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Abstract

The out-of-plane behavior of unreinforced masonry walls strengthened with externally bonded fiber reinforced polymer (FRP) strips
is analytically studied. The analytical model uses variational principles, equilibrium requirements, and compatibility conditions between
the structural components (masonry units, mortar joints, FRP strips, and adhesive layers) and assumes one-way flexural action of the
strengthened wall. The masonry units and the mortar joints are modeled as Timoshenko’s beams. The FRP strips are modeled using the
lamination and the first-order shear deformation theories, and the adhesive layers are modeled as 2D linear elastic continua. The model
accounts for cracking of the mortar joints and for the development of debonding zones near the cracked joints. Numerical and paramet-
ric studies that reveal the capabilities of the model, throw light on the interaction between the variables, and quantitatively explain some
aspects of the behavior of the strengthened wall are also presented.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Unreinforced masonry (URM) walls are used in a broad
range of historic and modern buildings worldwide. Never-
theless, these members are vulnerable to out-of-plane loads
such as soil pressure, lateral fluid pressure, wind loads, seis-
mic loads, and others. In severe cases, the out-of-plane
loading may lead to loss of functionality of the wall, struc-
tural damage, or even total failure [1]. In other cases, and
especially in historic masonry buildings, these effects may
weaken the entire structural assembly. These issues high-
light the need for efficient strengthening of the URM wall.

Among the techniques available today for the strength-
ening of URM walls, the use of externally bonded fiber
reinforced polymer (FRP) has been designated as an attrac-

tive structural solution [2,3]. Experimental investigations
showed that the use of the externally bonded FRP lami-
nates leads to an increase of up to 50 times in the strength
of the masonry wall [4]. In addition, and opposed to RC
beams [5,6], the bonded laminates enhance the ductility
of the strengthened masonry wall and provide it with the
ability to dissipate energy by cracking of the joints [7].

Along with the improved stiffness, strength, and ductil-
ity, the experimental studies also revealed a broad range
of physical phenomena that characterize the behavior of
the strengthened wall [8–14]. These unique physical phe-
nomena include rupture of the FRP strip or crushing of
the masonry at the mortar joints; debonding of the FRP
strip; sliding of the masonry units (mortar slip); flexural-
shear cracking near the corners of the masonry unit; and
outward buckling/wrinkling of the compressed FRP strip.
Many of these phenomena are unique to the strengthened
masonry wall and have not been observed in RC beams
and slabs strengthened with FRP strips.

The scope of the analytical models that address the
behavior of the strengthened URM wall is rather limited.
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Hamilton and Dolan [8], Hamoush et al. [10] and Velaz-
quea-Dimas and Ehsani [15] used the strain compatibility
approach for the analysis of externally bonded masonry
walls. This model can describe the overall load–deflection
behavior and can predict the ultimate load in cases of flex-
ural failure by rupture of the FRP or crushing of the
masonry units. However, the effect of debonding, the local
phenomena near the joints and their influence on the global
behavior of the strengthened wall are beyond its capabilities.

Kiss et al. [16] presented a fracture mechanics model for
the delamination growth between the FRP sheet and the
masonry panel. However, this model does not consider the
critical development of the shear and peeling stresses at
the masonry-FRP interface and their influence on the distri-
bution of the internal forces and stresses within the strength-
ened wall. Cecchi et al. [17] proposed a homogenization
approach for the out-of-plane analysis of strengthened
masonry walls. This model does not account for the local-
ized cracking of the mortar joints, which critically affects
the global and local response of the wall. Hence, the validity
of this approach is limited to the elastic range only. A preli-
minary approach for the bending response of strengthened
masonry walls was described in Hamed and Rabinovitch
[18]. This model neglects the initial tensile strength and shear
deformability of the mortar material, and uses a uniform
and presumed depth of the compression zone. As a result,
it cannot describe the realistic cracking conditions at the
joints and their development along the loading process.

Davidson et al. [14] used the FE method for the analysis
of strengthened masonry walls. However, the different
length scales (thickness of the adhesive layer and the
FRP strip with respect to the thickness of the masonry
unit), the differences in the mechanical properties, and
the singularities and stress concentrations in critical loca-
tions make the FE analysis of the strengthened masonry
wall complicated and computational effort consuming.

In this paper, the structural behavior of URM walls
strengthened with externally bonded FRP strips to resist
out-of-plane loading is analytically investigated. The goals
of this study are to develop a theoretical approach for the
structural analysis of the strengthened masonry wall and
to gain insight into the physical phenomena that govern
its behavior. The analytical model developed in the paper
assumes a one-way flexural response of the strengthened
wall. This behavior is attributed to the boundary conditions
of the existing wall and to the strengthening technique with
one-way FRP strips [14]. Each masonry unit and each mor-
tar joint is modeled as first order shear deformable Timo-
shenko’s beam [19], with special consideration of the
cracking of the joints [8,15]. Following [20], the adhesive
layers are modeled as two dimensional linear elastic con-
tinua with shear and out-of-plane normal rigidities only
and the FRP strips are modeled using the lamination theory.

The assembly of the various components of the wall
(masonry units, mortar joints, FRP strips, adhesive layers)
into a whole structure is achieved through compatibility
and continuity conditions. Perfect bonding and transfer of

shear and normal stresses is assumed at the interfaces
between the various components. However, in case the mor-
tar joint is cracked or the masonry–mortar interface is par-
tially detached and according to the experimental
observations in [8,12,13], it is assumed that a localized deb-
onded region where the adhesive-mortar interface cannot
transfer shear stresses is formed. For simplicity, it is
assumed that the debonded regions do not grow under load-
ing and that the loads are exerted at the masonry panel only.

2. Mathematical formulation

The sign conventions for the coordinates, deformations,
loads, stresses, and stress resultants of the unidirectionally
strengthened masonry wall appear in Fig. 1. Following
[8,21,22], it is assumed that the spacing between the FRP
strips is sufficiently small to allow the development of a
uniform compressive zone through the width of the wall.
Thus, it is assumed that the stress and deformation fields
are uniform through the width of each structural compo-
nent. The strengthened masonry panel includes strength-
ened regions and unstrengthened regions near the
external supports. The strengthened region itself includes
two types of sub-regions, namely fully bonded sub-regions
and debonded (delaminated) sub-regions near the cracked
mortar joints. A further distinction is made between deb-
onded sub-regions where the debonded interfaces maintain
out-of-plane contact (and transfer normal compressive
stresses), and debonded sub-regions without such contact.
In both cases, it is assumed that the debonded interfaces
are free of shear stresses.

The equilibrium equations and the boundary and conti-
nuity conditions are derived through the variational princi-
ple of virtual work, which requires that

dðU þ V Þ ¼ 0 ð1Þ
where U is the strain energy, V is the potential of the exter-
nal loads, and d is the variational operator. The first vari-
ation of the strain energy is

dU ¼
XNmu

1

Z
V mu

rmu
xx demu

xx þ smu
xz dcmu

xz

� �
dvmu

þ
XNmj

1

Z
V mj

rmj
xx demj

xx þ smj
xz dcmj

xz

� �
dvmj

þ
Z

V frp1

rfrp1
xx defrp1

xx þ sfrp1
xz dcfrp1

xz

� �
dvfrp1

þ
Z

V frp2

rfrp2
xx defrp2

xx þ sfrp2
xz dcfrp2

xz

� �
dvfrp2

þ
Z

V a1

sa1
xz dca1

xz þ ra1
zz dea1

zz

� �
dva1

þ
Z

V a2

sa2
xz dca2

xz þ ra2
zz dea2

zz

� �
dva2 ð2Þ

where the superscripts mu, mj, frp1, frp2, a1 and a2 refer to
the masonry unit, mortar, inner FRP strip, outer FRP
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strip, inner adhesive layer, and the outer adhesive layer,
respectively; ri

xx and ei
xx are the in-plane normal stress and

strain in the masonry unit (i = mu), the mortar joint
(i = mj), and the FRP strips (i = frp1 or i = frp2); si

xz and
ci

xz (i = mu, mj, frp1, frp2,a1,a2) are the shear stresses and
shear angles, respectively; rj

zz and ej
zz (j = a1,a2) are the

out-of-plane normal stresses and strains in the inner and
the outer adhesive layers, respectively; and Nmu and
Nmj are the number of the masonry units and the mortar
joints, respectively.

The kinematic relations for the masonry units, the mor-
tar joints, and the FRP strips follow the small displace-
ments first order shear deformation theory:

wiðx; ziÞ ¼ wiðxÞ
uiðx; ziÞ ¼ uoiðxÞ � zi/iðxÞ
ci

xzðx; ziÞ ¼ wi;xðxÞ � /iðxÞ
ei

xxðx; ziÞ ¼ uoi;xðxÞ � zi/i;xðxÞ

ð3a–dÞ

where wi, uoi and /i are the out-of-plane displacement, the
in-plane displacement, and the rotation of the cross section
of the masonry unit (i = mu), the mortar joint (i = mj), and
the FRP strips (i = frp1, frp2), and (),x denotes a derivative
with respect to x. The reference line for each component is
arbitrarily located at the middle of its depth, and zi is mea-
sured from the reference line inwards (Fig. 1(c)). Since both
the masonry units and the mortar joints are modeled using
the Timoshenko’s beam kinematics (and defer only in their
constitutive behavior), the superscripts ‘‘mu’’ and ‘‘mj’’ are
replaced with ‘‘c’’. Thus, c = mu for the ‘‘masonry regions’’
(sections I–I and II–II in Fig. 1(c)), and c = mj for the
‘‘mortar regions’’ (section III–III in Fig. 1(c)).

The kinematic relations for the adhesive are based on
2D linear elasticity:

ej
zzðx; zjÞ ¼ wj;zðx; zjÞ

cj
xzðx; zjÞ ¼ uj;zðx; zjÞ þ wj;xðx; zjÞ ðj ¼ a1; a2Þ

ð4a; bÞ

c
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Fig. 1. Geometry, loads, sign conventions, and stresses: (a) masonry wall strengthened with FRP strips; (b) geometry and loads; (c) cracked joint, cross
section, and notation; (d) stresses and stress resultants; (e) stress and strain distributions through the mortar join.
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where wj and uj are the out-of-plane and in-plane displace-
ments of the inner (j = a1) and outer (j = a2) adhesive lay-
ers, respectively.

Assuming that the loads are exerted at the masonry wall
only, the first variation of the potential of the external
loads equals

dV ¼ �
Z x¼L

x¼0

ðqzdwc þ nxduoc þ mxd/cÞ

�
XNC

k¼1

Z x¼L

x¼0

ðP kdwcðxkÞ þ NkduocðxkÞ

þMkd/cðxkÞÞdDðx� xkÞdx ð5Þ
where qz, nx, and mx are external distributed loads and
bending moments, respectively, Pk, Nk, and Mk are concen-
trated loads and bending moments at x = xk (see Fig. 1(b)),
dD is the Dirac function, and NC is the number of concen-
trated loads and moments.

2.1. Compatibility and debonding conditions

In case the strengthening system is fully bonded (‘‘fully
bonded’’ regions), the compatibility conditions at the inter-
faces of the adhesive layers are

wa1ðx; za1 ¼ 0Þ ¼ wcðxÞ

ua1ðx; za1 ¼ 0Þ ¼ uocðxÞ �
dc

2
/cðxÞ ð6a; bÞ

wa1ðx; za1 ¼ ca1Þ ¼ wfrp1ðxÞ

ua1ðx; za1 ¼ ca1Þ ¼ uofrp1ðxÞ þ
d frp1

2
/frp1ðxÞ ð7a; bÞ

wa2ðx; za2 ¼ 0Þ ¼ wfrp2ðxÞ

ua2ðx; za2 ¼ 0Þ ¼ uofrp2ðxÞ �
d frp2

2
/frp2ðxÞ ð8a; bÞ

wa2ðx; za2 ¼ ca2Þ ¼ wcðxÞ;

ua2ðx; za2 ¼ ca2Þ ¼ uocðxÞ þ
dc

2
/cðxÞ ð9a; bÞ

where dc(=dmu or dmj), dfrp1 and dfrp2 are the thicknesses of
the masonry unit, the mortar joint, and the FRP strips,
respectively, ca1 and ca2 are the thicknesses of the inner
and outer adhesive layers, respectively, and zj (j = a1,a2)
are measured from the outer interface of each adhesive
layer inwards, see Fig. 1(c).

If the adhesive interface is debonded, the requirement of
compatible in-plane displacements is replaced with the con-
dition of shear stress free surface. For example, if the inner
adhesive-masonry interface is debonded, Eq. (6b) is
replaced with

sa1
xz ðx; za1 ¼ 0Þ ¼ 0 ð10Þ

In case out-of-plane contact exists, the debonded sur-
faces maintain out-of-plane compatibility (Eqs. (6a), (7a),
(8a), and (9a)). If such contact does not exist, the out-of-
plane compatibility condition is replaced with a zero out-
of-plane normal stress condition. For example, in the case
mentioned above, Eq. (6a) is replaced with

ra1
zz ðx; za1 ¼ 0Þ ¼ 0 ð11a; bÞ

2.2. Equilibrium equations

The equilibrium equations for the strengthened (bonded
and debonded) regions are formulated using the variational
principle (Eqs. 1,2,5), along with the kinematic relations
(Eqs. (3) and (4)), and the compatibility requirements
(Eqs. (6)–(11)), and they read

N frp1
xx;x ðxÞ � afrp

1 bfrp1s
a1
xz ðx; za1 ¼ ca1Þ ¼ 0 ð12Þ

Nc
xx;xðxÞ � ac

2bfrp2s
a2
xz ðx; za2 ¼ ca2Þ

þ ac
1bfrp1s

a1
xz ðx; za1 ¼ 0Þ ¼ �nxðxÞ ð13Þ

N frp2
xx;x ðxÞ þ afrp

2 bfrp2s
a2
xz ðx; za2 ¼ 0Þ ¼ 0 ð14Þ

V frp1
xx;x ðxÞ � bfrp

1 bfrp1r
a1
zz ðx; za1 ¼ ca1Þ ¼ 0 ð15Þ

V c
xx;xðxÞ þ bc

1bfrp1r
a1
zz ðx; za1 ¼ 0Þ

� bc
2bfrp2r

a2
zz ðx; za2 ¼ ca2Þ ¼ �qzðxÞ ð16Þ

V frp2
xx;x ðxÞ þ bfrp

2 bfrp2r
a2
zz ðx; za2 ¼ 0Þ ¼ 0 ð17Þ

M frp1
xx;x ðxÞ � V frp1

xx ðxÞ

þ afrp
1 bfrp1

d frp1

2
sa1

xz ðx; za1 ¼ ca1Þ ¼ 0 ð18Þ

Mc
xx;xðxÞ � V c

xxðxÞ þ ac
1bfrp1

dc

2
sa1

xz ðx; za1 ¼ 0Þ

þ ac
2bfrp2

dc

2
sa2

xz ðx; za2 ¼ ca2Þ ¼ mxðxÞ ð19Þ

M frp2
xx;x ðxÞ � V frp2

xx ðxÞ

þ afrp
2 bfrp2

d frp2

2
sa2

xz ðx; za2 ¼ 0Þ ¼ 0 ð20Þ

sa1
xz;xðx; za1Þ þ ra1

zz;zðx; za1Þ ¼ 0 ð21Þ
sa1

xz;zðx; za1Þ ¼ 0 ð22Þ
sa2

xz;xðx; za2Þ þ ra2
zz;zðx; za2Þ ¼ 0 ð23Þ

sa2
xz;zðx; za2Þ ¼ 0 ð24Þ

where Ni
xx, V i

xx, and Mi
xx (i = c, frp1, frp2) are the in-plane,

shear, and the bending moment stress resultants in the ma-
sonry unit, the mortar joint, and the FRP strips; bi

(i = frp1, frp2) is the width of the inner and outer FRP
strips; an

m is a flag for the bonding condition at the inner
(m = 1) and outer (m = 2) adhesive-FRP (n = frp) and
adhesive-masonry/mortar (n = c) interfaces, respectively,
(an

m ¼ 1 for a bonded interface; an
m ¼ 0 for a debonded

interface); bn
m is a flag for the contact conditions at the deb-

onded interface (bn
m ¼ 0 for debonding without contact;

bn
m ¼ 1 for debonding with contact). The distinction be-

tween the masonry regions (c = mu) and the mortar re-
gions (c = mj) is achieved through the constitutive
relations that are discussed next.

2.3. Constitutive relations

Following the experimental findings reported in [8,15]
and the tendency of the flexural cracks to develop at the
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mortar joints only, it is assumed that the constitutive rela-
tions of the masonry units are linear elastic. On the other
hand, the cracking of the mortar joints is considered. It is
assumed that the behavior of the mortar material in com-
pression and shear is linear elastic, and the only nonlinear
effect is due to cracking. Thus, the constitutive relation for
the normal stresses in the mortar is

rmj
xx ¼

Emjemj
xx if emj

xx 6 emj
t

0 if emj
xx > emj

t

( )
ð25Þ

where Emj is the modulus of elasticity of the mortar, and emj
t

is its the ultimate tensile or bond strain. The cross-sectional
constitutive relations for the masonry units (c = mu) and
the mortar joints (c = mj) are given by

N c
xx ¼ Ac

11uoc;x � Bc
11/c;x

Mc
xx ¼ Bc

11uoc;x � Dc
11/c;x

V c
xx ¼ Ac

55ðwc;x � /cÞ
ð26a–cÞ

where Ac
11, Bc

11, Dc
11 and Ac

55 are the extensional, coupling,
flexural, and shear rigidities of the masonry unit (c = mu)
or the mortar joint (c = mj), multiplied by bc, which is
the width of the examined strengthened masonry strip
[8,22].

The rigidities of the masonry units reduce to the tradi-
tional extensional, flexural and shear rigidities of the elastic
masonry section and the coupling rigidity vanishes:

Amu
11 ¼ EAmu

Bmu
11 ¼ 0

Dmu
11 ¼ EImu

Amu
55 ¼ jGAmu

ð27a–dÞ

where j is the shear correction constant.
In the mortar joint, the nonlinear constitutive law and

the combined in-plane and bending tractions require spe-
cial consideration. The general stress and strain distribu-
tions under various combined tractions appear in
Fig. 1(e). In case the tensile strains are lower than the ulti-
mate tensile/bond strain emj

t , the mortar joint is uncracked
and the equivalent rigidities are given by Eq. (27) with
‘‘mj’’ instead of ‘‘mu’’. In case the tensile strains exceed
emj

t , the mortar joint is cracked and the equivalent rigidities
take the following form:

Amj
11 ¼

Z zmj
act

�dmj=2

bmjEmjdzmj ¼ Emjbmj

dmj

2
þ uzmj

act

� �

Bmj
11 ¼

Z zmj
act

�dmj=2

bmjEmjzmjdzmj ¼ �u
Emjbmj

2

dmj

2

� �2

� zmj
act

� �2

 !

Dmj
11 ¼

Z zmj
act

�dmj=2

bmjEmjz2
mjdzmj ¼

Emjbmj

3

dmj

2

� �3

þ u zmj
act

� �3

 !

Amj
55 ¼

Z zmj
act

�dmj=2

bmjGmjdzmj ¼ jGmjbmj

dmj

2
þ uzmj

act

� �

ð28a–dÞ

where bmj and zmj
act are the width and the depth of the active

zone in the mortar cross section, u = 1 in case the mortar
section is locally subjected to in-plane compression and a
positive bending moment (Fig. 1(e)), u = �1 in case of
compression and a negative bending moment (Fig. 1(e))
and Gmj is the shear modulus of the mortar. In most prac-
tical cases, the contribution of the tensioned mortar to the
stiffness of the cracked cross section is negligible (i.e.
emj

t ¼ 0) and zmj
act can be replaced with zmj

o , which is the depth
of the compression zone.

The constitutive relations of the FRP strips follow the
lamination theory and use Eqs. (26a–c) with ‘‘frp1’’ or
‘‘frp2’’ instead of ‘‘c’’. In this case, Ai

11, Bi
11, Di

11 and Ai
55

(i = frp1, frp2) are the extensional, coupling, flexural, and
shear rigidities of the FRP strips [23] multiplied by their
width. The constitutive relations for the adhesive are

rj
zz ¼ Eje

j
zz; sj

xz ¼ Gjc
j
xz ðj ¼ a1; a2Þ ð29a; bÞ

where Ej and Gj (j = a1,a2) are the modulus of elasticity
and the shear modulus of the adhesive material,
respectively.

2.4. Adhesive layers – stress and displacement fields

The stress and displacement fields in the adhesive layers
follow the high-order approach [20]. In the fully bonded
regions, they are derived using Eqs. (21)–(24), along with
the compatibility requirements (Eqs. (6)–(9)) and the kine-
matic and constitutive relations (Eqs. (4) and (29)), and
take the following form:
sj

xz;zðx; zjÞ ¼ sj
xzðxÞ ¼ sj ð30Þ

rj
zzðx; zjÞ ¼ �

2zj � cj

2
sj;x þ

kEjðwi � wcÞ
cj

ð31Þ

wjðx; zjÞ ¼ �
z2

j � cjzj

2Ej
sj;x þ

kðwi � wcÞzj

cj

þ ð1þ kÞ
2

wc þ
ð1� kÞ

2
wfrp2 ð32Þ

ujðx; zjÞ ¼
sjzj

Gj
þ sj;xx

2Ej

z3
j

3
� cj

z2
j

2

 !
�

kðwi;x � wc;xÞz2
j

2cj

� ðkþ 1Þ
2

wc;xza1 � uoc þ
dc

2
/c

� �

þ ðk� 1Þ
2

wfrp2;xza2 � uoc þ
d frp2

2
/frp2

� �
ð33Þ

where k = 1 for j = a1 and i = frp1, and k = �1 for j = a2
and i = frp2. The stress fields in the debonded sub-regions
(with or without contact) are as follows:

sj
xz;zðx; zjÞ ¼ sj

xzðxÞ ¼ sj ¼ 0 ð34Þ

rj
zzðx; zjÞ ¼

bc
jb

frp
j kEjðwi � wcÞ

cj
ð35Þ

2.5. Governing equations

The governing equations for the strengthened (fully
bonded or debonded) regions are derived using Eqs.
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(12)–(20), the constitutive relations (Eqs. (25)–(29)), the
compatibility requirements (Eqs. (7b) and (9b)), and the
stress and deformation fields of the adhesive layers (Eqs.
(30)–(35)). The governing equations are generally stated
in terms of the unknown displacements and rotations,
(wc,wfrp1,wfrp2,uoc,uofrp1,uofrp2,/c,/frp1,/frp2), and the
unknown shear stresses (sa1 and sa2), and read

Afrp1
11 uofrp1;xx � Bfrp1

11 /b;xx � afrp
1 ac

1bfrp1sa1 ¼ 0 ð36Þ
Ac

11uoc;xx � Bc
11/c;xx � afrp

2 ac
2bfrp2sa2 þ afrp

1 ac
1bfrp1sa1 ¼ �nx

ð37Þ
Afrp2

11 uofrp2;xx � Bfrp2
11 /frp2;xx þ afrp

2 ac
2bfrp1sa2 ¼ 0 ð38Þ

Afrp1
55 ðwfrp1;xx � /frp1;xÞ þ

afrp
1 ac

1bfrp1ca1

2
sa1;x

� bc
1b

frp
1

bfrp1Ea1

ca1

ðwfrp1 � wcÞ ¼ 0 ð39Þ

Ac
55ðwc;xx � /c;xÞ þ

afrp
2 ac

2bfrp2ca2

2
sa2;x

þ afrp
1 ac

1bfrp1ca1

2
sa1;x þ bc

2b
frp
2

bfrp2Ea2

ca2

ðwfrp2 � wcÞ

þ bc
1b

frp
1

bfrp1Ea1

ca1

ðwfrp1 � wcÞ ¼ �qz ð40Þ

Afrp2
55 ðwfrp2;xx � /frp2;xÞ þ

afrp
2 ac

2bfrp2ca2

2
sa2;x

� bc
2b

frp
2

bfrp2Ea2

ca2

ðwfrp2 � wcÞ ¼ 0 ð41Þ

Dfrp1
11 /frp1;xx � Bfrp1

11 uofrp1;xx þ Afrp1
55 ðwfrp1;x � /frp1Þ

� afrp
1 ac

1bfrp1

d frp1

2
sa1 ¼ 0 ð42Þ

Dc
11/c;xx � Bc

11uoc;xx þ Ac
55ðwc;x � /cÞ

� afrp
2 ac

2bfrp2

dc

2
sa2 � afrp

1 ac
1bfrp1

dc

2
sa1 ¼ �mx ð43Þ

Dfrp2
11 /frp2;xx � Bfrp2

11 uofrp2;xx þ Afrp2
55 ðwfrp2;x � /frp2Þ

� afrp
2 ac

2bfrp2

d frp2

2
sa2 ¼ 0 ð44Þ

afrp
1 ac

1 uoc � uofrp1 �
ca1

2
ðwfrp1;x þ wc;xÞ þ

sa1ca1

Ga1

�

� sa1;xxc3
a1

12Ea1

� d frp1

2
/frp1 �

dc

2
/c

�
¼ 0 ð45Þ

afrp
2 ac

2 uofrp2 � uoc �
ca2

2
ðwfrp2;x þ wc;xÞ þ

sa2ca2

Ga2

�

� sa2;xxc3
a2

12Ea2

� d frp2

2
/frp2 �

dc

2
/c

�
¼ 0 ð46Þ

Eqs. (45) and (46) result from the in-plane compatibility
conditions, Eqs. (7b) and (9b). Thus, they are valid in the
fully bonded sub-regions and vanish in the debonded ones.

2.6. Boundary and continuity conditions

The boundary conditions for the masonry panel, the
FRP strips, and the adhesive layers are

wNi
xx ¼ #Nk or uoi ¼ �uoi ð47Þ

� wMi
xx ¼ #Mk or /i ¼ �/i ð48Þ

wV i
xx ¼ #P k or wi ¼ �wi ð49Þ

sj ¼ 0 or wjðzjÞ ¼ �wjðzjÞ ð50Þ
where Pk, Nk and Mk are external loads and bending mo-
ments at xk = 0 or xk = L; the over-bar designates pre-
scribed deformations or rotations; w = 1 where x = H;
w = �1 where x = 0; # = 1 for the boundary conditions
of the masonry units or the mortar joints; and # = 0 for
the boundary conditions of the FRP strips.

The continuity conditions at any point x = xk within the
fully bonded sub-region are (i = c, frp1, frp2)

uð�Þoi ¼ uðþÞoi ; wð�Þi ¼ wðþÞi ; /ð�Þi ¼ /ðþÞi ð51a–cÞ
Nið�Þ

xx � N iðþÞ
xx ¼ #N k; �Mið�Þ

xx þMiðþÞ
xx ¼ #Mk;

V ið�Þ
xx � V iðþÞ

xx ¼ #P k ð52a–cÞ
sð�Þj ¼ sðþÞj ; wð�Þj ðzjÞ ¼ wðþÞj ðzjÞ ð53a–bÞ
where the (�) and (+) superscripts denote quantities left
and right to the point x = xk, respectively. The continuity
conditions within a debonded sub-region include Eqs.
(51) and (52) only. The continuity conditions at the mutual
point between a fully bonded sub-region and a debonded
one include Eqs. (51) and (52) along with the requirement
of zero shear stress in the fully bonded sub-region at the
connection point.

2.7. Solution procedure

The governing equations are associated with nonlinear-
ity due to the unknown type of debonded sub-regions (with
or without out-of-plane contact) and due to cracking of the
mortar joints. The type of debonded sub-regions is deter-
mined iteratively. Namely, one type is assumed and verified
through the results of the analysis. If the results contradict
the assumption, the assumed type of the debonded region is
switched and the structure is reanalyzed. The nonlinearity
associated with the cracking of the mortar joints is consid-
ered through the following iterative procedure:

Step 1: Initial guess.
All mortar joints are assumed uncracked.

Step 2: Analysis of the structure.
Using the rigidities calculated in the initial guess or
in the previous iteration, the governing equations
become linear ordinary differential equations with
constant coefficients. In this case, they can be
solved analytically or numerically using standard
procedures (finite difference, collocations, etc.), or
using BVP solvers available in packages such as
Maple or Matlab. Here, a multiple shooting
numerical procedure [24] is adopted.

Step 3: Analysis of the mortar joints cross-section.
Based on the solution obtained in step 2, the depth
of the compression zone in each cracked joint is
determined:

494 E. Hamed, O. Rabinovitch / Composites Science and Technology 67 (2007) 489–500



Aut
ho

r's
   

pe
rs

on
al

   
co

py

Step 3.1: The strain distribution in each mortar
joint is determined through Eq. (3d).
Step 3.2: In each cracked joint, the depth of the
active zone is determined as follows:

zmj
act ¼

uomj;x

/mj;x
� emj

t

/mj;x
ð54Þ

where uomj,x and /mj,x are obtained in step 2.
Step 3.3: Once zmj

act is determined, the rigidities of
each joint are evaluated using Eq. (30). Due to
the relatively small height of the joints (with
respect to the height of the wall), it is assumed that
the rigidities are uniform through the height of
each joint.

Step 4: Convergence criterion.
If the norm of the relative difference between the

magnitudes of the equivalent rigidities of the mor-
tar joints in two successive iterations is sufficiently
small, the iterative procedure is stopped. Other-
wise, the procedure returns to step 2 with the
updated rigidities determined in step 3.

Note that once the mortar joint is cracked, the stresses
due to the self-weight of the wall are redistributed and
are partially transferred to the bonded FRP strips. Follow-
ing the concepts commonly used in the analysis of pre-
stressed concrete structures [25], it is assumed that the
self-weight is exerted on the strengthened section.

3. Numerical study

The numerical study aims to reveal the capabilities of
the model, to clarify the interaction between the variables,
and to explore some of the aspects of the response of the
strengthened wall. The geometry of the wall, the strength-
ening scheme, and the loading scheme follow the experi-
mental study of [12] and appear in Fig. 2. The
mechanical properties of the concrete masonry units and
the type S mortar follow [26], and emj

t is defined based on
the bonding strength of the mortar and follows [27].
In the uncracked stage, the FRP strips are assumed to be
fully bonded. Yet, once the joint is cracked, it is assumed
that due to the crack opening and to the inability of the
cracked faces to transfer shear stresses, a debonded region
is formed. The height of each debonded region is estimated
as the height of the mortar joint plus twice the thickness of
the adhesive layer (see Fig. 2(b)). Also, following the exper-
imental observations reported in [12], the effective width of
the masonry strip reduces to the overall width of the
strengthening system due to the cracking of the face shell
of the hollow masonry unit.

The analytically predicted and experimentally observed
load–deflection response of the strengthened wall and the
analytical distributions of the deformations, internal
forces, and stresses under the self weight (nx = 0.372 kN/
m) and a lateral load of 30 kN are described in Figs. 3

and 4. The load–deflection curves (Fig. 3(a)) reveal fair
agreement between the theoretical and the actual responses
up to about 20 kN. At higher load levels, the analytical pre-
diction deviates from the experimental one due to further
damage accumulation. The response under low levels of
load shows that the joints in the constant moment region
crack simultaneously and lead to a considerable reduction
in the stiffness. The cracking of the joints in the shear spans
has a smaller influence. The experimental study [12]
showed that the unstrengthened masonry wall failed under
load and deflection levels of about 1 kN and 0.7 mm,
respectively, while the strengthened wall failed under
46.4 kN. The improved behavior of the strengthened wall
and its ability to resist load beyond the cracking point
are well reflected by the analytical model.

Fig. 3(b) describes the deflection curve achieved by the
analytical model derived here and by a simple bending
model with cracked masonry section properties. The results
show that the simple model predicts larger deflections than
those detected by the present model. This is attributed to
the concentration of the cracking in the mortar joints and
to the ability of the masonry unit between the joints to
resist bending. This type of behavior is not accounted for
by the simple cracked section bending analysis.

The longitudinal deformations at the reference line level
(detected by the analytical model derived here) appear in
Fig. 3(c), and reveal ‘‘jumps’’ across the cracked mortar
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Fig. 2. Geometry, material properties, loading, and moment resistance
mechanisms: (a) geometry and loading scheme; (b) cracked mortar joint
and debonded regions; (c) cross section; (d) moment resistance mecha-
nisms; (e) mechanical properties.
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joints. This type of behavior cannot be described by the
simple bending model. Furthermore, the results clarify that
the cracked joints and the associated ‘‘jumps’’ are spread
along the height of the wall and are not limited to the
mid-height joint only, which is the case in the un-strength-
ened masonry wall.

The analytically predicted distributions of the bending
moments and the axial forces appear in Figs. 3(d) and

(e), respectively. These results are highly affected by the
dramatic change of the stiffness between the masonry unit
section and the cracked mortar joint section. In the cracked
mortar joint, the axial forces are increased and the bending
moment carried by the masonry panel (plotted with respect
to the mid-height reference line) is decreased. These obser-
vations are in agreement with the experimental findings
reported in [28]. In the masonry unit section between adja-

Adhesive-Masonry
       Interface

Adhesive-FRP
    Interface

3.0 3.50.5 1.0 1.5 2.0 2.5
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(a) (b)

Fig. 4. Stresses in the adhesive layer: (a) shear stresses; (b) out-of-plane normal stresses.

 

(a)

(d)

(b)

(e)

(c)

(f)

Fig. 3. Load–deflection curves and response of the strengthened wall under P = 15 kN and self weight: (a) load–deflection behavior; (b) out-of-plane
deflections; (c) longitudinal deformations; (d) bending moments; (e) axial forces; (f) shear forces.
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cent joints, the increased flexural stiffness of the masonry
unit allows a larger portion of the global moment to be car-
ried by the masonry unit itself. As a result, the part of the
global moment carried through tension in the FRP strip
and compression in the wall (the ‘‘composite action’’
moment) is reduced.

The distributions of the shear forces in the masonry
panel and the FRP strips obtained by the analytical model
are described in Fig. 3(f). It is seen that the variation of the
moment resistance mechanism through the height of the
wall yield localized shear forces near the edges of the
masonry units. The magnitudes of the localized shear
forces, which are also observed in zone with zero global
shear, are of the same order as the peak global shear forces.
The concentrated shear forces near the cracked joints may
be associated with shear cracking of the masonry units,
shear sliding of the masonry units (mortar slip), or shear
failure of the joint, see [11,12,14].

The analytically predicted shear and peeling stresses in
the adhesive layer are studied in Fig. 4. The results reveal
that the rapid variation and sign reversal of the shear stress
along the masonry units result in high shear gradients, and
consequently, in high out-of-plane normal (peeling) stresses
(see Eq. (31)). The development of these stress concentra-
tions near the mortar joints quantitatively explains the deb-
onding failure mechanism that has been observed in many
experimental studies [8,9,11,15].

3.1. Parametric study

The interaction between some of the variables and their
influence on the response of the wall are studied through a
parametric study. The geometry, properties, and loading
scheme appear in Fig. 2, yet, the hollow masonry units
are replaced with solid ones. Correspondingly, following
[21,22], the effective width of the masonry panel is taken
as the entire width of the wall. The load level is 30 kN
(P = 15 kN) and reference results obtained using the data
given in Fig. 2 are marked with the symbol ‘‘o’’.

The response of the wall is examined in terms of the
maximum out-of-plane deflection at midspan, the peak

shear forces, V c
xx;max and V frp

xx;max (normalized with respect
to the global shear force), and the shear and peeling stresses
in the adhesive interfaces at their critical locations near the
loading point (section A–A ‘‘x = xA’’ and B–B ‘‘x = xB’’ in
Fig. 2). The magnitude of the bending moment carried in
the form of a force couple (the ‘‘composite action’’
moment) normalized with respect to the global bending
moment in the section is also studied. This value is exam-
ined in the masonry units section (section C–C in Fig. 2)
and the cracked joint section (section D–D in Fig. 2),
and reflects the load carrying mechanism in the different
sections.

The effect of the modulus of elasticity of the masonry
unit and the corresponding shear modulus (determined
using Poisson’s ratio of 0.2) on the behavior of the
strengthened masonry wall is described in Fig. 5. The case
of infinitely rigid masonry units [29,30] is also investigated.
Fig. 5 indicates that opposed to their notable effect on the
elastic response of the wall [17], the influence of the elastic
properties of the masonry units on the inelastic (post-
cracking) response of the masonry wall is not significant.
The results also show that modeling the masonry units as
rigid bodies may be adopted in order to reduce the compu-
tational efforts and to simplify the analysis.

The effect of the elastic moduli of the FRP strips on the
behavior of the strengthened wall is described in Fig. 6. The
results quantitatively reveal a notable reduction of the out-
of-plane deflection due to the stiffening of the FRP strips
(Fig. 6(a)). On the other hand, the level of the composite
action observed at the strengthened mortar joint section
(D–D) is not affected by the modulus of the FRP strips
(Fig. 6(b)). This is attributed to the negligible bending
moment carried by the cracked mortar itself. As a result,
the tensile force in the FRP reinforcement is mainly deter-
mined through equilibrium of moments in this section,
independently of the stiffness parameters. The level of the
composite action in the masonry unit (section C–C)
increases with the increase of the stiffness of the FRP strips,
whereas the maximum shear forces and the shear and peel-
ing stresses at the adhesive decrease. In order to explain
this phenomenon, the distributions of the axial forces in
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Fig. 5. Influence of the elastic and shear moduli of the masonry units on the behavior of the strengthened wall: (a) out-of-plane deflections; (b) axial forces
in sections C–C and D–D and maximum shear forces; (c) shear and out-of-plane normal stresses in sections A–A and B–B.
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the FRP reinforcement and the shear stresses obtained with
Efrp = 20 GPa and Efrp = 300 GPa appear in Fig. 7. These
results show that in the masonry unit section (C–C), the
tensile force in the compliant FRP strips (Efrp = 20 GPa)
is much smaller than the one obtained with stiffer strips
(Efrp = 300 GPa). On the other hand, the axial force in

the joint section (D–D) is not affected by Efrp, see
Fig. 7(a). The variation between section C–C and D–D is
achieved through shear stressing of the adhesive, see
Fig. 7(b). Hence, the magnitudes of the interfacial shear
stresses in the adhesive layer decrease with the increase in
the tensile force in section C–C. Correspondingly, the shear
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Fig. 6. influence of the mechanical properties of the FRP strip on the behavior of the strengthened wall: (a) out-of-plane deflections; (b) axial forces in
sections C–C and D–D and maximum shear forces; (c) shear and out-of-plane normal stresses in sections A–A and B–B.
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Fig. 7. Distribution of the axial force in the FRP reinforcement (total in all four strips) and the shear stress in the adhesive through the height of the
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Fig. 8. Influence of the mechanical properties of the adhesive on the behavior of the strengthened wall: (a) out-of-plane deflections; (b) axial forces in
sections C–C and D–D and maximum shear forces; (c) shear and out-of-plane normal stresses in sections A–A and B–B.
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gradients and the magnitudes of the out-of-plane stresses
also decrease, (see Fig. 6(c) and Eq. (31)).

The effect of the elastic moduli of the adhesive layers on
the behavior of the strengthened masonry wall is studied in
Fig. 8. Fig. 8(a) shows that increasing the elastic moduli of
the adhesive leads to a notable reduction of the out-of-
plane deflections of the wall. This result is mainly an out-
come of increasing the shear rigidity of the adhesive, which
improves the stress transfer mechanism between the
masonry units and the FRP reinforcement and allows a
more effective reduction of the tensile forces in the FRP
reinforcement in section C–C (Fig. 8(b)). On the other
hand, the stiffening of the adhesive material increases the
magnitudes of the interfacial stresses in the adhesive
(Fig. 8(c)), and amplifies the localized shear effects in the
masonry units and the FRP strips (Fig. 8(b)).

The influence of the FRP coverage ratio (bfrp/bc) is stud-
ied in Fig. 9. The results in Fig. 9(a) show that increasing
the FRP coverage ratio (while keeping its total cross-sec-
tional area constant) results in a reduction of the out-of-
plane deflections. This result is attributed to the large
bonding area that allows a more effective stress transfer
mechanism. Fig. 9(c) reveals a reduction in the shear and
out-of-plane normal stresses. Hence, increasing the cover-
age ratio improves the structural performance and reduces
the vulnerability of the strengthened wall to the debonding
modes of failures. This observation is also reflected by the
experimental study reported in [1].

4. Summary and conclusions

A theoretical model for the structural analysis of the
out-of-plane bending behavior of unreinforced masonry
walls strengthened with FRP strips has been presented.
The mathematical model accounts for the layered layout
of the strengthened wall and for the unique nonlinear phe-
nomena associated with the cracking of the joints.

The capabilities of the theoretical model have been dem-
onstrated through a numerical example. The numerical
results have shown that the considerable difference between
the flexural stiffness of the masonry unit and that of the

cracked mortar joint significantly affect the distribution
of the internal forces in the FRP strips and in the masonry
panel. These effects cannot be detected using simple strain
compatibility or homogenization approaches. Along with
the global effects, the localized shear forces that develop
in the FRP strip near the edges of the joint, and the devel-
opment of concentrated shear and tensile out-of-plane nor-
mal (peeling) stresses in the adhesive near the corners of the
masonry unit have been revealed. These stress concentra-
tions provide a quantitative explanation for the debonding
failure mechanisms that have been observed in many exper-
imental studies.

The influence of some of the properties of the strength-
ened wall on the overall and the localized response have
been parametrically studied. The results have shown that
the use of stiffer FRP strips tends to decrease the out-of-
plane deflection, the internal shear and axial forces in the
masonry unit and the FRP strips, and the shear and peeling
stresses in the adhesive. The behavior of the strengthened
wall is also affected by the elastic properties of the adhesive
and by the coverage ratio of the external FRP reinforce-
ment. On the other hand, in the case studied here, the elas-
tic properties of the masonry units have a negligible
influence on the post-cracking behavior of the wall.

In conclusion, the analytical model developed here sets a
theoretical platform for the analysis of the strengthened
masonry wall. This platform and the quantitative descrip-
tion of the physical phenomena clarify the response of
the strengthened masonry wall and throw light on its
unique structural behavior.
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