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ABSTRACT: Traditional model updating of large-scale structures is usually time 
consuming because the global structural model needs to be repeatedly re-analyzed as a 
whole to match the global measurements. This paper proposes forward and inverse 
substructuring methods for the model updating of large-scale structures. 

In the forward substructuring approach, the analytical model of the global structure is 
partitioned into independent substructures. Each substructure is analyzed independently 
to obtain its designated eigensolutions, which is then assembled to recover the 
eigensolutions and eigensensitivity of the global structure by imposing constraints at the 
interfaces. Within each iteration of model updating, only the modified substructures are 
re-analyzed and assembled with other untouched substructures to calculate the 
eigensolutions and eigensensitivity of the global structure. The eigensolutions of the 
global structure are compared with the experimental measurement for model updating 
purposes. 

In the inverse substructuring approach, the experimental properties of the global 
structure are disassembled into the substructural flexibility matrices by satisfying the 
constraints at the interfaces. Afterwards, each substructure is treated as an independent 
structure. The analytical model of each substructure is updated to match the 
substructural flexibility matrix extracted from the measurement. 

Both of the proposed substructuring methods are demonstrated through a laboratory-
tested frame structure. The artificial damage is detected successfully, and the damage 
severity identified from the forward and inverse substructuring methods are consistent. 
Both substructuring methods are effective in model updating and damage identification. 
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ABSTRACT: Traditional model updating of large-scale structures is usually time 
consuming because the global structural model needs to be repeatedly re-analyzed as a 
whole to match the global measurements. A forward substructuring method and an 
inverse substructuring method are proposed in this paper for model updating of large-
scale structures. In the forward substructuring approach, the analytical model of the 
global structure is partitioned into substructures. Each substructure is analyzed 
independently and assembled to recover the eigensolutions and eigensensitivity of the 
global structure by imposing constraints at the interfaces. Within each iteration of model 
updating, only the modified substructures are re-analyzed and assembled with other 
untouched substructures to assemble the eigensolutions and eigensensitivity of the 
global structure. The eigensolutions of the global structure are compared with the 
experimental measurement for model updating purposes. In the inverse substructuring 
approach, the experimental properties of the global structure are disassembled into the 
substructural flexibility matrices by satisfying the constraints at the interfaces. 
Afterwards, each substructure is treated as an independent structure. The analytical 
model of the substructure is updated to match the substructural flexibility matrix 
extracted from the measurement. Both of the proposed substructuring methods are 
demonstrated through a laboratory-tested frame structure. The artificial damage is 
detected successfully, and the damage severity identified from the forward and inverse 
substructuring methods are consistent. Both substructuring methods are effective in 
model updating and damage identification. 

 

 

1 INTRODUCTION 
In vibration-based model updating, the finite element (FE) model is iteratively modified 
to ensure that its vibration properties optimally reproduce the measured counterparts 
(Mottershead and Friswell, 1993). The FE model of a large-scale structure usually 
comprises a large number of degrees of freedom (DOFs) and many uncertain 
parameters, which make the conventional model updating method expensive in terms of 
computation time and computer memory (Bakir et al., 2007). 
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The substructuring approach is potentially efficient in the model updating of large-scale 
structures and related applications (Weng et al., 2009; Xia et al., 2010). First, as the 
global structure is replaced by smaller and more manageable substructures, analyzing 
the small system matrices is much easier and quicker. Second, substructuring methods 
not only allow for the identification of local parts, but also reduce the number of 
uncertain parameters and alleviate the ill-condition problem. Finally, in practical testing, 
experimental instrument can be saved if it is necessary to measure the local area 
corresponding to the concerned substructures. 

Forward and inverse substructuring methods are proposed in this paper for model 
updating and damage identification. In the forward substructuring approach, the 
substructures of the analytical global model are analyzed independently and are 
assembled to recover the eigensolutions for the global structure by imposing constraints 
at the interfaces. Afterwards, the eigensolutions and eigensensitivity of the global 
structure are used for model updating (Weng et al., 2011a). In the inverse substructuring 
method, the experimental properties of the global structure are disassembled into the 
substructure level by satisfying the constraints at the interfaces. Once the substructural 
properties are extracted, model updating is performed on the substructure concerned by 
treating it as an independent structure (Weng et al., 2011b). In the next section, the 
forward and inverse substructuring methods will be discussed and will be demonstrated 
through a laboratory-tested frame structure. 

2 FORWARD SUBSTRUCTURING METHOD 

2.1 Eigensolutions 
In the forward substructuring method, the substructural eigensolutions and 
eigensensitivity are calculated and assembled to recover the eigensolutions and 
eigensensitivity of the global structure. The global structure with N DOFs is divided 
into NS substructures. Treating the jth substructure of n(j) DOFs (j=1, 2, …, NS) as an 
independent structure, it has n(j) pairs of eigenvalues and eigenvectors as (Weng et al., 
2009): 

 
( ) ( ) ( )

( )
( )

1 2Diag , ,..., j

j j j j

n
λ λ λ =  Λ , ( ) ( ) ( )

( )
( )

1 2, ,..., j

j j j j

n
φ φ φ =  Φ , (j=1, 2, …, NS) (1) 

Based on the principle of virtual work and geometric compatibility, the substructuring 
method reconstructs the eigensolutions of the global structure by imposing constraints at 
the interfaces 
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(2) 

 

Tp =  Γ CΦ , ( ) ( ) ( )1 2Diag , ,..., SNp  =  Λ Λ Λ Λ , ( ) ( ) ( )1 2Diag , ,..., SNp  =  Φ Φ Φ Φ

 
(3) 

where C is a rectangular connection matrix constraining the interface DOFs of the 
adjacent substructures to move jointly, λ  is the eigenvalue of the global structure, z 
acts as the participation factor of the substructural eigenmodes, the eigenvectors of the 
global structure can be recovered by { }p=Φ Φ z , and superscript p denotes the diagonal 

assembly of the substructural matrices, representing the primitive matrices before the 
independent substructures are constrained. 

From the viewpoint of energy conservation, all modes of the substructures contribute to 
the eigenmodes of the global structure, i.e., the complete eigensolutions of all 
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substructures are needed to assemble the primitive form of Λp and Φp. Calculating all 
modes of the substructures is inefficient, as only a few eigenmodes are generally of 
interest for a large-scale structure. In this regard, the eigenmodes of each substructure 
are classified as either ‘master’ variables (lower modes) or ‘slave’ variables (higher 
modes). Only the master modes are calculated to assemble the eigenequation of the 
global structure, whereas the slave modes are discarded and compensated with the first-
order residual flexibility. From here on, subscripts m and s will denote the ‘master’ and 
‘slave’ modes, respectively. 

Denoting 
Tp

m m =  Γ CΦ , 
Tp

s s =  Γ CΦ , the eigenequation (Eq. (2)) is re-written according 

to the master and slave modes as 

 

p
m m m

p
s s s

T T
m s τ

λ
λ

 − −    
     − − =    

    − −     

Λ I 0 Γ z 0

0 Λ I Γ z 0
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By expressing the slave part in terms of the master variables and retaining only the first 

item of the Taylor expansion ( ) ( )1 1T p T p
s s s s s sλ

− −
− ≈Γ Λ I Γ Γ Λ Γ , Eq. (4) is simplified into
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where ( ) 1T p
s s sς

−
= Γ Λ Γ  is associated with the first-order residual flexibility that can be 

calculated using the master modes of the substructures (Weng et al., 2009). The size of 
the reduced eigenequation (Eq. (5)) is equal to the number of the retained master modes, 
which is much smaller than the original one of Eq. (2). 

2.2 Eigensensitivity 

The eigensensitivity of the ith mode (i=1, 2, …, N) with respect to an elemental 
parameter will be derived in this section. The elemental parameter chosen is the 
stiffness parameter, such as the bending rigidity of an element, and denoted as 
parameter r in the Rth substructure. Differentiating Eq. (5) with respect to parameter r 
leads to (Xia et al., 2010) 
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As ( ) 1p T
m i m m mλ ς − − + Λ I Γ Γ  is symmetric, pre-multiplying { }T

iz  on both sides of Eq. (6) 

gives the eigenvalue derivative of the ith mode 
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In this equation, the derivative matrices 
p
m

r

∂
∂
Λ , m

r

∂
∂
Γ

, and 
r

ς∂
∂

 are formed using the 

eigenvalue derivatives, eigenvector derivatives, and residual flexibility derivatives of 
the substructures. As the substructures are independent, these derivative matrices are 
calculated within the Rth substructure solely, whereas those in other substructures are 
zeros. 



5th International Conference on 
Structural Health Monitoring of Intelligent Infrastructure (SHMII-5) 2011 
11-15 December 2011, Cancún, México 
 
 

- 5 - 

Regarding Eq. (5), the eigenvectors of the global structure are recovered by p
m m=Φ Φ z . 

Hence, the eigenvector derivative of the ith mode is obtained as 

 
{ }
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pi m i

i mr r r

∂ ∂ ∂ = +  ∂ ∂ ∂ 

Φ Φ z
z Φ

 
(9) 

In Eq. (9), 
p
m

r

∂
∂
Φ  is associated with the eigenvector derivatives of the Rth substructure. 

i

r

∂ 
 ∂ 

z  can be calculated from Eq. (5) following Nelson’s method (Nelson, 1976; Xia et 

al., 2010). 

In model updating, the substructure-based eigensolutions are compared with the 
experimental frequencies and modes shapes to form the objective function, and the 
eigensensitivity is used to indicate the searching direction of the optimization (Bakir et 
al., 2007). 

3 INVERSE SUBSTRUCTURING METHOD 

In the inverse substructuring method, the global modal data are disassembled into 
substructural flexibility matrices, based on which the substructures are updated 
independently. Let {xg} denote the nodal displacement vector of the global structure and 
{ fg} the external force vector. The primitive forms of the substructural displacements 
and forces are associated with the global displacement and force vectors as 

 { } { }p p
gx x= L , { } { }Tp p

gf f  = L
 

(10) 

where Lp is the geometric operator and is determined by the geometric relation between 
the substructures and the global structure (Weng et al., 2011b). 

The displacement of an independent substructure can be written as a superposition of its 
deformational and rigid body motions 
 { } { } { }p p p p px f α= +F R  (11) 

where { }pf  is the force imposed on the independent substructures. As an independent 

structure, a substructure is loaded by the external force and the connecting force from 
the adjacent substructures as 

 { } ( ) { } { } { } { }Tp p
g gf f fτ τ

+

 = + = + L C C
(

 (12) 

where { } ( ) { } { }Tp p
g g gf f f

+

 = = L L
( (

, and ( )Tp p
+

 =  L L
(

is the generalized inverse of 
Tp  L . 

Considering Eqs. (12) and (11), the global displacement can be expressed by the 
substructural variables as 

 { } { } { } { }( ) { }T Tp p p p p p p
g gx x f τ α

+
    = = + +     L L F C L R

(( ( { }g gf= F  (13) 

Eq. (13) will be used to relate substructural flexibility matrix pF  and global flexibility 
matrix Fg, provided that { }τ  and { }pα  are known. The force and displacement 

compatibilities will be used to solve the two variables: 
1) The primitive forms of the rigid body modes and forces satisfy the force equilibrium 
compatibility equation (Alvin and Park, 1999) 

 { } { }Tp pf  = R 0  (14) 

2) Matrix C bears the displacement compatibility 
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{ } { }T px =C 0

 
(15) 

As long as { }τ  and { }pα  are solved, Eq. (13) is expressed as 

 
{ } ( ) { }Tp p p p p T T p p

g C R R C R gx f = − − − + L F F HF F K F F K F F L
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As a result, the global flexibility matrix is expressed by the substructural flexibility 
matrices: 

 
Tp p p p T T p p p

g C R R C R  = − − − + L F L F F K F F K F F HF F  (17) 

In Eq. (17), substructural flexibility matrices Fp contribute to global flexibility matrix Fg 
implicitly. An iterative scheme is required to obtain Fp (Weng et al., 2010, 2011b). 

For a free substructure, the generalized substructural flexibility extracted from the 
measurement is contributed by both the rigid body and deformational modes. An 
orthogonal projector is required to remove the rigid body modes and thus extract the 
modal flexibility of a free substructure (Felippa et al.,1998; Weng et al., 2011b). The 
substructural flexibility matrix extracted from the global flexibility and that calculated 
from the analytical substructural model are normalized with the orthogonal projector 
and compared for the model updating purposes. 

In the inverse substructuring method, the substructural flexibility matrices in Fp are 
independent. The flexibility matrices of all substructures can be simultaneously 
extracted from the global flexibility, or those of one or more specific substructures only 
can be separately extracted. In the former, the global structure needs to be measured and 
the substructural flexibility matrices of all the substructures can be simultaneously 
obtained at the points corresponding to the measured DOFs. In the latter, only the local 
area of the substructures concerned need to be measured in the experiment, and the 
flexibility matrices of the concerned substructures are extracted. The flexibility matrices 
of other substructures of the analytical model are used. 

4 LABORATORY FRAME STRUCTURE 

The effectiveness of the forward and inverse substructuring methods in model updating 
and damage identification is examined using a laboratory-tested steel frame structure. 
The dimensions of the frame are shown in Figure 1(a) and Figure 1(b). The cross-
section of the beam is 50.0 × 8.8 mm2 and that of the columns is 50.0 × 4.4 mm2. The 
mass density of the steel is 7.67 × 103 kg/m3. The analytical model of the frame is 
composed of 44 nodes and 45 elements, and each element is 100 mm in length as shown 
in Figure 1(c). In the experimental testing, the accelerometers are arranged at the nodes 
to measure the translational vibration. The analytical model is first updated in the 
undamaged state. The refined model is subsequently used for damage identification. In 
the undamaged state, the Young’s moduli of all 45 elements are updated, with initial 
values of 2×1011 Pa. The global structure is divided into three substructures, which are 
labeled in Figure 1(c). Accordingly, there are 17 updating parameters in the first 
substructure, 15 in the second, and 13 in the third. 

Using the forward substructuring method, the first 30 modes in each substructure are 
chosen as the master modes to calculate the first 25 eigensolutions and eigensensitivities 
of the global structure. During the model updating process, the eigensolutions and 
eigensensitivities calculated with the forward substructuring method are compared with 
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the 14 frequencies and mode shapes measured in the experiment. The updating 
parameters of the analytical model are tuned iteratively to match the measured 
frequencies and mode shapes. Figure 2(a) reports the stiffness reduction factor (SRF) 
values of the three substructures after updating. The model improved in the undamaged 
state is used for damage identification. 

Two damage configurations are introduced in the frame. In the first damage case, the 
column of the first storey is cut at 180 mm away from the support (Figure 1(b)). The 
width of the cut is b = 10 mm and its depth d = 15 mm. Subsequently, the second storey 
is cut at 750 mm from the support with a width of b = 10 mm and depth of d = 15 mm. 
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(a) Experimental specimen                              (b) Configurations                                       
(c) Analytical model 
Figure 1. Laboratory-tested frame structure. 

In the first damage configuration, the cut is located in the first substructure only. The 17 
elemental parameters in Substructure 1 are adjusted to ensure that the analytical modal 
data of the global structure match the measured modal data. In each iteration, only the 
first substructure is re-analyzed and assembled with the second and third substructures, 
which remain unchanged throughout the whole process, to calculate the eigensolutions 
of the global structure. The substructural eigensensitivity matrices with respect to the 17 
parameters are calculated for the first substructure solely, whereas those in the second 
and third substructures are zero-matrix. The identified SRF values are shown in Figure 
3(a). Element 2 has an obvious reduction in stiffness, which agrees with the location of 
the cut in the experiment. 

In the second damage configuration, the two cuts are located in the first and second 
substructures, respectively. Consequently, the first and second substructures are 
updated, whereas the third substructure remains unchanged. The SRF values are 
presented in Figure 4(a). In the figure, Element 2 in the first substructure and Element 2 
in the second substructure have significant SRF values. The identified locations 
coincide with the cuts in the experiment. The SRF of Element 2 in the first storey is 
approximately -23%, similar to that identified in the first damage configuration, because 
this cut is unchanged in the two damage configurations. 
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(a) Forward substructuring method (b) Inverse substructuring method 
Figure 2. SRF values of the three substructures in the undamaged state 
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(a) Forward substructuring method (b) Inverse substructuring method 

Figure 3. SRF values of the first damage configuration (first substructure) 
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(a) Forward substructuring method (b) Inverse substructuring method 
Figure 4. SRF values of the second damage configuration 

For comparison, the inverse substructuring method is applied for damage detection 
using the same measurement data. In the undamaged state, the global flexibility matrix 
is formulated from the 14 pairs of measured natural frequencies and mode shapes. The 
flexibility matrices of the three substructures are extracted simultaneously and are used 
as the bases in independently adjusting the updating parameters of the three sub-models 
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in the undamaged state. Figure 2(b) shows the SRF values of the three substructures 
after updating. The refined sub-models are subsequently used for damage identification. 

In the first damage case, only the local measurement within the first storey is required 
because the cut is located in the first storey. Using the proposed substructuring method, 
only the flexibility matrix of the first substructure is extracted. The first substructure is 
updated independently to reproduce the extracted substructural flexibility matrix. Figure 
3(b) shows the SRF values of the 17 elements after updating. Element 2 shows a 
significant reduction in stiffness, indicating the location of the cut in the experiment. 
The identified damage location and severity are consistent with those obtained by the 
forward substructuring method. 

In the second damage configuration, artificial cuts are located in the first and second 
substructures. The frequencies and mode shapes measured in the first and second stories 
are used to form the global flexibility matrix from which the flexibility matrices of the 
first and second substructures are simultaneously extracted. The analytical sub-models 
of the first and second substructures are separately updated to recover the experimental 
counterparts. Figure 4(b) shows that after updating, the SRF value of Element 2 in the 
first substructure is about –20% and that of Element 2 in the second substructure is –
25%. The identified damage location and severity are consistent with those obtained by 
the forward substructuring method. Both the forward and inverse substructuring 
methods are effective in model updating and damage identification. 

5 CONCLUSION 

A forward substructuring method and an inverse substructuring method are proposed in 
this paper for model updating and damage identification. In the forward substructure-
based model updating, the analytical eigensolutions of substructures are assembled to 
calculate the eigensolutions of the global structure, and to match the experimental data 
in an optimal way. In the inverse substructuring method, the experimental modal data 
measured on the global structure are disassembled into the flexibility matrices of the 
substructures. The concerned substructure is updated by treating it as an independent 
structure. Both substructuring methods are effective in model updating and damage 
identification of a laboratory-tested frame structure. 
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