage configara

For comparison, the inverse substructuring metlo@pplied for damage detection
using the same measurement data. In the undamtagedtbe global flexibility matrix

is formulated from the 14 pairs of measured natiremjuencies and mode shapes. The
flexibility matrices of the three substructures axtracted simultaneously and are used
as the bases in independently adjusting the ugglpanameters of the three sub-models
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in the undamaged state. Figure 2(b) shows the SRkes of the three substructures
after updating. The refined sub-models are subsdlyuesed for damage identification.

In the first damage case, only the local measurémvéhin the first storey is required
because the cut is located in the first storeyngsine proposed substructuring method,
only the flexibility matrix of the first substruate is extracted. The first substructure is
updated independently to reproduce the extractbstictural flexibility matrix. Figure
3(b) shows the SRF values of the 17 elements afpelating. Element 2 shows a
significant reduction in stiffness, indicating thecation of the cut in the experiment.
The identified damage location and severity aressbant with those obtained by the
forward substructuring method.

In the second damage configuration, artificial cats located in the first and second
substructures. The frequencies and mode shapesiredas the first and second stories
are used to form the global flexibility matrix frowhich the flexibility matrices of the
first and second substructures are simultaneoudhpaaed. The analytical sub-models
of the first and second substructures are sepgrapelated to recover the experimental
counterparts. Figure 4(b) shows that after updatimg SRF value of Element 2 in the
first substructure is about —20% and that of Elen#Zm the second substructure is —
25%. The identified damage location and severigyamsistent with those obtained by
the forward substructuring method. Both the forwamadd inverse substructuring
methods are effective in model updating and dandgsification.

5 CONCLUSION

A forward substructuring method and an inverse tsubtiring method are proposed in
this paper for model updating and damage identiéioa In the forward substructure-
based model updating, the analytical eigensolutminsubstructures are assembled to
calculate the eigensolutions of the global strigtand to match the experimental data
in an optimal way. In the inverse substructuringhod, the experimental modal data
measured on the global structure are disassembtedthe flexibility matrices of the
substructures. The concerned substructure is updatdreating it as an independent
structure. Both substructuring methods are effectiv model updating and damage
identification of a laboratory-tested frame struetu
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