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ABSTRACT: This paper investigates some aspects of the dynamic behavior of a skew bridge 

monitored under in-service traffic loads. A detailed finite element model of this bridge is 

developed , and the decoupled equations of motion of the vehicle-bridge system are derived 

from Lagrange equations and include the effect of road surface roughness. The interaction 

forces between the two systems are then calculated step by step using Newmark’s method. After 

adjustment of the boundary conditions and the spectral roughness coefficient, good agreement is 

obtained between the simulation results and field measurements. The numerical model is further 

used to quantitatively investigate the distinctive dynamic effects caused by the skewness. The 

obtuse corner of the skew bridge located near the loading path is found to be a critical region 

where the slab-negative moments, girder stress near the sole plate and bearing force are 

significantly greater than those in the reference non-skewed bridge. 

 

 

1 INTRODUCTION 

Although skew bridges are widely used, they are usually designed without particular attention to 

their skewness. Their structural properties are, however, different from those of non-skewed 

bridges. Most of the previous studies related to the specificity of skew bridges have focused on 

the static response of their main structural members. Several researchers have established that 

the effect of the skewness is negligible for angles less than 30° and that the maximum girder 

moments, as well as their associated distribution factors, generally decrease as the skew angle 

increases (Ebeido & Kennedy, 1996). Other researchers have conducted parametric studies to 

investigate the response of secondary members to static loads (Bishara & Elmir, 1990). Both 

studies pointed out that the maximum responses occur in the obtuse corners of the bridge. 

However, very few researchers have considered the dynamic response of skew bridges under 

moving-vehicle loads, and their surveys are mainly based on field measurements. 

In order to correctly assess the performance of skew bridges, it is essential to be able to 

predict their structural responses to in-service loads. A precise numerical model that 

incorporates dynamic effects is required, because passing vehicles generally produce 

significantly greater responses than static vehicular loads. In this study, the vehicle-bridge 

decoupled equations of motion are implemented with the commercial FE method software 

ABAQUS and the general numerical software MATLAB. This analytical procedure is applied 

to a full-scale steel I-girder skew bridge that has been monitored. The boundary conditions and 
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the road surface roughness are adjusted by comparing the computed responses with the 

measurements obtained during field tests of the bridge. The validated model is further used to 

investigate the particular behaviors caused by the skewness of the bridge and to identify critical 

structural members. 

2 VEHICLE-BRIDGE SYSTEM MODELLING 

A versatile numerical procedure is developed in order to simulate the dynamic interaction 

between the bridge and the vehicle, incorporating the effect of road surface roughness. The 

method is implemented with standard commercial software and is therefore easily applicable to 

various types of bridges. 

2.1 The coupled vehicle-bridge equations 

The vehicle is represented as three rigid bodies connected by linear springs and dashpots, as 

illustrated in Figure 1. The model has a total of eight degrees of freedom (DOF). Respectively, 

Y11, θ11 and ϕ11 are the vertical displacement, roll (rotation about the longitudinal axis) and pitch 

(rotation about the transverse axis) of the vehicle body, while Y21 and θ21 refer to the vertical 

displacement and roll of the front axle. Finally, Y22, θ22 and ϕ22 are the vertical displacement, 

roll and pitch of the rear axle, respectively. 

The equations of motion for the vehicle are derived from Lagrange’s equation and can be 

written in a matrix form as 

[ ]{ } [ ]{ } [ ] { } { }M C K { }
v v v g c

u Fu u F+ + = +&& &  (1) 

where {u} is the vector of the vehicle’s DOF, [Mv], [Cv] and [Kv] are the vehicle structural 

matrices (given in the Appendix), {Fg} is the gravity force vector and {Fc} is the eight-

dimensional vector of the forces and moments exerted by the bridge on the vehicle 

{ } { }11 11 11 21 21 22 22 22

T
u Y Y Yθ ϕ θ θ ϕ=  (2) 

11 21 22{ } { 0 0 0 0 0}T

gF m g m g m g= − − −  (3) 

1 2 1 2{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ }
c c c c c c c

F K u K v C u C v= + + +& &  (4) 

The six-dimensional vector of the wheel displacements can be expressed as 

311 312 321 322 331 332{ } { }
T

c
v Y Y Y Y Y Y=  [Figure 1(c)]. Each component of {vc} is equal to the sum 

of the roughness and the bridge displacement at the corresponding contact point. {Fc} can be 

expressed as a function of {u}, {vc} and their first derivatives, because this force is created by 

the springs k21i, k22i, k23i and the dashpots c21i, c22i, c23i, which connect the front and rear axles  

       
(a) Elevation view                             (b) Side view, front axle                      (c) Contact condition 

Figure 1. Vehicle model. 
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with the wheels (i = 1, 2). The matrices [Kc1] and, [Cc1] respectively, correspond to the 

contribution of the vehicle’s displacements and velocities to the force {Fc}, [Kc2] and, [Cc2] 

account for the effects of the wheel displacements and velocities respectively.  

The matrix equation of the bridge is given by 

[ ]{ } [ ]{ } [ ]{ } { }M C K [Γ]b b b vbv Fv v+ + =&& &  (5) 

in which [Mb], [Cb] and [Kb] are the bridge structural matrices assembled by any FEM software, 

{v} is the bridge DOF vector and 
311 312 321 322 331 332

{ } { }T

vb
F R R R R R R=  is the six-dimensional 

vector of the vertical forces exerted by the wheels on the bridge at the contact points [Figure 

1(c)]. If the bridge model has n DOF, [Γ] is an n-by-6 time-dependent transformation matrix 

that indicates the locations on the bridge where these six forces are applied. In practice, the n-

dimensional force {[Γ] {Fvb}} exerted on the bridge is implemented in the FE software by 

means of a subroutine.  In exactly the same way as for {Fc}, {Fvb} can be further expressed as a 

function of the vehicle’s and the wheels’ displacements and velocities 

{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ }1 2 1 2K K C Cvb vb vb c vb vb cv u vF u= + + +& &  (6) 

The vehicle-bridge system is coupled because of the existence of the interaction forces {Fc} and 

{Fvb}. 

 

2.2 Step-by-step analysis 

The coupled equations of motion (1) and (5) of the vehicle-bridge system are decoupled and 

solved step by step using Newmark’s numerical integration scheme. Initially, the bridge remains 

stationary while the vehicle’s displacements and the wheel forces acting on the bridge are 

caused only by the static weight of the vehicle. If the vehicle’s displacements { }
t

u  velocities 

{ }
t

u&  and accelerations { }
t

u&& ; the bridge displacements and velocities, and the vector of the forces 

exerted by the vehicle on the bridge {Fvb}t are known at any time t, it is possible to derive these 

quantities at time t + ∆t by using the following algorithm (Yang & Yau, 1997). 

The bridge’s displacements at time t + ∆t are obtained with ABAQUS by applying the force 

{Fvb}t at the contact points during the step time ∆t. Next, the wheel-displacement vector {vc}t+∆t  

is derived from the bridge’s displacements at time t + ∆t and the roughness data. Finally, {u}t+∆t 

and {fvb}t+∆t are computed with MATLAB as explained below. 

Let {∆u} be the differential displacement, i.e. {∆u} = {u}t+∆t− {u}t. According to Newmark’s 

method (Newmark, 1959), the displacement, velocity and acceleration vectors at time t + ∆t can 

be expressed as functions of those vectors at time t and of {∆u}, as follows: 

{ } { } { } { }0 1 2∆
∆

t t t t
a u a au u u

+
= − −&& & &&   

{ } { } { } { }3 4∆ ∆t t t t t t
au u u a u

+ +
= + +& & && &&  (7) 

{ } { }
∆

{∆ }
t t t

u u u
+

= +   

Where 

( )0 1 2 3 42

1 1 1
, , 1, 1 ∆ , ∆

∆ ∆t 2
a a a a t a t

t
γ γ

β β β
= = = − = − =  (8) 

in which β and γ are the numerical parameters of Newmark method. β = 1/4 and γ = 1/2 are 

chosen in order to make the integration scheme unconditionally stable. Combining Eqs. (1) and 

(4) at time t + ∆t yields 
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[ ]{ } [ ]{ } [ ]{ } { } [ ]{ } [ ]{ }2 2∆ ∆ ∆ ∆ ∆
M C K K Cv v v g c c c ct t t t t t t t t t

u u u F vv
+ + + + +

′ ′+ + = + +&& & &  (9) 

with [ ] [ ] [ ]1K K Kv v c
′ = −  and [ ] [ ] [ ]1C C C

v v c
′ = − . 

Substituting Eq. (7) into Eq. (9) gives 

[ ]{ } [ ]{ } [ ]{ } { }2 2∆ ∆
Ψ ∆ K Cc c c ct t t t t

vu v q
+ +

= + +&  (10) 

in which 

[ ] [ ] [ ] [ ]0 5Ψ M C K
v v v

a a ′ ′= + +  (11) 

{ } [ ] [ ] [ ]1 2 6 7M ( { } { } ) C ( { } { } ) K { }v t t v t t v tt
q a u a u a u a u u′ ′= + + + −& && & &&  (12) 

5 0 4 6 1 4 7 2 4 3, 1,a a a a a a a a a a= = − = −  (13) 

The differential displacement can now be derived 

{ } [ ] [ ]{ } [ ]{ } { }( )1

2 2∆ ∆
∆ Ψ K C

c c c ct t t t t
vu v q

−

+ +
= + +&  (14) 

Finally, { }
∆t t

u
+

, { }
∆t t

u
+

&  and { }
∆t t

u
+

&&  are calculated by substituting Eq. (14) into Eq. (7), and the 

new contact force { }
∆vb t t

F
+

 that will be applied on the bridge during t+∆t and t+2∆t is obtained 

using Eq. (6) for time t+∆t. 

2.3 Road surface roughness 

The roughness of the roadway can be obtained by direct measurement of the bridge. When that 

information is not available, however, the level of the road surface can be treated as a stationary 

normal random process with zero-mean. The power spectral density (PSD) function of this 

process is approximated by an exponential function (Honda et al., 1982), 

( )
Ω Ω

Ω
Ω

Ω Ω
Ω

cn

r

cn

c

if

S

if

α

α


≥

= 
 ≤


 (15) 

in which Ω is the roughness spatial frequency in cycles per meter (c/m), Ωc is a cut-off 

frequency in the range of 0.05 to 0.1 c/m, α is the spectral roughness coefficient and n = 1.94. 

The value of α is directly related to the ISO-classified road conditions. In this study, α is chosen 

as 0.05. Roughness profile samples can be generated from the PSD function by means of the 

spectral representation method (Claus & Schiehlen, 1998). 

3 MODEL ADJUSTMENT AND VERIFICATION 

In this section, the numerical procedure described above is applied to a full-scale skew bridge 

monitored by the Japanese Public Works Research Institute. 

3.1 Description and testing of the monitored skew bridge 

The tested bridge was built in 1991. It is located in Fukaya City, Saitama Prefecture, in the 

north of Tokyo, Japan. It is a simply supported, single-span, 46°-skewed composite bridge. The 

230 mm reinforced concrete slab is supported by four steel I-girders. The bridge is 32 m long 

and 9.95 m wide. All the bearings allow rotational displacements in three directions. The bridge 

can also move longitudinally at the extreme right edge, but all other translations are constrained. 
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In 2003, the bridge was equipped with strain gauges, whose positions are indicated in Figure 

2. During the field tests, the bridge was closed to traffic, and strain responses during the passage 

of a 20-ton calibrated truck were recorded at a sampling frequency of 250 Hz. The tests were 

conducted in both lanes at speeds of 40 km/h and 60 km/h. Stresses were obtained from strain 

readings using the one-dimensional linear stress-strain relationship. Xia et al. (2005) applied the 

eigensystem realization algorithm (Juang, 1985) to the free-vibration part of the stress records, 

i.e. the portion after the vehicle has left the bridge. The identified natural frequencies of the 

structure are 6.17, 13.05, 16.89, 23.64 and 26.52 Hz. However, because the sensors are scattered 

in the girders, mode shape data could not be obtained. In addition, the roughness of the bridge 

pavement was not measured. 

 
(a) Framing plan                                                                       (b) Elevation 

Figure 2.  Bridge structure and locations of the strain gauges. 

3.2 Description and testing of the monitored skew bridge 

A FE model of the bridge was developed with the commercial software ABAQUS based on its 

design blueprints. The behaviour of the materials was assumed to be linear elastic. The Young’s 

modulus and Poisson’s ratio of the slab concrete are equal to 28 GPa and 0.167, respectively. 

The steel of the girders has an elastic modulus of 200 GPa and a Poisson’s ratio of 0.3. Here the 

material damping ratio is equal to 1% for the steel and 5% for the concrete. The boundary 

conditions were modelled by assigning a rigid-body motion constraint to the elements in contact 

with the bearings. 

3.3 Influence of boundary conditions on natural frequencies 

In order to determine the correct boundary conditions for the model, eigenvalue analyses were 

conducted in the four configurations indicated in Table 1, where Case 1 corresponds to the 

design specifications. The 1, 2 and 3 axes stand for the longitudinal, transverse and vertical axes 

of the bridge, respectively. When compared with the analytical frequencies exhibited in Table 2, 

the measured 6.17 and 13.05 Hz frequencies are likely to correspond to the first and second 

beam-bending modes of the bridge. The fact that the torsional mode does not appear in the field-

test data may be attributed to its closeness to the first bending mode. The 16.89, 23.64 and 26.52 

Hz measured frequencies correspond to local girder modes.  

It is notable that the first bending-mode frequency computed in the case of the design 

specifications is very different from the frequency obtained from the field data. It was 

concluded that Case 4 shows the best agreement with the measured frequencies, with a relative 

Table 1. Boundary conditions: restricted degrees of freedom 

 Left-side bearings Right-side bearings 

Case 1 (design) 1-, 2- and 3-translations 2- and 3-translations 

Case 2 1-, 2- and 3-translations 1-, 2- and 3-translations 

Case 3 All 2- and 3-translations; 1-, 2- and 3-rotations 

Case 4 All All 
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Table 2. Computed and measured natural frequencies (Hz) 

Mode Measured Case 1 (design) Case 2 Case 3 Case 4 

First beam-bending 6.17 3.36 5.92 3.61 5.95 

2-translation - 4.19 4.23 5.16 5.33 

Coupled bending-torsion - 5.17 6.56 5.61 6.60 

3-rotation - 7.81 8.26 8.83 9.25 

Second beam-bending 13.05 11.89 12.00 12.14 12.30 

difference of 3.57% for the first bending mode and 5.75% for the second bending mode. This 

shows that the actual boundary conditions of the bridge are most probably fixed for all DOF at 

all the bearings. Therefore, the conditions in Case 4 were selected to carry out the dynamic 

simulations. 

3.4 Comparison of simulated and measured dynamic responses 

The boundary conditions and road roughness were adjusted to fit the numerical model to the 

field-test results at a single channel. The simulated stress histories using the previously chosen 

parameters. For instance, the responses at the midpoint of Girder 3 and near the web gusset of 

Girder 4, seen in Figure 3 (a) and (b), respectively, show that the simulations were in good 

agreement with the measurements. This comparison demonstrates that simulation can 

reasonably approximate the real state of the bridge. 
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(a) Midpoint of Girder 3                                                  (b) Web gusset of Girder 4 

Figure 3.  Comparison between simulated and measured stress histories. 

4 ANALYSIS OF THE SKEW BRIDGE 

The FE model developed above was adjusted and validated through detailed comparisons with 

the measured data. It was necessary to establish that effects caused solely by the skewness could 

be distinguished from effects that also occur in regular bridges. Toward that purpose, a non-

skewed reference model was prepared with the same structural design properties as the skew 

bridge in question (same span, same girders, same width, etc.). The influence of the skewness 

could thus be thoroughly investigated by comparing the two models. Static responses were 

computed in addition to dynamic responses, in order to determine whether the skewness affects 

the dynamic amplification of the structure. The simulations were conducted with the Case 4 

boundary conditions and the same roughness profiles. 

4.1 Negative moments in the slab 

The distributions of negative longitudinal slab-bending moments (about the transverse 2-axis) 

were graphically investigated and are shown in Figure 4. The moments concentrate in the 

numbered regions above the girders at the extremities of both structures. When the time 
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histories are precisely output for the six regions of both bridges, the greatest response is 

observed in the obtuse corner of the skew bridge (Region 3). Figure 4(c) shows that in this 

critical area, the maximum negative moments are 22% higher than in the non-skewed bridge. 

 
(a) Skew bridge 
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(b) Non-skewed bridge (c) Comparison of negative moments in slab 

Figure 4. Comparison of the slab negative moments in skewed and non-skewed bridges. 

4.2 Stress in girder members 

Sensor points were defined in the girder part of the reference model at locations equivalent to 

those in the skew bridge, in order to compare the responses of the structural members of both 

bridges. Minimally and moderately stressed components generally exhibit higher responses in 

the reference model—at the midpoints of the main girders, for instance (Figure 5(a)). The 

response of some highly stressed members is significantly greater in the skew bridge, especially 

at the bottom flange of Girder 4, near the sole plate of the left bearing. In that region, also in the 

obtuse corner, the maximum stress is 23% higher than in the reference bridge (Figure 5(b)). 

0 0.5 1 1.5 2 2.5
-2

0

2

4

6

8

10

Time (s)

S
tr

e
s
s
 (

M
P

a
)

Channel2

 

 

skew dyn

skew stat
nonskew dyn

nonskew stat

 
0 0.5 1 1.5 2 2.5

-40

-30

-20

-10

0

10

Time (s)

S
tr

e
s
s
 (

M
P

a
)

Average Channels13-14

 

 

skew dyn

skew stat

nonskew dyn

nonskew stat

(a) Midpoint of Girder 2 (b) Stress in Girder 4 near the left sole plate 

Figure 5.  Comparison of the girder stresses in skewed and non-skewed bridges 

4.3 Forces acting on the bearings 

Uplift forces exerted on bearings are a concern, because in bridge design, it is usually assumed 

that bearing forces are oriented downward. According to the simulation results, uplift forces 

occur only in Girder 1 and can be seen in Figure 6 in the portion with positive values. The uplift 

forces in the skew bridge are slightly higher on the right bearing, but slightly lower on the left 

bearing, which means that the skewness has little influence. 
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(a) Left side (b) Right side 

Figure 6.  Comparison of bearing forces, Girder 1 in skewed and non-skewed bridges 

5 CONCLUDING REMARKS 

An FE model of a skew bridge that incorporates dynamic interactions with vehicles was 

developed to predict both global and local vibrations induced by a passing vehicle. The bridge 

model was realized using commercial finite element software according to detailed design 

blueprints. The interaction forces at the contact points were computed step by step according to 

Newmark’s integration scheme. The model is able to predict the local structural responses and 

can be further used to examine the distinctive behaviours of the skew bridge. 

A comprehensive comparison study between the skew bridge and a reference non-skewed 

bridge was conducted with the purpose of precisely quantifying the influence of the skewness. 

The obtuse corner of the skew bridge near the loading path proved to be a critical region where 

the slab negative moments, girder stress near the sole plate and bearing force are significantly 

greater than in the right bridge. The modelling also demonstrated that the structural impact of 

the skewness may depend on the boundary conditions of the bridge in question. 

This study confirms that it is essential to consider a bridge’s dynamic responses in order to 

correctly assess its structural condition. It was shown that dynamic amplification increases 

dramatically with road roughness, meaning that deteriorated surfaces of ageing structures are 

likely to cause significant amplitude vibrations that can be predicted only with appropriate 

dynamic models. 
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