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This paper presents a Hilbert transform method for the time-varying system 
identification of high-rise buildings with limited sensor deployments in combination 
with an observer technique and a branch-and-bound technique. The observer technique 
is introduced to estimate building responses from the limited measurements. This 
estimation depends upon the current/damaged condition of buildings to be identified. As 
such, the branch-and-bound technique is proposed to detect the locations and severities 
of damage and prevent a false positive identification of building structures. 

Specially, for an n-story shear-type building with l measurements (l≤n), the responses of 
other stories without measurements can be estimated from the first r mode shapes (r≤l) 
of the building and the l number of measurements. The measured/estimated responses 
and their Hilbert transforms are then used to simultaneously track the variation of both 
stiffness and damping coefficients of the building over time. Given floor masses, the 
stiffness and damping coefficients can be identified sequentially from the top to bottom 
story of the building. As the variation of building parameters is detected, the first r 
mode shapes are updated. The branch-and-bound technique is used to develop potential 
damage scenarios and pinpoint the damage scenario that minimizes a global error index 
of stiffness and damping coefficients while limiting the local error of each story into 
less than a predetermined threshold. 

A 60-story shear building with abruptly varying stiffness at multiple stories is used as an 
example. The numerical results indicate that the proposed method can accurately detect 
locations and variations of the parameters of the building with limited sensor 
deployments at appropriate locations. Additional research indicated insignificant effects 
of noise and successful detections of damage at adjacent stories. 
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ABSTRACT: This paper presents a Hilbert transform method for the time-varying 
property identification of high-rise buildings with limited sensor deployments in 
combination with an observer technique and a branch-and-bound technique. The 
observer technique is introduced to estimate building responses from the limited 
measurements. This estimation depends upon the current/damaged condition of 
buildings to be identified. As such, the branch-and-bound technique is used to develop 
potential damage scenarios and pinpoint the specific damage scenario that minimizes a 
global error index of stiffness and damping coefficients while limiting the local error of 
each story into less than a predetermined threshold. A 60-story shear building with 
abruptly varying stiffness at multiple stories is used as an example. Numerical results 
indicate that the proposed method can accurately detect locations and variations of the 
structural properties of the building with limited sensors deployed at appropriate 
locations. Additional research indicated insignificant effects of noise and successful 
detections of damage at adjacent stories.  

 

1 INTRODUCTION 

The property of engineering structures often changes over time when subjected to 
extreme loads. For example, the stiffness and boundary conditions of a building or a 
bridge under earthquakes, hurricanes and tornados may vary rapidly or slowly. 
Structural identification for time varying properties can help engineers rapidly and 
accurately assess the condition of a structure and detect structural damage in a cost-
effective manner. 

Time-varying parameter identification from dynamic responses has received wide 
attentions in recent years. Various techniques proposed in the literature include the 
adaptive tracking method [e.g. Smyth & Masri (2002), Lin et al. (2001), Yang & Lin 
(2005)], wavelet transform method [e.g. Ghanem & Romeo (2000), Zhao et al. (2001)], 
and Hilbert transform approach [e.g. Shi & Law (2007), Shi et al. (2009)]. Hilbert 
spectral analysis with empirical mode decomposition (EMD), referred to as Hilbert-
Huang Transform (HHT), is an efficient and powerful signal analysis method that has 
recently been applied to structural identification for time-varying single-degree-of-
freedom (SDOF) and multi-degree-of-freedom (MDOF) systems [e.g. Yang et al. (1999, 
2003)]. Although powerful in extracting the properties of nonlinear and non-stationary 
dynamic responses, HHT faces a challenge in identifying physical parameters such as 
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the stiffness and damping coefficients of an MDOF system. Attempt has been made by 
a few investigators to identify time-varying stiffness and damping coefficients. With the 
HHT method, Shi et al. (2009) used force vibration responses to identify the time-
varying properties of linear systems. They studied three time-varying cases of stiffness 
and damping: smoothly, abruptly and periodically. Their numerical results demonstrated 
that the HHT method is effective in tracking the variations of SDOF systems but 
inaccurate for MDOF systems since intrinsic mode functions (IMFs) were not 
orthogonal at each time step.  

Although having successfully been applied into low-rise MDOF buildings, Hilbert 
transform or HHT still faces a challenge in parameter identification of large-scale 
structures such as high-rise buildings with limited sensor deployments. The method 
presented by Shi et al. (2007, 2009) requires the availability of all floors’ responses in 
order to detect stiffness variations and locations. However, for high-rise buildings, it is 
too expensive to install sensors on all floors and is often unnecessary to measure a 
complete set of responses for system identification. For a practical structural health 
monitoring system, it is desirable to install a few sensors and measure limited responses. 
Therefore, a system identification or damage detection methodology using incomplete 
measurements is quite necessary to advance the implementation of structural health 
monitoring technologies. Recently, least-squares estimation [e.g. Yang & Huang (2007), 
Huang et al. (2010)], extended Kalman filter [e.g. Yang et al. (2007)], and neural 
networks [e.g. Xu (2006), Xu & Chen (2005)] have been developed to track structural 
parameter variations or damage using incomplete measurements. 

In this paper, a new Hilbert transform method enhanced by an observer technique and a 
branch-and-bound technique is proposed for the time-varying property identification of 
large-scale shear-type buildings with limited sensor deployments. Observer technique is 
introduced to estimate a complete set of building responses from the limited 
measurements. Any variation of the structural parameters of a high-rise shear-type 
building can be tracked from the measured and estimated responses as well as their 
Hilbert transform one story at a time from the top to bottom story sequentially. Branch-
and-bound technique is used to develop potential damage scenarios and pinpoint the 
damage scenario that minimizes a global error index while limiting the local error of 
each story into less than a predetermined threshold value. 

2 A HILBERT TRANSFORM METHOD FOR MULTI-STORY SHEAR 
BUILDINGS  

For a linear n degree-of-freedom (DOF) system with time-varying parameters, the 
equation of motion can be written as: 

                                                                      
(1) 

where , , and  are time-varying mass, damping, and stiffness matrices, 

respectively;  is the external load vector;  is the displacement vector. In this 
study, mass is considered to be constant. 

The Hilbert transform of both sides of Equation (1) leads to: 
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(2) 

in which  represents the Hilbert transform of the function inside the square bracket. 

When change slowly in comparison with the building velocity and 
displacement, the Bedrosian’s theorem [Stefan (1996)] can be applied to the second and 
third terms of Equation (2). That is, 

,                                           
(3) 

Then, Equation (2) becomes: 

                                                    
(4) 

By introducing an analytic signal of , Equations (1) and (4) can 
be combined into: 

                                                                      
(5) 

where  is the analytic signal of the external load vector. 

For a shear-type building as schematically shown in Figure 1, interval damping and 
stiffness coefficients are to be identified. In this case, the damping and stiffness matrices 
in Equation (5) can be rearranged into two vectors: 

, and                   
(6) 
 

 

Figure 1. Multi-story shear building. 

The rearranged form of Equation (5) can be written into: 
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(7) 

For an n-story building, Equation (7) contains 2n equations for the evaluation of 2n 
time-varying parameters at any time instant t. The coefficient matrix and the right-hand 
side of Equation (7) are detailed in Equation (8) after t has been dropped for brevity: 

 , 

 

                                                                                                    

(8) 

Considering the banded diagonal coefficient matrices in Equation (8), Equation (7) can 
be solved with a recursive algorithm to expedite the solution process. When 
accelerometers are deployed at all floors, the floor velocities and displacements can be 
evaluated by single and double integrations of the measured accelerations. Therefore, 
the two algebraic equations in Equation (7) for the real and imaginary components of 
responses associated with the top story of the building can be solved simultaneously to 

determine  and  at each time instant t, similar to an SDOF system. Once 

 and  are known, the damping and stiffness of the next story of the building, 

 and  can be determined using the two algebraic equations in Equation 
(7) that are associated with the n-1 story of the building. This process continues until all 
unknown coefficients are identified. 

3 OBSERVER TECHNIQUE AND BRANCH-AND-BOUND TECHNIQUE  

3.1 Observer technique 

The recursive Hilbert transform method presented in Section 2 requires the availability 
of a complete set of acceleration responses. For cost effectiveness in practical 
applications, it is desirable to install a few sensors to measure limited responses. 
Therefore, before the recursive Hilbert transform method is applied, an observer 
technique is introduced. 

For an n-story shear-type building with l measurements (l≤n), the responses of other 
stories without measurements can be estimated based on the first r mode shapes (r≤l) of 
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the building in as-built conditions and l measurements. Given l measurements, 

, the first r modal responses can be estimated in the least-
squares sense and expressed into: 

                                               
(9) 

where the superscripts T and -1 represent the transpose and inverse of a matrix, 

respectively. The unmeasured displacements , velocities , and accelerations 

 can then be determined as: 

,  and                                             
(10) 

in which  is the first r columns of the mode matrix of a building in its as-built 
condition. With the estimated responses from Equations (9) and (10) together with the 
measured responses, the recursive algorithm described in Section 2 can be applied to 
identify the stiffness and damping coefficients of a building. For convenience, the above 
process to estimate the building responses from the limited measurements is referred to 
as an observer technique. 

3.2 Branch-and-bound method 

The mode matrix  of an undamaged building can be estimated from its as-built 

conditions. As the building is subjected to any local damage under extreme loads,  is 
no longer an accurate representation of the building responses unless all floors are 
instrumented. In order to better represent the responses of the damaged structure with a 
small number of vibration modes, the mode matrix must be updated as the local damage 
occurs. In this study, a branch-and-bound method is developed to identify both locations 
and levels of the damage. 

Assume that the stiffness at m stories  drop at certain time during the 

vibration. Based on the mode matrix , the stiffness coefficients can be identified 
using the recursive algorithm. The identified stiffness at the ith story of the damaged 

building is designated by . A damage location indicator for stiffness reduction is 
then defined to be a relative error of the stiffness coefficient: 

                                                                                                

(11) 

in which is the stiffness coefficient at the ith story of the as-built building. If there is 

no damage at the ith story,  will be zero in theory. Otherwise,  will be non-zero. The 

larger the absolute value of  is, the more likely the ith story experiences a reduction in 
stiffness. 
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The damage location indicator in Equation (11) can be used to determine possible 
damage locations based on the modal parameters of an undamaged building in its as-
built condition. It is a necessary but not sufficient condition for damage detection. 
Unless all floors are instrumented, the indicators at the stories near the actual damage 
locations can be significant, potentially giving a false positive identification. To 

overcome this difficulty, a global error index  is defined as root-mean-square of the 
damage location indicators of all but the identified damaged stories. If a building has a 

total of m damage locations at the stories  and only the first h number 
of them have already identified, the global error index E is defined as: 

                                                                                                 

(12) 

If all the damage locations have been detected, the damage location indicators for 
undamaged stories and the global error index are expected to be all insignificant. 
Therefore, the damage detection or stiffness identification problem is transformed to 
minimizing the global error index E when all damage location indicators for undamaged 
stories are less than a predetermined threshold value such as 5%.  

To implement the above strategy, a branch-and-bound technique is proposed. The 
branching process is referred to as the way to find potential damage locations based on 
their corresponding damage location indicators (most negative values) in several 
groups. After the first group of possible damage locations and its stiffness reduction are 
identified, the branching process can be repeated to find the second group of possible 
damage locations and so on. The branching process eventually will form a search tree 
structure whose nodes are possible damage locations as shown in Figure 2. The 
bounding process is referred to as the way to eliminate the potential damage locations 
that likely lead to a false positive identification for stiffness reduction based on updating 
of the global error index defined in Equation (12). The combination of the two 
processes results in several paths of the search tree that likely give the damage locations 
and magnitudes, as indicated by heavy solid lines in red in Figure 2. The final 
conclusion will be drawn based on the overall minimum global error index for 
undamaged stories while their corresponding damage location indicators are all within 
the predetermined threshold. 

As an example, the first group of possible damage locations is designated as stories 

 in Figure 2. After a potential damage in the first group is considered, 

the global error index  and damage location indicators are re-evaluated and the 
second group of possible damage locations can be determined and designated as stories 

. After a potential damage in the second group is considered, the 

global error index  and damage location indicators are re-evaluated again and this 

process continues unless either the new index  is greater than the previous one  
(Discard in Figure 2) or the new damage location indicators of the undamaged stories 
are less than the predetermined threshold (Stop in Figure 2). After the bounding process, 

five branches lead to most likely damage locations: , 
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, , , and . 
The branch corresponding to the minimum global error index gives all the damage 
locations. 
 
 
                                                              
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2. Branch-and-bound search tree structure. 

4 NUMERICAL EXAMPLE 

A 60-story shear building with constant stiffness and damping coefficients of all stories 
is considered. For each story, the exact stiffness and damping coefficients are 6.45×108 
N/m and 3.58×106 N⋅s/m, respectively. The lumped mass of each floor is 2.76×105 Kg. 
The building is subjected to the 1940 El Centro ground acceleration. The maximum 
story drift of the undamaged structure is presented in Figure 3. Based on the maximum 
story drift in Figure 3, three damage locations were assumed at local maximum drift 
stories: 1st, 22nd and 40th. Their stiffness reductions are 50%, 20%, and 40% at time 
instance of 4 sec. 

To test the proposed method, a total of 24 accelerometers are assumed to be deployed 
on the 1st, 4th, 7th,…, 58th floors as well as 20th, 21st, 38th, and 39th floors. Their 
accelerations were simulated using the Newmark-β method and considered as the 
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measured responses. With the observer technique, the first 10 mode shapes of the as-
built structure were used to estimate the unmeasured responses. 
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Figure 3. Maximum drift of each story. Figure 4. Damage location indicators after 
damage detection. 

After the three damaged stories have been identified, the damage location indicators 
against the as-built condition of the building were calculated and presented in Figure 4, 
which clearly indicates the three correct damage locations. The identified stiffness 
coefficients using the updated mode matrix are compared with their respective exact 
values in Figure 5. It can be clearly seen that the proposed method can detect the 
damage level with high accuracy. 
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Figure 5. Identified stiffness coefficients of the 60-story building with 24 acceleration 
measurements. 
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5 CONCLUSIONS 

This paper presents a new recursive algorithm with Hilbert transform in combination 
with an observer technique and a branch-and-bound technique. The proposed method 
can accurately detect both damage locations and severities from an incomplete but 
sufficient set of acceleration measurements. Additional analysis indicates that the 
method is insensitive to noise effects and able to distinguish damages at adjacent stories. 
Future studies will be directed to further test the possibility of false positive 
identifications and develop a strategy for the deployment of a minimum number of 
sensors required for accurate system identification. 
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