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Abstract

In this study, dynamic response of a simply sumgabkieam in cracked and undamaged
states under excitation of a moving load are ingattd. By finding the natural
frequencies and mode shapes of the beam, modahsrpatheory is applied to
determine the deflection. The original contributiointhis study is in normalizing the
response of the undamaged beam in such a waydfiattibn would be independent of
beam parameters such as material and geometricpkmies. In the case of singly
cracked beam, crack is modeled as a rotationatgpvhich connects the two segments
of the beam. After normalizing the deflection, iecomes evident that the beam
deflection is significantly affected by crack sizmd location. Hence, this study
concludes in usefulness of the method for damatgcten of beams. Also, the study
extends to find the needed number of mode shapéseimodal expansion theory to
determine the dynamic response of the singly cihtieam.

Keywords. mode shapes, eigen-value, damage detection, crdekaan, moving load,
dynamic response, modal expansion

1. Introduction

Appearing of crack is the first stage of fatigudui@ that in many cases is the major
source (cause) of catastrophic failure of strustufeor this reason, there has been
growing interest in studying the dynamic behavidr avacked components and
structures through vibration analysis. Presenceratk in a structure changes its local
flexibility and hence causes change in its dynamgponse. Behavior of railway tracks
and bridges is modeled as a beam subjected to amgmad by many researchers such
as Cheng et al (2001), Garinei & Risitano(2008),ng/at al (2003), Vostroukhov &
Metrikine (2003), Sieffert et al (2006),etc. Scspense of cracked structures subject to
excitation of moving load could be recognized agméeresting issue in the literatures.
The dynamic response of a beam with a single-saladk under a moving load was
investigated by Lee and Ng (1994). Parhi and Be(#081) studied the response of the
cracked cantilever beam subjected to a moving méagdahmoud (2001) studied the
effect of a crack on the response of a simply sttpddbeam which was excited by a
moving load. Mahmoud and Abu Zeid (2002) studigdasinic response of a beam with
a crack subject to a moving mass. Lin and Chan@gp0btained dynamic response of
a cracked cantilever beam due to a moving load.

In this study, dynamic response of a simply summbkteam in cracked and undamaged
states under excitation of a moving load are ingattd. By finding the natural
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frequencies and mode shapes of the beam, modah&rpatheory is applied to
determine the deflection. The original contributiointhis study is in normalizing the
response of the undamaged beam in such a waydflattibn would be independent of
beam parameters such as material and geometriopkmies. In the case of singly
cracked beam, crack is modeled as a rotationatgpvhich connects the two segments
of the beam. After normalizing the deflection, iecomes evident that the beam
deflection is significantly affected by crack sizmd location. Hence, this study
concludes in usefulness of the method for damatgctien of beams. Also, the study
extends to find the needed number of mode shapéseimodal expansion theory to
determine the dynamic response of the singly cibleam.

2. Theoretical model

A simply supported cracked beam as shown in Figd & lengthl, longitudinally

uniform rectangular cross section of heighand widthb with a crack of depthi
located atc, is under the excitation of a concentrated movaagllwith magnitude of;
and a constant speed B5f It is assumed that the beam is an Euler-Bernaultiwo
segments joined by a rotational spring. The dafiaadf the beam is denoted By(x,t)
for two intervals of i=1 for0 < x < x, and i=2 fox, <x <1 .The equation of

deflective motion for each segment is:
54}’:‘ (x,t) 52}’:' (x,t) .
Toxr PATe T Rikmve

=1,2 (1)

El

Where E, p, A andl are Young’s modulus, density, cross sectional anreamoment of
inertia of the beam, respectivelg, is the magnitude of a force which travels along the
beam with a constant speed ofd/is denoted as the Dirac delta function. The bounda

conditions of this sirr_)ply supported beam are: )
v(0,t) =0, v,(0,t) =0, w(Lt) =0, v,(Lt)

0 (2)

The compatibility equation at the location of crask
y(x,,t)

=y (xpt) (3a)
¥s (x,,t)

=y, (x,t) (3b)
¥z (x,8)

= yy (x,,t) (3¢)
¥ (g 8) — ¥y (x, )

= hf(a)y,(x.,t) (3d)
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Where, f(a,) is the non-dimensional cracked beam sectionalifilty, which is a
function of the crack size and for a single-sidedrocrack can be defined according to
Tada et al (1985):
fla,) =2 (1 =t ) (593 — 19.69a, + 37.14a,” — 35.64a,’

—a,

+13.12a,*) (4)
Where,a, = d/h is a non-dimensional crack to depth ratio.

5
E
d ' T’%
= i ; -
l
Fig.1. Cracked simply supported beam under exeitatf a moving load
3. Eigen-value and mode shape analysis
In order to find the natural frequencies and mathapes of cracked beam, homogenous
solution to equation (1) is found by letting thed® term to be zero.
A I AC3 0 .
axt PO a2 T '

=1,2 (5)
Using the method of separation of variables yields:
¥ (x,t) = W, (ijg(tj i

=1,2 (6)
Substituting equation (6) into equation (5) yields:
d*u,(x) _ g8 diw, Ex] —0 ;

dax* dx*

=1,2 (7)
Where:
,14
_pP4
T (8)

The solution of equation (7) is:
w;(x) = 4, sin(Ax) + B; cos(Ax) + C, sinh(Ax)

+ D, cosh(1x) =12 (9)
There are 9 parameters in equation 9 that mustur®df which are4,,4,,..,D,,D,,4 .

These parameters can be found by 4 boundary consligiven in equations (2) and 4
compatibility conditions given by equations (3ag)(3and following equation called
normalizing equation of mode shape as:
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=Gy, (10)

Fig. 2a represents comparison between mode shépbe simply supported beam in
undamaged and in singly cracked state. As is shadka,difference between mode
shapes is obvious when a crack is largedi/&.> 05). Also the sharp change in the
mode shapes of cracked beam at the location ok cat be clearly seen (located in the
circles). However as shown in Fig. 2b, when crack moderately large,
(i.,e.d/h = 025), the difference is negligible and sharp changth@élocation of crack
is not clear.
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Fig 2. Comparison between 4 first mode shapeswblyi supported beam in
undamaged and singly cracked state fr=5 = 40 mm, [ = 700 mm,
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x, = 350 mm and crack depth ratio of

a)d/h=05b) d/h= 025
4. Forced response analysis
Using the modal expansion theory, the forced respoy(x, t) of the system can be
expressed as:

a ]

y@ﬂ=2mﬂﬁ

a ]

=) wy(an(® (11)
N=1
Where,w, (x) is N-th eigen-function of the cracked beam in ¢igug9) andqg,(t) is

N-th generalized coordinate. Substituting equatidi) into equation(1), and
multiplying both sides of the above equation -ﬁ:ry(x] and integrating from O ta

yields:

qy(t) = qu(0)sin(wyt) + g (0)

N

cos(wyt)

-I-wiJ(rsin[wﬁ[t—r])F[r]m“[Vr]dr Oﬂtﬂ% (12)

N
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. G (0)
qn(t) = qn(0)sin(wyt) + :d cos(wyt)
N
1 (7 l
+— sin[cuh- (t—1) )F(T:)H{.,'; (Vr)dr — =<t (13)
wy J, Vv
Where:
0x(0) = [ payy G Ow,()dx 4y(0)
0
P9y, (x,0)

In this study, the initial displacement and velpcis zero i.e.g,(0)=0 and

g, (0) = 0. Assumingr(t) = —F,, yieldsq,(z) is as:

—F _ _
qf-;[tj = = X [HL*JI1|:;E CmfaH;E) 0<t
Wy
< x, Is
£ (150)

g
) T= T= = = =
qu(t) = S (“lm Iil,—g + Cinlal—g +f12,ﬁifl|::%: + Bzﬁfﬂz:%: T Conls |::-'%|:

N
T=1t
+ sz"ilrd-lr:'%l:}

Xe

— =t
V

I
<t (15b)

Where:
I, = J sin(wy(t —1))sin(AVv)dr , L

= J sin(wy(t = 1)) cos(AVT)dr
I = J sin(wy(t —7))sinh(AVr)dr , I,

= J siﬂ[wﬁ (t — t]) cosh(AVT)dr (16)

In the special case of undamaged beam under th@texe of moving load4, ,, = 4,

when other coefficients are zero, the responsausd as follows:
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] Nl , . Nalm
2F, Nmxy 1 (T] sin(wyt) — wy sin (Tt]
vix,t) =— Siﬂ( )— — 0<t
pAl Lo I Jwy, (N?IV)" o,
N= —l Culpr
< ! 17
= (17a)
y(x, 1)
Ny . Nl N [
2F, Z:c: | (Nﬂx) L (T)sm (wpt) — (T) (—1)"sin (CUN (t - ?)) ]
= — sin — — —
pAl L I/ wy Ny 2 5 V
N=1 (T} —
<t (17b)
Where w,, is N-th natural frequency of undamaged simply sufgal beam which is
N z 'E .
equal tow,, = (—] |'—A .As can be seen from equaticfis7a) and (175), there are
4 A
many parameters which affect the beam deflectioordler to generalize our study, we
try to choose the velocity in such a way that tkeeponse of the beam become
independent of beam parameters. We deffjng as:
Vraf
i fm o
1 lpa
‘M‘G
And also we consider:
X
V=aV,; ,£=I B
V't

= (20)

Where = is an arbitrary velocity coefficient ang is called non-dimensional time

coefficient which varies from 0 to 1 as the loadsges along the beam. After
mathematical manipulations, and normalizing thded@ibn by static deflection of the
beam at mid span caused by a constant [yaelxerted on the middle of the undamaged

simply supported beam, i.eF( L%/48E1 ), equation (17a) changes to:

= L 2_2B8Y .
v(x, ) = ; Z Sm(h’m?;)% (Nﬂ,’j'glﬂ (N;I ;x) sin(Nwf5) oo
M=1 (E) _1

<1 (21)
In the above equation, the normalized deflectioa pbint of relative distance from

the left support of the beam is only a functiontlud velocity coefficientz, the non-
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dimensional time coefficienfi and mode shape number used to approximate the
solution N. So the response of undamaged beam is indepenti&stam parameters.

This holds in the case of cracked beam with a gggaoximation. So, this idea can be
applied to the case of cracked beam to generdtieestudy of the response. This is
favorably declared that the response is mainlycédfit by crack size and location which
is our favorite goal.

5. Validation of modeling

As a validation to this study, we suppose a simgpported cracked beam with
h=1m, b=05m, d/h=05,1=50m, p=7860kg/m?®, E=21ell

Deflection of beam at mid span versus the positibmoving load for two speeds of
V=5 andVv = 40m/s IS depicted in Fig. 4. The lateral displacemdnthe beam is

normalized by dividing it by static deflection dfet beam due to a constant lateral load
F, applied at the middle of the undamaged simply supgd beam, which is equal

to F, L*/48EIl The horizontal axes in Fig.4 shows the normaljzlede of moving load

which is equal to/t/l. This figure is the same as figure representddahmoud (2001)
which demonstrates the accuracy of the present imode

LR e AR ERERRRREE RRRREEE ooy
: : Intact beam v=5m/s : : : ,;

i | — — Intant beam v=40mis /
: dh=0.5 v=5mis : } v
| — — dh=D.5 v=a0m/iz : : L

Mormalized deflection at the mid point of the beam

Fig. 3.Normalized deflection of mid span vs. plaéenoving load
6. A discussion on the number of required modeagproximation
The forced responses of the system are obtainagsiog modal expansion theory for
equation (11). Three cases were considered: pladsment at /4 , b) displacement

at mid span x=1/2 and c) displacement of moving load= vt . In order to

generalize the study, the authors used the norm@lirechnique reported in the
previous section. The displacement of cases adlxamder the excitation velocities of
a =0.01,0.1,05,1,0.97 .were investigated. (Note that the valie= = corresponds

to critical speed which is well known in literatarg In all cases, the parameters are set
at consideredh = b =40 mm, E =2.06e11N/m? p=7800ksg/m*® and

d/h= 05, x_=1/2 =350 mm. As asample, the responses at velocities 6f0.01
and @ = 097 are depicted in Fig 4. From these figures théowahg results are

obtained: a) for all cases, the first mode shapmminant ,b) The first mode shape is
enough to approximate the displacement of mid sygtnhigh accuracy, and c) the first
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two modes satisfies displacement accuracy of afitpan the beam except mid span,
where only first mode is enough. For other valuestdhe same results were obtained.

n4- ]

g g

Il m

= =

& w 0.5

= =

£ £

o i)

: B

oy B

o =

a b=l

2 g

T = r

E £

2 3
15 1 1 L L 1 1 1 1 1
] 01 02 03 04 05 06 07 0B 09

il
0.z 0sr

[=]
[=]

[=1

ra
T
e

=
I
=
o

=1
m

=1
o

o

T
Mormalized displacement at mid span

Normalized displacement at mid span

]
T
)

02r

o

=
P

s 5 06
m  m B

Mormalized displacement of moving load (=)

Mormalized displacement of moving load

L
L L L L ! o 01 0.2 03 04 05 068 07 oe 0o 1

) L L 1 1

1.6 I L L I T
o 01 02 03 0.4 0.5 06 07 08 09 1 it/
widl
aa = 0.01 b.a =097

Fig 4. The convergence study of a simply supported cracked beam.the paramters ar
b = 40 mm,
E = 2.06e11N/m? p = 7800 kg/m?® andd/h = 0.5, x_, =1/2 = 350 mm.

7. Conclusion
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Dynamic response of cracked and intact beams uhéeexcitation of a moving load
was investigated. After finding the natural freqexerand mode shapes of the beam,
modal expansion theory was applied to find the bdeaftection. Beam deflection under
various speeds of excitation up to critical spead mvestigated. It was also found that
for all cases, the first mode is dominant. Also firet mode is enough to approximate
the displacement of mid span with high accuracyapproximate the displacement of
other points of the beam and also displacementayimg load, only the first two modes
are enough.

Another main contribution of this study was duatwmalizing the response of beam in
such a way that in the case of undamaged beamdinmemsional deflection is
independent of beam material and geometrical ptiggenn the case of cracked beam,
after normalizing, the deflection will be less atisd by beam parameters and
significantly is affected by crack size and locati&o, this normalization will be useful
for damage detection of beams.
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