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Measurement-system design is a critical aspect of system identification through 
monitoring, especially when data are recorded over long periods. Too often, too much 
data are acquired, thus hindering interpretation. Rational data interpretation may involve 
identification of sets of candidate behavior models using an error-domain approach. The 
general idea behind error-domain identification is to generate a space of possible model 
instances (initial model set); obtain predictions for each of them; and then reject 
instances having high residual between prediction and measurements. Rejection occurs 
when the observed residual is outside of threshold values that are calculated by 
combining modelling and measurement uncertainties. 

This paper studies the influence of using different measurement configurations on the 
number of expected candidate models for static load tests. The methodology proposed 
supports measurement-system design while accounting for uncertainties and 
dependencies in both modelling and measurement. Using this methodology to design 
measurement systems may lead to cost reductions when compared with traditional 
designs. Over-instrumenting may not only unjustifiably increase monitoring costs; it 
may also decrease the efficiency of structural identification. 
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ABSTRACT: Measurement-system design is a critical aspect of system identification 
through monitoring, especially when data are recorded over a long periods. Too often, 
too much data are acquired, thus hindering interpretation. Rational data interpretation 
may involve identification of sets of candidate behavior models. This paper studies the 
influence of using different measurement configurations on the number of expected 
candidate models for static load tests. This leads to a probability-based methodology 
that provides optimized measurement systems and includes uncertainties in its 
calculations. Using this methodology to design measurement systems may lead to cost 
reductions when compared with traditional designs. Over-instrumenting may not only 
unjustifiably increase monitoring costs; it may also decrease the efficiency of structural 
identification.  

1 INTRODUCTION 

Identifying and understanding the behavior of civil structures using measurement data is 
a challenging topic. Much progress has been achieved in the field of structural 
identification due to a better understanding of uncertainties, improvement in sensor 
technologies, and reductions in costs. However, data interpretation remains a bottleneck. 
Too often too much data are acquired, thus hindering interpretation. This challenge 
often becomes critical when data is recorded over long periods.  

There is a need to determine which measurements are useful in order to better 
understand the behavior of a structure. Robert-Nicoud et al. (2005) proposed a multi-
model approach combined with an entropy-based (Shannon and Weaver 1949) sensor 
placement methodology. The application of the methodology by Kripakaran and Smith 
(2009) to bridge structures showed that there is a saturation in the amount of useful 
information that one measures. At some point, adding sensors does not reduce the 
number of models that are able to explain measured behavior. This methodology is 
however incomplete. First, it does not include dependencies that can be present between 
uncertainties. This makes that threshold bounds are kept constant no matter how many 
measurements are used. Secondly, this approach only shows what is the worst case for a 
given sensor configuration.  

In the field of structural engineering, the concept of entropy-based sensor placement 
was also explored by Papadimitriou (2004; 2005). Its application to dynamic systems 
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also showed saturation in the information available as sensors were added. Many other 
researchers (Cherng 2003; Kammer 2005; Meo and Zumpano 2005; Kang, Li et al. 
2008; Liu, Gao et al. 2008) have tried to maximize the amount of information contained 
in dynamic monitoring signals. Sensor placement is an active field of research in 
domains such as water distribution networks (Krause and Guestrin 2009) and traffic 
monitoring (Liu and Danczyk 2009). These approaches do not account for uncertainties 
except for noise in some cases.  

This paper builds upon previous research by the authors in the area of sensor placement. 
The influence of using different measurement configurations on the number of expected 
candidate models is studied. A probability-based methodology is proposed for designing 
optimal measurement systems while accounting for uncertainties is proposed. Section 2 
contains a summary of previous research. Section 3, describes a methodology that 
proposed optimized combinations of measurement systems. Results of a case study are 
presented in Section 4.  

2 PREVIOUS WORK 

Error-domain identification builds upon more than a decade of research. The idea of 
multiple model structural identification was proposed by Raphael and Smith (1998) and 
enhanced since (Robert-Nicoud, Raphael et al. 2005; Smith and Saitta 2008; Goulet, 
Kripakaran et al. 2010). Recent developments include a probabilistic framework for 
error-domain identification that makes it suitable for investigations where uncertainty 
dependencies are present between measurement locations and types. These 
dependencies may however, not necessarily be known.  

2.1 Error-domain structural identification 

Error-domain identification was proposed by Goulet and Smith (2011) to overcome the 
limitations of approaches such as Bayesian inference that rely on correct evaluation of 
correlation between uncertainties. The general idea behind error-domain identification is 
to generate a space of possible model instances (initial model set, IMS); obtain 
predictions for each of them; and then reject instances based on the observed residuals 
between prediction and measurements. Rejection occurs when the observed residual is 
outside of threshold values that are calculated by combining modeling and measurement 
uncertainties. Uncertainties are understood here as the probabilistic description of error 
outcomes. If the difference between predicted and measured value lies within the 
threshold lower and upper bounds, a model instance is considered as a candidate model 
(CM). If it lies outside the threshold bounds, it is a rejected model. 

When threshold bounds are calculated through combining uncertainties related to 
modeling and measuring processes, these bounds include a probability content 
corresponding to φ1/N. The constant φ is the target reliability of identification and N the 
number of measurements used. Every time a sensor is added, threshold bounds increases 
for selected sensors. This keeps constant the overall target reliability, φ. Threshold 
bounds that are defined in this way provide conservative results for any level of 
dependencies between uncertainties. 

2.2 Expected identifiability 

The notion of expected identifiability was proposed by Goulet and Smith (2010). It is 
used to quantify, prior to measure a structure, by how much the number of candidate 
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model should be reduced under given test conditions (specified sensor configuration and 
load-cases). To do that, simulated measurements are generated by summing the 
predictions of a model instance with random samples taken in uncertainty distributions 
of models and measurements. Simulated measurements are used as real measurements 
to filter models from the initial model set. By generating several thousand instances of 
simulated measurements, probabilistic distributions can be computed to describe the 
expected number of candidate models that would be filtered under given sensor 
configurations and load cases. 

The results are presented as a cumulative distribution function (CDF) showing the 
probability of obtaining any number of expected candidate models (eCM) if 
measurements are taken on the structure. An example of such a plot is shown in Figure 
1. The number of eCM that should be obtained with a 50% and 95% (eCM(50%) and 
eCM(95%)) certainty is extracted from the CDF. It represents the maximal number of 
candidate models one is likely to obtain (after rejecting models from the initial set of 
models) when measurement are taken on the structure.  

 

Figure 1 - Example of the relation between probability and candidate model set size for 
a given measurement system 

Taking measurements under such conditions is likely to contribute in improving the 
understanding of the structure behavior. For the example presented in Figure 1, if 
measurements are taken on the structure, there is a probability of 95% of obtaining less 
than 1400 candidate models (starting from an initial set of 5,000). 

3 MEASUREMENT SYSTEM DESIGN METHODOLOGY 

Previous work explored the expected identifiability of a measurement and load 
configuration. This paper proposes to extend this approach in order to design 
measurement systems. The expected identifiability is computed for several 
measurement and load configurations. Users provide potential sensor types locations on 
the structure and load cases.  

3.1 Objective Functions 

The performance of a measurement system is based on two objective functions, the 
number of expected candidate models and the load-test cost. 
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3.1.1 Number of Expected Candidate Models 

The result obtained from the computation of the expected identifiability is used to 
quantify the performance of possible measurement systems and load configurations. For 
each configuration tested the expected number of models for a probability of 50% is 
used (eCM(50%); see Figure 1). The eCM(50%) value represents the most likely 
number of candidate models if the measurements are performed. 

3.1.2 Load-Test Costs 

Load-test costs are computed in order to compare measurement configurations with 
respect to financial constraints. Load-test costs are composed from the sensor purchase 
and installation costs, and the loading costs (e.g. weighed truck rental). In many cases 
these fees are time dependent. For example, weighed truck rental, and optical leveling 
measurements (operated by external professionals) are charged per hour. The objective 
function used here is the sum of the costs associated with time dependent cost (TC) per 
unit of time (t) and fixed costs (FC). 

Costs = TC × t + FC (1) 

This cost function is defined to suit the case study presented in this paper. Any user 
defined objective cost function may be used instead. 

3.2 Optimal Solutions 

In order to find optimized sensor and load configurations, the approach iteratively 
selects measurement configurations from the potential sensors and load-cases initially 
provided by the user. This process can be enhanced by various optimization algorithms 
in order to overcome the challenges associated with the exponential complexity of the 
search space. When either every sensor and load-case combinations have been tested, or 
when sufficiently optimal solutions are obtained or when the analysis is stopped due to 
time constraints, solutions are filtered in order to obtain the optimal Pareto front.  

3.3 Decision Making 

Based on the optimal solutions obtained, a graph is provided to support decision-
making. This graph relates the load-test costs to the number of expected candidate 
models. The decision related to the choice of the most appropriate measurement system 
may be taken considering the financial resources available. It also helps determine 
whether or not measuring the structure will be useful in reducing the number of 
candidate models. In the case where the expected identifiability (eId) is poor (i.e. too 
many expected candidate models) users may review the initial inputs. In case where 
many Pareto-optimal solutions are available, multi-criteria decision methodologies such 
as PROMETHEE (Brans and Mareschal 2005; Behzadian, Kazemzadeh et al. 2010) can 
support user decisions.  

Additional sensor types and locations may be provided to increase the value of eId. 
Alternatively, uncertainties may be reduced by, for example, using a more accurate 
model, by providing sensors having a higher sensitivity and by measuring other 
parameters. 
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4 EXAMPLE  

An illustrative example is provided to demonstrate the applicability of the method. The 
simply supported beam presented in Figure 2 is either loaded by a local force at its mid-
span or simultaneously at quarter and three quarter span. The beam is made from a steel 
beam on which lies a thick slab. The entire width of the slab is assumed to participate to 
the flexural stiffness of the beam. It is also assumed that both are acting in a fully 
composite manner. The overall dimensions are 1000mm wide by 1000mm high by 
10000mm long. The height of the slab is 200mm, the thickness of the web is 15mm and 
20mm for its flanges. Six measurements are acquired: the vertical displacement at 
2500mm (UY_2500), 5000mm (UY_5000) and 7500 mm (UY_7500) from the 
abutment and the rotation around the transverse axis at the support (ROTZ_0000), at 
1750mm (ROTZ_1750) and at 3500 mm (ROTZ_3500) from the support. For this case, 
10,000 simulations are used in the initial model set (IMS). The parameters to identify 
are the Young’s modulus of the beam (E_BEAM), the modulus of the slab (E_SALB), 
and the magnitude of the applied load (Q). Note that for both load cases, the same total 
load is applied. 

 

Figure 2 - Simply supported composite beam  

Uncertainties associated with model predictions and measurements are presented in 
Table 1. Uncertainties are divided into two categories according to their distributions. 
Sensor resolution, modeling simplifications, mesh refinement and additional 
uncertainties are described by an extended uniform distribution having a β value of 0.3. 
The extended uniform distribution (EUD) accounts for inexact knowledge related to the 
position of the bounds in uniform distributions. In this distribution, the uncertainty on 
the position of the bounds is a fraction (β) of the upstream uncertainty (Goulet and 
Smith 2011). The uncertainty on the repeatability of measurements and the variation in 
the geometrical properties of the section are described by normal distributions. 
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Table 1 - Composite beam uncertainties  

Uncertainty source 
EUD distribution 
Displacement Rotation 
unit min max unit min max 

Sensor resolution mm -0.50 0.50 µrad -2 2 
Model simplification % -3 3 % -3 3 
Mesh refinement % -1 0 % -1 0 
Additional uncertainties % -1 1 % -1 1 
 Normal distribution 
 Unit mean std 
Repeatability mm/µrad 0 0.01/10 
Web thickness mm 0 1 
Flange thickness mm 0 1 
Slab thickness mm 0 1 

For every uncertainty source except sensor resolution, the correlation between the 
uncertainties of two predictions is taken to be 0.9. The uncertainty in sensor resolution 
is assumed to be independent of measurement location. These correlations and 
uncertainties are fixed using engineering judgment for the purpose of illustration. The 
correlation between load cases is taken to be 0.95. This is based on the principle that if 
an error is present when simulating using a given load-case, it is likely that it is also 
present when using a different one. These correlations are used for the purpose of 
generating realistic simulated measurements and are not used in the model filtering 
process. Measurement system costs are provided in Table 2. This table provides the cost 
associated with loading and with sensor types.  

Table 2 - Measurement system costs for composite test beam 

Source 
Hourly 
costs ($) 

Fixed 
costs ($) 

Loading 400 400 
Rotation sensors 0 2000 
Displacement sensors 1000 2000 

For load case number one a single load is used. Two are used for load-case two. Each 
load case is expected to take two hours.  

From the six sensors and two load-cases, 256 measurement configurations are possible. 
Testing 256 configurations takes a few minutes on a regular desktop computer. 
Therefore, each possible combination is tested.  

Each evaluation of a measurement configuration returns a cumulative distribution 
function linking a probability of occurrence to a number of expected candidate models 
(eCM). Figure 3 shows the optimal front of sensor and load-case configurations. The 
horizontal axis corresponds to the expected number of rejected candidate models and 
the vertical axis to the load-test costs. The lower horizontal line corresponds to the cost 
of using the cheapest measurement configuration. Each circle is the optimal 
measurement configuration for a given cost.  
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Figure 3 – Optimized measurement systems as a function of costs and the percentage 
expected number of rejected models  

The cheapest measurement system rejects less than 70% of models included in the 
initial model set. Numerical solutions defining the Pareto-optimal front and are shown 
by circles in Figure 3. These solutions converge toward an optimal number of rejected 
models at low cost. Other non-Pareto-optimal solutions are represented by a solid dot. 
For these solutions adding sensors decreases the expected number of rejected candidate 
models. The sensor configurations associated with the results presented in Figure 3 are 
provided in Table 3. In this Table a cross “x” indicates when a sensor or a load-case is 
selected. The cost and number of expected models are reported in the header. 

Table 3 – Solutions for composite beam measurement-system design 

Sensor Pareto Non Pareto 
Cost ($) 3200 5200 8000 10000 22000 24000 28000 
Expected 
CM 

3110 2720 2567 2308 2327 2342 2359 

UY_2500       x x x x 
UY_5000 

  
x x x x x 

UY_7500 x 
 

x x x  x x 
ROTZ_0000 

      
x 

ROTZ_1750 
 

x 
  

x x x 
ROTZ_3500         x x x 
Load-case 1 x x x x x x x 
Load-case 2      x x x x x 

From these results it appears that the optimal result (for engineering purposes) is 
achieved using three displacement measurements and two load-cases. This measurement 
configuration costs $10000 and approximately 2308 models are expected. This is a cost 
saving of more than 60% compared to the situation where every sensor and load-case is 
used. In terms of expected performance, measurements should reduce the initial model 
set by more than 75%. This indicates that measurements are likely to be useful and that 
these can be performed at a limited cost.  
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For solutions having a cost higher than Pareto solutions (solid dots), any increase in 
costs either results in the same number of expected rejected models or even decreases it. 
This is explained by the threshold definition presented in Section 2.1. Every time an 
additional sensor is used, the threshold bounds are widened in order to maintain 
constant probabilities. Therefore, if the number of models filtered by adding a sensor is 
less than the additional number of models accepted after threshold adjustment, the 
performance decreases.  

The additional challenge of redundancy and duplication of sensors for system 
robustness also has to be considered in order to obtain reliable measurement systems. 
Studies are ongoing to apply this approach to the design of a measurement system for a 
full-scale structure.  

5 CONCLUSIONS 

The methodology proposed supports measurement-system design while accounting for 
uncertainties and dependencies in both the model and the measurements. Using the 
approach to design measurement systems may lead to important cost reductions when 
compared with traditional designs. Over-instrumentation does not ensure that efficient 
data interpretation is achievable. Over-instrumenting may not only unjustifiably 
increase monitoring costs; it may also decrease the efficiency of structural 
identification. 
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