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ABSTRACT: Advances in sensor technologies have generated much research and development 
interest in structural health monitoring.  An important branch of this field is system 
identification, which inherently falls into the categories of inverse problem.  The purpose herein 
is to determine the physical structural parameters from the measurements of input and output.  
Solved as an optimization process, these structural parameters are identified when good 
agreements are achieved between the estimated and measured output.  In this regard, genetic 
algorithms (GA) have proved to be a robust method to address this multidimensional 
optimization problem.  However, the original GA, often referring to simple GA (SGA), is 
limited at exploring new solutions and its performance deteriorates with increase in number of 
unknown variables.  In this paper a search space reduction method by quasi random-sequence 
sampling is presented.  This method is found to be a good alternative to Orthogonal Arrays 
(OA) for multi-species exploration.  More importantly, it overcomes the limitations of OAs and 
thus allows arbitrary number of variables in the identification.  Using a small number of 
uniformly distributed samples to explore preliminarily in the solution space, the search limit for 
the current run is predefined.  To optimize between space reduction and exploration, a 
perturbation and jump-back procedure is constructed.  Numerical studies show that the proposed 
sampling-based search space reduction method could significantly enhance the GA performance 
in structural identification. 
 

1 INSTRUCTION 

Performance degrading due to long-term services is an unavoidable problem for engineering 
structures.  It is therefore imperative to monitor structural health from time to time.  One 
approach is to use system identification to obtain modal or physical properties of structures 
through input and output measurement.  However, only several lower modes can be obtained 
with confidence through modal identification.  To detect local damage, information of higher 
modes has to be incorporated, which is usually impractical due to the low signal-to-noise ratio 
for high modes.  Alternatively, time-domain identification offers a more promising way to 
determine physical parameters directly using the acceleration measurements.  In this case, 
damage can be better reflected from the change of stiffness parameters.  A recent research 
including experimental verification has shown that a small damage of 4% can be detected with 
rather reliability via identifying the physical parameters (Koh and Perry 2007).  Therefore this 
study focuses on identifying physical parameters such as stiffness, damping and even mass 
rather than modal characteristics.  The system is deemed as identified if the system parameters 
generate the same outputs as measurements within the convergence criterion.  The underlying 
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assumption for physical domain identification is that a unique mapping could be maintained 
between the known information and unknowns.   
 
From the perspective of multi-dimensional optimization, system identification methods can be 
typically classified as classical and non-classical methods.  Generally classical methods are 
derived from sound mathematical theories whereas non-classical methods are based on heuristic 
concepts and usually depend heavily on computer power for an extensive and hopefully robust 
search.  Typical classical methods include least-square method, maximum likelihood method, 
the extended Kalman filter method, and Newton’s method.  They were applied extensively in 
structural identifications (Caravani, et al. 1977, Shinozuka, et al. 1982, Hoshiya and Saito 1984, 
Bicanic and Chen 1997).  However, the major drawback is that classical methods are mostly 
based on gradient-search and hence require gradient information and also good initial guess.  
Although good convergence performance could be reached, they are often trapped in local 
optima.  Recent advances in computational technologies have enabled an astonishing growth of 
non-classical methods for system identification.  Besides evolutionary strategy (Franco, et al. 
2004), simulated annealing (He and Hwang 2006), and neural network (Chassiakos and Masri 
1996),  typical non-classical methods include genetic algorithms (GAs) in system identification.  
A possible reason is that GAs produce competitive flexibility in improvement for global 
optimization over the other methods.  More importantly, the performance of GAs is consistent 
even in larger search range.  This is unlike neural network in structural identification, which 
usually requires selectively chosen training patterns (Chang, et al. 2000) or rather small search 
range (Xu, et al. 2004).  
 
Genetic algorithm is based on the principle of “survival of the fittest” (Holland 1975, Goldberg 
1989).  The underlying heuristic rule is to imitate biological evolution by natural selection, 
random crossover and mutation.  The process starts with initially generated sets of solutions 
called population.  Each individual in a population is termed as “chromosome”, representing a 
possible solution to the problem.  The chromosomes with stronger fitness among the population 
are preferred in the selection and used to reproduce new offspring through mutation and 
crossover.  The noise insensitive property and loose requirement in initial guess make GA a 
good candidate for investigating the inverse problems.  Remarkable effort has been taken for the 
research in this field, covering identification of impact location (Doyle 1994), damage detection 
(Mares and Surace 1996, Chou and Ghaboussi 2001), system identification (Koh, et al. 2000) 
and moving masses identification (Jiang, et al. 2003).  However, most of these researches were 
concerned with simple structures with few degrees of freedom or limited unknowns.  Although 
using GA in the system identification is computationally intensive, it is still attractive over 
many other methods because it allows additional constraints as well as parallel processing.  
Besides, an increasing number of improvements are presented on foreword and backward 
analysis of system identification.  The computational scale could be decreased in the forward 
analysis by searching in a much smaller modal domain (Koh, et al. 2000) or identifying at a 
substructural level (Koh, et al. 1991, Yun and Bahng 2000, Reich and Park 2001).  More 
importantly, it is imperative to develop more efficient GA in the backward analysis.  Recently 
considerable effort has been spent on the enhancement of GAs.  Remarkable time savings can 
be achieved by using distributed computing in GA based structural identification (Koh, et al. 
2002).  More accurate and robust results are possible through embedding compatible local 
searchers (Koh, et al. 2003) in GA, although it is at the cost of computational time.  However, 
the modification of original GA architecture provides a more promising way.  A search space 
reduction method (SSRM) was developed (Perry, et al. 2006) to accurately and reliably identify 
the structural systems.  The strategy is a search space reduction method using a modified GA 
based on migration and artificial selection (MGAMAS).  The present study will thus highlight 
the novelty improvement on the SSRM method.  
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Figure 1. Flowchart of system identification using GA 

2 SEARCH SPACE REDUCTION FOR GENETIC ALGORITHM 

In terms of global optimization, GA is a good candidate for system identification.  Figure 1 
illustrates the idea of using GA for system identification.  Differences between the measured 
acceleration mu and estimated responses eu  are used to define the ‘fitness’ function as Eq. (1).  
These data are collected from p measurements with the data length of q.  The best estimates of 
parameters are obtained when the fitness term is maximized.  Convergence criterion is set as the 
achievement of maximum number of fitness evaluations. 
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For stochastic optimization methods like GA, there is no specifically defined search direction as 
that in gradient-based search methods.  The methods have to be specially devised for exploiting 
the best solution available and exploring in the global searching space for new solutions.  In the 
original GA, i.e. SGA, this tradeoff is expected to reach a balance by selecting suitable 
crossover rate and mutation rate within each generation.   The solution space explored in one 
generation is, however, limited since there is only one set of such breeding ratios defined in 
SGA.  The problem was proved to be alleviated by using a MGAMAS algorithms (Perry, et al. 
2006).  The basic concept is to use several species instead of one whole population in SGA, in 
which one species is used to keep the best solutions while the other species are used to search 
for new solutions.  Different mutations and crossover strategies are used in those exploring 
species.  It is desirable to reduce the exploration of search space when fine tuning of best 
solution is carried out.  This is achieved by an outer SSRM loop.  Through a preliminary 
MGAMAS runs, the mean and standard deviation of the identified parameters were evaluated.  
Therefore the new search space is defined, i.e. Eq. (2), for successive global runs.  
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where h
ia  and h

ib  is the lower and upper boundaries of the current h-th SSRM search limit, k is 
the number of variables.  The reduced space size is governed by an empirically adopted window 
size.  In this regard, the computational effort is expected to be saved by attempting to focus 
intensively on the more promising space. 

 
Nevertheless, one disadvantage is that the search space reduction will not be activated from the 
first run.  Several initial runs are necessary to make the means and standard deviation 
statistically meaningful.  Too early to use SSRM will result in “jump out”, indicating that the 
scaled search space is out of the real one.  In this study, an enhanced way is proposed to sample 
in the search space first and then rescale the search limit according to the fitness of the samples.  
At the same time, the original way of defining search space is remained, in case that sampling 
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method provides an inappropriate search limit.  The following section will discuss a rational 
way to take samples in the space. 

2.1 Predefined Search Space by Orthogonal Arrays (OA) and Uniform Sampling 

As a multi-dimensional optimization problem, the identification of multi-DOF system involves 
a huge solution space.  Sampling in a grid manner is impractical as computational effort will 
increase exponentially with the identification dimension.  However, to sample economically and 
efficiently, it is better to conduct small scale logical sampling experiments for hyper plane 
search.    
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Figure 2. 289 samples comparison (OA, Random uniform distribution, Hammersley, Latin hypercube) 

In the present study, four sampling methods are investigated, incorporating randomly uniform 
distribution, Latin hypercube (McKay, et al. 1979), orthogonal arrays (Rao 1947), and 
Hammersley sequence (Hammersley 1960).  These are explained below, and an example of the 
corresponding distributions is presented in Figure 2. 

2.1.1 Orthogonal arrays 

Orthogonal arrays (OAs) are originally proposed in statistics (Rao 1947).  It is often referred to 
Taguchi method and widely applied in medicine, manufacturing and quality engineering in the 
planning of experiments.  The purpose of these studies is to examine that how changes in the 
levels of various factors affect a response variable of interest.  This is an issue of k factor with s 
levels, conventionally solved through a full factorial experimental design.  OA samples are 
essentially selected out of these full factorial combinations, but OA reduces the experimental 
trials drastically.  For an experiment with k variables at s different settings, a full factorial 
experiment would require sk experiments.  By OA, this number reduces to 

1)1)(1()1( +−−+− ssrsk  and r is the number of potential interaction among the variables.  In 
this study, variable interactions are so trivial that sampling will directly follow the original OA 
arrangement.  Actually orthogonal array is a type of experiment where the rows and columns for 
the independent variables are statistically “orthogonal” to one another.  The possibilities 
sampled by OAs will be uncorrelated to one another.   
 
Typically OA is represented as ),,,( tsknOA  where n is the number of rows (array size), k the 
number of columns representing the number of different factors, s is the number of levels for 
each factor, and t the OA strength which is the number of columns where one is guaranteed to 
see all the possibilities an equal number of times.  When OAs are applied to sample in the 
search space for system identification, n represents the total number of samplings and k the 
number of unknown parameters to be identified.  A number of techniques are available for 
constructing OAs (Hedayat, et al. 1999).  Generally, the larger the desired strength, the harder it 
is to construct the array.  It may not easy to find an exact OAs suited for a particular 
identification.  However, this property of OAs  (Hedayat, et al. 1999) makes the application 
more flexible: any kn ′×  subarray of an ),,,( tsknOA  is an ),,,( tsknOA ′′ , where ),min( tkt ′=′ .  
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Thus, a typical variable xi in the sample njxxx jki ,2,1,),,,,( 1 =  in terms of OA is 
expressed in Eq. (3), where mOA is one of the items in a row of OAs.  
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The significance of OAs is to have as much as information of the fitness surface based on the 
fewest samples.  Therefore, the computational cost of sampling will be small. 

2.1.2 Random uniform distribution 

Within the search limit, we can also select the samples by an alternative uniform sampling.  If 
originally sampled between 0 and 1, a variable of one trial jki xxx ),,,,( 1  in the new search 
space are 
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where )1,0(U  stands for uniform sampling but not necessarily in a random uniform distribution.  
Therefore, Eq. (4) is applicable for samples generated by a random uniform distribution, and the 
subsequent Hammersley sequence as well as the Latin hypercube sampling.  In particular, if the 
samples are randomly generated complying with uniform distribution, these pseudo random 
numbers are generated randomly to approximate true randomness and pass standard statistical 
tests for randomness like Kolmogorov-Smirnov test.   

2.1.3 Hammersley sequence 

Hammersley sequence sampling provides a more uniform sampling of search space.  It is part of 
the quasi-Monte Carlo methods or low-discrepancy sequence family, which are originally used 
to calculate multi-dimensional integrals without a closed-form solution.  “Quasi” here means a 
sampling approach that employs a strictly deterministic algorithm to generate samples in an n-
dimensional space.  “Discrepancy” refers to a quantitative measure of how much the distribution 
of samples deviates from an ideal uniform distribution.  Unlike the pseudo random sequences, 
quasi-random sequences fail many statistical tests for randomness.  However, these random 
number generators seek to produce highly uniform samples of the unit hypercube.  The 
definition of Hammersley sequence, together with the way to establish the uniformity of points, 
is shown as follows.   
 
An arbitrary integer n can be written in radix-R notation 

m
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where ])ln()ln([)]([log Rnnm R == , the square brakets [.] extracts the integer part of the numbers 
inside via truncation.  Then an inverse radix number, a unique fraction between 0 and 1, can be 
constructed by reversing the order of the digits of n.  It is  
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The Hammersley points on a k-dimensional cube are  
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= φφφ                                                                    (7) 
where n = 0,1, 2, …, N-1 and the values for R1, R2, …, Rk-1 are the first k-1 prime numbers. For 
quasi-randomness, the integers Ri must be mutually prime.  Because of the way quasi-random 
sequences are generated, they may contain undesirable correlation for higher coordinates of the 
sequence.  This is significant in their initial segments and in the case of higher dimensions.  To 
alleviate this problem, leaping (Kocis and Whiten 1997) is adopted in this study.  
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2.1.4 Latin hypercube  

This method was introduced to study the output distribution by selecting random input variables 
(McKay, et al. 1979).  It is now often applied in uncertainty analysis.  Through Latin hypercube 
sampling, one will find that there is only one sample in each row and each column of a square 
grid.  The idea of Latin hypercube sampling is that it subdivides the unit cube into N intervals 
along each dimension.  Then the samples are chosen randomly such that each interval contains 
exactly one point.  Latin hypercube sampling is generally not quasi-random in the sense of 
minimizing discrepancy.  This could be attributed to the restrictions to the placement of Latin 
hypercube samples.  However, it can also produce sparse uniform samples.  

2.2 Relaxation and Perturbation: treatments after Sampling 

 
Figure 3. SSRM by sampling method 

The concept of using sampling test to reduce search space is shown in Figure 3.  Sampling in 
the new search range, we resize each variable limit by the minimum and maximum of the first 
nb best samples.  This search space rescaling via samples will work prior to each MGAMAS run.  
However, convergence will be compromised if too large nb is selected.  In this study, a rather 
small nb, i.e. 5, is found to make sense for present sampling scale.  It may be so excessively 
reduced that the rescaled space is far away from the real solution space.   In order to avoid an 
inappropriate local search in the explorations, a relaxation procedure is necessary to adjust the 
search space defined by the nb samples.  It requires that the newly found best chromosome via 
MGAMAS should be covered by the larger radius of present search range ],[ h

i
h
i ba .  

Simultaneously it would not exceed the original defined search range ],[ 00
ii ba , i.e. the values 

corresponds to the search limit [0.5,2.0].  This is  
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where h
ix  is one of the variables in the current best solution ),,,,( 1

h
k

h
i

h xxx .  h
ia  and h

ib  is 
the lower and upper boundaries of current search limit.  0

ia  and 0
ib  are the lower and upper 

boundaries of original search range, i.e. from 0.5 to 2.0.  ],[ 11 ++ h
i

h
i ba  is the predefined search 

range for next sampling.  Using this relaxation procedure, the tradeoff is considerably improved 
between reducing the search space and ensuring the solution is within the new space. 
 
If the mean fitness of nb best samples is not improved, the search space defined by samples may 
risk overshooting and missing the proper search space.  Therefore a perturbation will be 
activated.  This procedure requires running the current MGAMAS loop in an independent 
search limit defined by SSRM rather than those defined by samples.  The search space is 
described in Eq. (2).  The mean and variance are based on all the best chromosomes up to the 
present run.  The reason is that the SSRM-defined search space provides a robust alternative due 
to its statistical basis.  This requires no additional evaluation of fitness function. 
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When the best candidate is explored by SSRM, it is subsequently put into a jump-back 
procedure in order to restore a wider and safer search limit.  Because this best solution has to be 
inside the search limit, the current range will keep jumping back until it covers this newly found 
best solution.  Finally, the jump back procedure will keep the search range as ],[ lh

i
lh

i ba −− .  It 
satisfies 

)2,1(],[ kibax lh
i

lh
i

h
i =∈ −−                                                                                          (9) 

where h represents the number of current runs and l denotes the number of runs has been 
restored to cover h

ix  in the jumpe-back procedure.  When the jump-back is finished, it will step 
into the usual relaxation procedure.  Then a new search space is modified by Eq.(2) on basis of 
the jumped search range ],[ lh

i
lh

i ba −− .  That is 
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The purpose of perturbation is to discover a better candidate by a decoupled SSRM search, 
which will be used to modify the search space in the relaxation procedure.  This automatic 
correction of search limits is essential in exploring the parameter space.  In fact, the SSRM is 
able to restore the search range to a reasonable limit, if misled by sampling defined one.  It is 
because the search space via mean and variance, i.e. Eq. (2), will be statistically meaningful if 
enough runs are finished.  
 
In summary, sampling based SSRM carries out an outer sampling exploration and an inner 
MGAMAS loop.  The search space will be reset in three cases including sampling test, 
relaxation and potential jump-back procedures.  The relaxation will be active regardless of the 
activation of perturbation procedure.  This procedure helps a great deal if over-reduction is 
discovered by the samples.  Nevertheless, jump-back will not work if there is no perturbation.  
Using these search space resizing processes, the trade off could be considerably improved 
between the reduction of search space and ensuring a non-deviated new search space. 

2.3 Numerical Examples 

To test the proposed sampling based SSRM, two examples are investigated including lumped 
mass systems of 10 DOFs and 20 DOFs (Perry, et al. 2006).  The search space is typically set as 
from 0.5 to 2.0.  That is, the lower and upper bounds are set to be half and twice of the actual 
values.  In the identification, the mass distribution of the structures is assumed as known while 
the stiffness distribution and two Rayleigh damping coefficient are to be identified.  As a result 
of random excitations, accelerations are generated by constant-average-acceleration Newmark 
method.  Both the input and output are assumed to be contaminated by Gaussian white noise 
with zero mean and variance of one.  The noise level is considered with 0%, 5%, and 10%.  GA 
parameters are referred to those recommended by Perry (2006).  The sample size adopted in this 
study differs with cases.  To comply with the ease of constructing, especially OAs, we use 289 
samples for 10-DOF system and 512 samples for 20-DOF system.  Orthogonal arrays used in 
this study are OA(289,12,17,2) and OA(512,22,16,2), respectively.  They are extracted from 
OA(289,18,17,2) and OA(512,33,16,2).  To avoid possible bias reporting, the input forces and 
noise pattern was freshly generated for each run.  The results reported below are based on 
average from 25 runs, except for Figure 5.  5000 fitness evaluations are used for 10-DOF system 
with 12 unknowns and 10,000 for 20-DOF with 22 unknowns.  
 
As shown in Figure 4, convergence histories of fitness and mean errors consistently prove that 
the sampling based SSRM is much better that original SSRM and SGA.  For a given 5000 
fitness evaluations, the identified results by sampling based SSRM provides the highest fitness.  
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It gives almost the exact values corresponding to fitness equal to 1000.  In mean error plot, the 
sudden drop around 0.4 normalized evaluation of SSRM is reasonable, as 4 out of total 10 runs 
are used for calculating mean and standard deviation in Eq.(2).  The mean error plot also shows 
that SGA convergence rather slowly in almost 80% evaluations.  The reason is SGA has to 
search new possibilities in the same [0.5,2.0] range in each generation.  However, SSRM and 
sampling based SSRM reduce the search space in each run.  The fitness evaluations are then 
strategically allocated for the most worthy solution space.  Typically, the mean errors of 
identified stiffness by sampling based SSRM are less than 1% in the end of 5000 fitness 
evaluations.  Figure 5 illustrates the consistent improvements are achieved by the improved 
SSRM in the presence of noise.  The present comparison is based on the recommended 
parameters for SSRM.  The sampling based SSRM is better in terms of providing balanced 
exploration and exploitation, as the sampling size is more flexible to adjust in the parametric 
study if necessary.  The results are different from the previous study (Zhang, et al. 2009) which 
used typical OA constructions.  
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Figure 4. Fitness and error convergence history of 10-DOF lumped system free of noise 
 

 
Figure 5. Typical identified results on 10-DOF lumped system in the presence of noise 

To recommend a better sampling based SSRM, further study is performed on the sampling 
methods.  Without loss of generality, a simple statistical study is carried on those 25 runs for 
noise free case.  The CPU time is measured via a two-processor workstation, each CPU is 3.0 
GHz with quad core.  The results are summarized in Table 1 and Table 2 for 10-DOF and 20-
DOF systems.  Compared to OA and Hammersley, random uniform distribution and Latin 
hypercube provide a less robust identification.  As the standard errors (presented in bracket in 
Table 1 and Table 2) is consistently greater than OAs and Hammersley.  However, Hammersley 
sequence is recommended not only because it can provide equally good results with OA, but 
also it is much easier to construct.  The perturbation is seldom activated in the present study, 
although its performance has earlier been reported (Zhang, et al. 2009).  
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Table 1 Comparison of sampling methods: 10-DOF lumped mass system free of noise 

Fitness 
Test 

Mean Median 

Mean Error of 
Stiffness (%) 

CPU Time 
(second)  Evaluations Perturb 

SGA 17 (2) 12 11.48 (0.68) 1 5,130 - 
SSRM 431 (33) 412 2.01 (0.22) 1 5,100 - 
SSRMRand 806 (43) 890 0.89 (0.20) 1 4,990 0 
SSRMLatin 856 (41) 953 0.80 (0.19) 1 4,990 0 
SSRMOA 856 (21) 887 0.66 (0.09) 1 4,990 0 
SSRMHam 869 (33) 947 0.54 (0.10) 1 4,990 0 

 

Table 2 Comparison of sampling methods: 20-DOF lumped mass system free of noise 

Fitness 
Test 

Mean Median 
Mean Error of 
Stiffness (%) 

CPU Time 
(second) Evaluations Perturb 

SGA 2 (0) 1 18.91 (0.93) 6 10,080 - 
SSRM 199 (18) 191 3.70 (0.34) 6 10,080 - 
SSRMRand 441 (34) 456 2.56 (0.36) 6 9,950 0 
SSRMLatin 551 (48) 556 2.06 (0.36) 6 9,950 0 
SSRMOA 502 (29) 502 1.79 (0.19) 6 9,950 0 
SSRMHam 595 (30) 580 1.61 (0.15) 6 9,950 0 

3 CONCLUSIONS 
 
In this study, a sampling based SSRM is presented for system identification.  By taking samples 
strategically in the search space, the method allows the inner MGAMAS search to focus on the 
most promising solution possibilities.  The Hammersley quasi-random sequence is 
recommended among the four sampling methods considered.  Numerical investigation gives 
consistent results on two structural systems studied.  The results show that Hammersley 
sequence provides uniform samples in the solution space.  It is much easier to construct than 
OA and applicable to identifications with arbitrary number of variables.  More importantly, 
Hammersley sequence gives much more robust and accurate results than random uniform 
distribution and Latin hypercube.  In comparison to the parallel work on improving GA, the 
proposed sampling based GA could achieve much better accuracy given the fixed number of 
fitness evaluations.  The proposed method achieves a good trade-off between exploration and 
exploitation.  The present study can be readily extended to other quasi-random sequences such 
as Holton and Sobol sequences. 
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