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ABSTRACT: Based upon the characteristics of reticulated shells, the representation of residual modal force is
derived. The concept of sensitive mode shape corresponding to the local damage is introduced and the modal
assurance criterion (MAC) is used to determine it. Guyan reduction technique is employed to reduce the ana-
lytical model to the test DOFs. The residual modal force and the minimum rank perturbation theory are used
to identify the location and extent of the damage using the sensitive mode shapes. Meanwhile, the effect of
measurement noise is considered. A single-layer Kiewitt spherical reticulated shell with three simulated dam-
age scenarios is used to demonstrate the approach. The results show that the proposed method can determine
the single and multiple damages and evaluate the damage extent in stiffness and mass. It is feasible to damage

detection in reticulated shells.

1 INSTRUCTION

During the last 30 years great progress has been
made in the field of the vibration-based damage de-
tection techniques (Doebling et al. 1996, Sohn et al.
2003), the “brain” of structural health monitoring,
especially in the long-span bridges and the tall-
buildings. But the research on the reticulated shell
structures is reported seldom, and only can be seen
in the plain truss and single-row space truss (Lim &
Kashangaki 1994, Kim & Bartkowicz 2001, Qu et
al. 2002). So how to establish the damage detection
algorithm, which can detect the existence of the
damage, locate and quantify the damage, estimate
the remaining service life, prevent the potential
catastrophic event in large-scale space truss struc-
tures, will become extremely urgent, which the
researchers have to face and solve.

Damage detection techniques (Sohn et al. 2003)
include methods based on frequency and mode
shape changes method, modal residual force method,
methods based on change in flexibility matrix,
model updated methods etc. Modal residual force
method has some unique characters such as simple
expressions and little computation time, so many re-
searchers have studied it deeply. Ojalvo & Pilon
(1988) put forward the concept of the residual modal
force at first, used it to determine the modeling error
of the finite element mode. Baruh & Ratan (1993)
used the residual force to detect the damage of struc-
tural analytical and beam structure. The results show
that this method can detect damage accurately when

the noise is fewer than 10%. Shen & Sharpe (2000)
proposed the residual modal force method to locate
the damage and modal sensitivity method to evaluate
the damage extent. The damage extent evaluation
methods based on the modification of structural
stiffness and mass matrix have gained rapid progress
in recent years. The minimum rank perturbation the-
ory just belongs to this type of damage identification
methods. Zimmerman & Kaouk (1994), Kaouk &
Zimmerman (2000) proposed the minimum rank per-
turbation theory firstly, modified the mass and stiff-
ness matrices on the premise of not depending on fi-
nite element model. The results of the numerical and
experimental research on NASA 8-bay truss show
that the selection of the mode shapes is very impor-
tant to the identification results.

In this article, the concept of sensitive mode
shape is introduced for damage detection on the re-
ticulated shell, the algorithm of determining the sen-
sitive mode shape corresponding to the local damage
based on the MAC matrix is presented. The repre-
sentation of residual modal force is derived on the
basis of vibration differential equation of multi-
degree of freedom systems. The sensitive mode
shapes are used to determine the location of damage.
Algorithm  to  optimal pick-up  placement
(Schedlinski & Link 1996) is studied to dispose the
sensors; Guyan reduction technique (Guyan 1965) is
employed to reduce the degrees of freedom of the fi-
nite element model (FEM) to that of measurement;
the minimum rank perturbation theory is used to up-
date the FEM and evaluate the damage extent. The



FEM with three simulated damage scenarios includ-
ing stiffness damage and mass damage, which is es-
tablished through the general FEM package, has
verified the proposed method. Meantime, the error
of measurement is taken into account. The results
show that damage detection using residual modal
force and minimum rank perturbation theory can de-
termine the single damage location and the multi-
damage location, and can evaluate the damage ex-
tent in stiffness and mass. It is feasible to health di-
agnoses in the reticulated shell.

2 THEORY BACKGROUND
2.1 Residual modal force

For an undamaged structure, the natural frequencies
and mode shapes must satisfy an eigenvalue equa-
tion.

(K -, M)p, =0 (1)

Where K and M are the nxn analytical stiffness and
mass matrices; wj; and ¢ are the i natural fre-
quency and mode shape of the health structure.
Assuming the stiffness and mass matrices associ-
ated with the damaged structure are defined as
K,=K-AK,, and M,=M-~M,, where K, and M, are
the unknown stiffness and mass matrices associated
with the damaged structure, andAK,; andAM,, are
the unknown changes in the stiffness and mass ma-
trices as a result of damage. Then, the eigenvalue
equation for the damaged structure can be written as

(K -AK,)- @, (M —-AM )p, =0 2)

Where w,; and ¢ ; are i natural frequency and mode
shape of the damaged structure. Rearranging all re-
fined analytical matrices on the right-hand side, then
the left-hand side is defined as the residual modal
force vector (R;) for the i™ mode shape of the dam-
aged structure, and designated as

Ri = (AKd - a);‘AMd )¢d[ =(K - a)jiM)(Ddf (3)

In Equation 3, the left side is known, so is the re-
sidual modal force. It is clear that for a damaged sys-
tem, the left side will be nonzero and thus R; will be
nonzero. Elements associated with degrees of free-
dom that have large magnitudes in R; are potentially
damaged. Furthermore, the residual modal force de-
fined in Equation 3 also reveals that only a single
mode shape of vibration needs to be measured ex-
actly to determine exact damage location. This is
true in even multiple damage situations. It should be
emphasized that the residual modal force vector
should be calculated at a number of frequencies to
ensure that all potential damaged parameters un-
dergo sufficient deformation to create a large resid-
ual modal force. Otherwise, a damaged location may
not be detected.

2.2 Sensitive mode shape

As the context stated above, not every mode shape
can be used to locate the damage in the residual mo-
dal force because the local damage effects differ-
ently to each mode shape. In the residual force ex-
pression, only the mode shape that is sensitive to the
local damage called the sensitive mode shape can ef-
fectively determine the damage location. So how to
determine the corresponding relationship between
the local damage and the sensitive mode shape
avoiding utilizing the mode shape blindly will be a
significant procedure, moreover the computing effi-
ciency will be enhancing consumedly.

From a mathematical point of view, modal assur-
ance criterion (MAC) is a general criterion to com-
pare two vectors with the same number of compo-
nents (Allemang & Brown 1982). The value of
MAC, always varying between 0 and 1, is a quanti-
tative correlation factor of the two vectors: if MAC
is equal to unity, then the two vectors are identical
within a scale factor; if MAC is equal to zero, then
the two vectors are orthogonal. This principle is
commonly used in modal analysis for matching and
validating the model obtained by different finite
element codes or different experimental tests. It can
also be used to determine the sensitive mode shape
corresponding to the local damage. Specializing the
above mathematical definition to the case of two ei-
genvectors or mode shapes, for example, mode
shapes (@) of the undamaged structure and those
(p4i) of the damaged structure, one obtains

T
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Where m is the number of measured mode shapes.
The mode shape of the damaged structure having the
MAC value close to zero with respect to that of the
undamaged structure is considered as the sensitive
mode shape for it is effected strongly by the local
damage in the structure.

2.3 Minimum rank perturbation

The extent of structure damage can be evaluated by
identifying the matricesAK,; andAM,. Firstly, we as-
sume that the effect of damage on the mass proper-
ties of the structure is negligible. Then, Equation 4
can be rewritten as:

R =AK,p,=(K—-w,M)p,, i=1:m (5)

Where it is assumed that m eigenvalues and eigen-
vectors of the damaged structure have been meas-
ured. Equation (5) can be written in matrix form as:

R=AK,®, = Kb, - Mb,Q’ (6)

Where R=[R;, Rz, -, Rul, Qs=diag(wa, wa, -,
Wdm)> Pi=Pai, Qa2 5 Qam)-



Reference to the work of Kaouk & Zimmerman
(2000), we can know that if rank(®,)=rank(R)=m
(m<n) and the measured eigenvectors are mass or-
thogonal, then the perturbation matrixAKj is unique,
the minimum rank of it is m, and can be given by:

AK,=R(R'®,)" R’ (7)

Meanwhile, if the effect of damage on the stiffness
properties of the structure is negligible, we can also
get:

AM, =R(R"®,Q>)"'R’ (8)

3 SIMULATION VERIFICATION

3.1 Description of the analytical model

A typical single-layer Kiewitt spherical reticulated
shell (Shen & Chen 1999), as shown in Figure 1, is
used to demonstrate the damage location and evalua-
tion method. The span of the dome is 40m and the
raise-span ratio is 1/3. All element sections are tubu-
lar, the material properties are taken from Q235 steel
where the elastic modulus is 210 Gpa and the den-
sity is 7850kg/m>. The cross sectional dimensions of
all the rib rods, ring rods and diagonal rods are ®114
x 3mm. The roof loads are taken as 200kg/m’ all
loads and self-weighs of the members are treated as
lumped mass concentrated at the nodes. The joints of
the dome were rigid and the dome was hinged at
fixed-point supports. The whole dome model has
169 nodes, 456 elements and 726 degree of free-
doms (DOFs).
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Figure 1. The single-layer K8 reticulated shell model.

The simulated damage cases range from the
structure being damaged in stiffness in single and
double location to the structure being damaged in
mass in single location as summarized in Table 1.
Damage is simulated by reducing the stiffness of as-
sumed elements and reducing the mass of assumed
node respectively. For each damage case, the modal
analysis is performed through the universal finite-
element analysis package for the single-layer K8 re-

ticulated shell, from which the structural dynamic
characteristics including the first 10 natural frequen-
cies and mode shapes are obtained, but are omitted
for the paper length is strongly restricted.

Table 1. Simulated damage cases.

Damage Damage Corresponding Damage
Case location DOFs severity
Case 1 Element 43 61~66 & 157~162 80%
Case 2 Element 43 61~66 & 157~162 80%
Element 62 91~96 & 199~204 80%
Case 3 Node 7 37~42 100%

3.2 Model matching

A common difficulty to most vibration-based dam-
age detection procedures is the problem of incom-
plete modal measurement that arises from testing
limitations. The incomplete modal measurement
problem includes experimental measurements of a
lesser number of modes of vibration than that of the
FEM and modal test measurements at a subset of the
finite element model (FEM) degree-of-freedoms
(DOFs). So, it is essential to develop the damage de-
tection research using the incomplete modal meas-
urement information.

One approach to practically address the second
problem is to reduce the analytical model to the test
DOFs. In this article, the location and direction of
test DOFs was obtained by performing a QR de-
composition on the transpose of the healthy mode
shape matrix and utilizing the permutation matrix
associated with the decomposition to place sensors
at the most linearly independent locations
(Schedlinski & Link 1996). But something needed to
note that the last one or two locations had been dis-
place by the DOFs of the damaged nodes and then
sorted by the magnitude sequence so that the dam-
age could better located by the residual modal force
damage index. The detailed selective DOFs in dam-
age case 1 were listed in Table 2. Then, Guyan re-
duction method (Guyan 1965) was adopted to reduce
the analytical model to the selective DOFs.

Table 2. Optimal DOFs of 60 pick-ups in damage case 1.

Number 1-10 11-20 21-30 31-40 41-50
51-60

1 3 61%* 117 171 243 542
2 9  63* 123 177 249 548
3 15 69 129 183 255 554
4 21 75 135 195 267 601
5 27 81 141 201 273 607
6 33 87 147 207 279 613
7 39 93 153 213 285 662
8 45 99 157* 219 291 668
9 51 105 159* 231 487 674
10 57 111 165 237 493 721
*

They are the DOFs corresponding to the damaged nodes.



MAC Matrix

Figure 2. MAC matrix between the undamaged case and dam-
age case 1.

Experimental measurements can only gain the
lower mode shapes; so modal assurance criterion
(MAC) matrices between the undamaged case and
damage cases are calculated using only the first five
mode shapes reduced to the test DOFs respectively.
MAC matrix between the undamaged case and dam-
age case 1 is shown in Figure 2. From which we can
see that the fifth element on the main diagonal is
closer to zero and the other elements closer to one.
We can draw a conclusion that the fifth mode shape
is the sensitive to the local damage and it is the sen-
sitive mode shape in the damage case 1. The other
mode shapes are not sensitive to the damage in the
damage casel. So the later studies, we can only us-
ing the sensitive mode shape to locate and identify
the damage in each damage scenarios.

3.3 Damage localization

The minimum rank perturbation theory is used to
update the finite element model, and then the first 5
modes with 5% noise (Shi et al. 2000) are used to
determine the location of damage respectively. Some
results are shown in Figure 3 and others are listed in
Table 3.

% 10" Damage Location Programm
1+
Mode11 Mode27
051
O - — B .
5 [ Lo g ]
oo
205
=
=
g -1
o
&
Z.15¢
2t
=25}
10 20 30 40 50 60

DOF ofthe Structure
a) Damage localization result using the fifth mode (5% noise)
in damage case 1

% 105 Damage Location Programm

1k MNode 27
MNode 11

MNode 34

o
[

|

Damage Indicator
L]
|

=1
o

Node 16

=15

1‘0 Qb 3‘0 4b Sb 60
DOF of the Structure
b) Damage localization result using the forth mode (5% noise)

in damage case 2

ot Damage Location Programm
25
i Noce 7
3
215
@
o
o
5
05
0 | in L L. L I , & Il
10 20 30 40 50 60

DOF of the Structure
¢) Damage localization result using the first mode (5% noise)
in damage case 3
Figure 3. Damage localization results.

Table 3. All damage localization results.

Damage Mode Simulated Identified
case location location (5% noise)
1* mode Elem.43 -k
2" mode Elem.43 Elem.43
Case 1 3% mode Elem.43 Elem.43
4" mode Elem.43 -k
5" mode Elem.43 Elem.43
1* mode Flem.43&62  Elem.62
2" mode Elem.43&62  Elem.43
Case 2 3% mode Elem.43&62  Elem.43&62
4" mode Elem.43&62  Elem.43&62
5"mode Elem.43&62  Elem.43
1* mode Node 7 Node 7
2" mode Node 7 Node 7
Case3  3“mode Node?7 ---*
4" mode Node 7 Node 7
5" mode Node 7 Node 7
*  Symbol “---” means that the damage location are not identified.

Figure 3a is the damage localization results in
damage case 1 in which single damage in stiffness is
simulated. It shows that the damage location can be
exactly determined by using the fifth mode cor-
rupted with 5% random noise. Table 3 reveals that
the damage location can be determined by using the
second, third and fifth mode shape corrupted with
5% random noise. This demonstrates that the above
three mode shapes are sensitive to the damage of
element 43 and they are the sensitive mode shapes
corresponding to the damage case 1. But something



need to point that the fifth mode shape is the most
sensitive mode shape in the above three mode
shapes. Meanwhile, we can see from Table 3 that the
first and forth mode shapes can’t locate the damage
in this damage case and they are surely the non-
sensitive mode shape.

Figure 3b is the damage localization results in
damage case 2 in which double damages in stiffness
are considered. Figure 3b and Table 3 reveal that the
damage location can be determined by using either
the third mode shape or the third mode shape cor-
rupted with 5% random noise respectively. They are
the sensitive modes corresponding to the damage
case 2. This is consistent with the identification re-
sults using the MAC matrix. Other results are listed
in Table 3. Using the first mode shape can only lo-
cate the damage of element 62 and using the second
or the fifth mode shape can only locate the damage
of element 43. They all can only determine a portion
of the damage location.

Figure 3c is the damage localization results in
damage case 3 in which single damage in mass is
considered. Figure 3¢ and Table 3 reveal that the lo-
cation of the damage can be determined by using the
mode shapes besides the third mode shape corrupted
with 5% random noise. And they are the sensitive
modes corresponding to the damage case 3.

3.4 Damage quantification
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Figure 4. Damage quantification results.

The estimate results of the damage extent using the
sensitive mode shapes are shown in Figure 4.
Through them we can see that the minimum rank
perturbation theory is suitable to quantify the dam-
age extent in structure even when the FEM model
are reduced to the test DOFs and the mode shapes
are involved with 5% noise data. To the single dam-
age case (damage case 1 & 3), the damage extent
can also be evaluated exactly using one mode shape,
and to the double damage case (damage case 2),
only two mode shapes are needed. This is an advan-
tage when the current method is applied to the real
cases because only some low mode shapes can be
measured in practice. Generally, the current method
stated in this paper is feasible to damage detection in
the large-scale reticulated shell structures.
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4 CONSULATION

In this paper, the two-step damage detection method
based on the residual modal force and the minimum
rank perturbation theory is developed further for the
sensitive mode shape is introduced in the whole
prosscess. An actual single-layer Kiewitt spherical
reticulated shell with three simulated damage sce-
narios has verified the proposed method. The results
show that the algorithm using MAC criteria to de-
termine the sensitive mode shape is simple and effi-
cient. The present damage identification technique
has identified the location and the extent of the dam-
aged elements in single stiffness damage case, dou-
ble stiffness damage case and single mass damage
case. Specifically, the presented methodology is de-
veloped to address the practical issue of measuring a
fewer number of structural degrees of freedom than
those present in the finite element model. Mean-
while the random noise is taken into account. An
advantage of the method is that only few modes are
enough to get the preferable result. However, it is
clear that the success of the method is dependent on
the location and number of sensors. In other words,
the DOF information corresponding to the damaged
nodes must be measured and included in the mode
shape using in the damage detection process, this
seems to be a disadvantage.
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