
1 INTRODUCTION 

For some NDT methods based on the propagation of 
stress wave or electromagnetic wave in materials 
and structures, it is usually needed to measure the 
wave velocity to find the physical change of 
materials(Alleyne & Cawly, 1991, Robert, 1998). 
Although the arriving time of the measured signal 
can be used to calculate the velocity, the dispersive 
nature of the material causes the result that different 
frequency content has different velocity. 
Consequently, accurate arriving time of the whole 
signal is difficult to be identified. Wavelet analysis 
extracts the information of the signal in its sub-band 
by a scaled wavelet function, which provides a 
useful tool to identify the propagation of wave both 
in time and frequency domain(Abbate & 
Frankel,1995). Traditional continuous wavelet 
transform (CWT) divides the whole frequency band 
nonlinearly by using the scale factor. In order to 
analyze the waveform at arbitrary frequency, we 
directly used a frequency factor instead of the scale 
in the wavelet function. Therefore, the propagation 
speed of the signal at different sub-frequency-band 
can be observed more clearly. For further 
localization of the propagation wave packets, a 
modeling method based on correlation algorithm is 
proposed to estimate the arriving time of them.  
Application result of the above method is presented 
by two examples of measured signals. One example 
is for measurement of the frequency dependent 

dielectric constant of concrete material. Results 
show the measured curve from 50MHz to 550MHz 
has the same trend as the cited reference. The other 
example is for measurement of the dispersion curve 
of Lamb wave group velocity in low frequency band. 
By using the proposed method, the experiment curve 
on an aluminum plate fits well with the theoretical 
one. 

2 CWT AND NARROW BAND RESPONSE OF 
A SYSTEM 

Technically, for a finite energy function )(tf , its 
CWT is defined as 
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where 0>a  is called the scale factor, )t(ψ  is the 
mother wavelet function. 

Furthermore, by changing the original wavelet 
function into  
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The wavelet transform in Eq.(1) can be written as a 
filtering operation 
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where ∗  denotes the convolution. 
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ABSTRACT: For some NDT methods based on the propagation of stress wave or electromagnetic wave in 
materials and structures, it is usually needed to measure the wave velocity to find the physical change of 
materials. Although the arriving time of the measured signal can be used to calculate the velocity, the 
dispersive nature of the material causes the result that different frequency content has different velocity. 
Consequently, accurate arriving time of the whole signal is difficult to be identified. A modified continuous 
wavelet transform is used in this paper to study the propagation of waves in different sub-frequency-band. For 
further localization of the propagating wave packets, a modeling method is proposed to estimate the arriving 
time of them. Two applications are presented to verify the ability of the proposed method. 



Figure1 is the waveform and Fourier spectrum of the 
Morlet wavelet. It shows that the wavelet acts like a 
band-pass filter selecting certain frequency band 
from the analyzed signal for observation. In order to 
give an explicit frequency meaning in CWT analysis, 
a modified Morlet wavelet is used here, namely, 
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It is a Gaussian pulse windowed sine wave covering 
a narrow frequency band at the central frequency of 
ω , with its center locating at t0 in time domain. The 
parameter c in Eq.(4) is selected to make the wavelet 
contain a fixed number of peaks at different ω . 
Compared to the scaling factor a in Eq.(1) and 
Eq.(3), ω  in Eq.(4) is the inverse of a. With the 
modified wavelet g(t), the wavelet transform in Eq.(4) 
can be re-written as  
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Given the central frequency ω , ),( bfWg ω  gives a 
time domain display of the original signal’s 
components located in the narrow frequency band 
centered at ω .  
 
 
 
 
 
 
 
 
 
 
 
The next step is to consider further physical meaning 
of Wgf( ω ,b). If the excitation signal for NDT 
inspection is a Dirac delta function )(tδ , the 
measured response is the impulse response )(th . 
From the signal and system theory(Oppenheim & 
Willsky, 1983), the convolution of the impulse 
response )(th  with an arbitrary signal )(tx  will be 
the system’s response to )(tx , provided that the 
tested system is linear and time-invariant. Therefore, 
as the structure’s response for a narrow band wave is 
concerned, it can be derived by convoluting the 
wave with )(th . This is the theoretical background 
for deriving the narrow-band response from the 
wide-band response. 
Unfortunately, the Dirac delta function is not easy to 
be produced in practice. To solve this problem one 
can use a step pulse instead of the impulse as the 
excitation. This step pulse can be generated easily by 
a general-purpose function generator using its low 
frequency square wave function. When the period of 
the square wave is very long, it acts as a step pulse 
in the observing time window. The derivative of 
structure’s response )(ts  is then the impulse 
response )(th  for the given linear and time-

invariant system,  
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With this approach, the response under the input   
specified in Eq.(4) can be calculated, 
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By selecting of the center frequency in Eq.(4) and 
using Eq.(7), one can get the structure’s response for 
a series of narrow band signal from one-time 
measurement of its step response.  

3 LOCALLIZATION OF THE WAVE PACKETS 

Figure 2(a) is the response of a tested structure 
excited by a step pulse. Figure 2(b) is the derived 
narrow band response using the method mentioned 
in the above section. Compared with the real 
measured narrow band response (solid line), the 
calculated one (dashed line) is accurate enough.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In order to calculate the arriving time of the 
propagating wave in the narrow band response, each 
wave packet needs to be identified and localized. A 
correlation based method is proposed to separate the 
overlapped wave packets in the signal and to 
estimate the arriving time of each packet. It is 
assumed that a narrow band response )(tx  can be 
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Figure 1. A Morlet wavelet: (a) waveform, (b) spectrum 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Figure 2. (a) The step pulse response measured on an 

aluminum plate; (b) Comparison between the calculated 
and measured burst wave responses 
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expressed as a linear combination of the wavelets 
given in Eq.(4)  
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where )(te  is the approximation error, iα  is a 
coefficient gi(t) is the shifted wavelet function,  
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To illustrate the concept, an example plot of the 
combination is given in Figure.3, where the original 
waveform )(tx  is decomposed into four basic wave 
packets denoted as )(1 tg ~ )(4 tg . The bottom curve 
is the estimation error in Eq.(8). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The parameters in Eq.(8) can be estimated using 
correlation process, step by step. For the i th step, 
the residual is 
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where rn(t)=x(t), gi(t)=g(t-τ i) , the optimal τ i and 
α i are 
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Because the above approach is to establish a model 
with the structure in Eq.(8), we call it a wavelet 
modeling method.  

4 APPLICATIONS 

4.1 Measurement of Frequency Dependant 
Dielectric Constant of Concretes 

The measurement of the electromagnetic constants 
of concrete materials provides important information 
for the study of the material properties in NDT area. 
Time-domain reflectometry (TDR) method uses the 
reflections in a transmission line to analyze the 

dielectric constant of the materials that cause the 
reflection. For a non-ferromagnetic material situated 
in the transmission line, the arriving time t1 and t2 of 
the reflections from beginning and ending surface of 
the material are related to the material’s relative 
dielectric constant rε by  
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where L is the length of the transmission line. 
Because the actual rε  of material varies with 
frequency, this measured relative dielectric constant 
is an overall effect of different frequencies. To 
derive the frequency-dependant rε , the continuous 
wavelet is used to transform the original TDR 
response into narrow bands and the wavelet 
modeling method is used to estimate the arriving 
time of reflections here.  
Figure 4 shows a measured TDR waveform in 
concrete and gives the wavelet modeling result in a 
sub-frequency band. In the modeling result, there are 
four components, which are denoted as input, 
reflection 1, reflection 2 and secondary reflection in 
the upper part of the figure. The first three largest 
components coincide exactly with reflections in the 
original TDR waveform, their polarities also agree 
with the direction of reflection in the original 
waveform. Based on the time interval between 
reflection 1 and reflection 2, the dielectric constant 
of the measured materials can be obtained, which 
corresponds to the frequency range that the wavelet 
function covers. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
The dielectric constant over the frequency band of 
50~550MHz were obtained by using the above 
approach. The result is shown in figure 5. The curve 
clearly shows the change of the concrete’s dielectric 
constant with frequency. This trend is similar to the 
result obtained by frequency domain tests(Robert, 
1998). 

t/ns 
Figure 4. Wavelet modeling of the TDR waveform
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4.2 Measurement of Lamb Wave Dispersion Curve 

Health monitoring of structures by using ultrasonic 
Lamb wave has received great attention in the field 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
of smart materials and structures. The variation of 
Lamb wave propagation speed with modes and 
frequency produces dispersions. The measurement 
of dispersion behavior plays an important role of 
Lamb wave study. Time-frequency spectrum of the 
measured wide band Lamb wave has be proven to be 
able to describe the dispersion effects in a more 
clear and convenient way (Prosser & Seale,1999). 
Here we combine the time-frequency analysis ability 
of continuous wavelet transform with the 
localization ability of wavelet modeling method to 
measure the dispersion curve.  
 
 
 
 
 
 
 
 
 
 
 

 

 
 
Figure 6 is a CWT analysis result of the waveform 
shown in figure 2(a). In the figure, the horizontal 
axis is the frequency, while the vertical axis is the 
time and the gray scale of the image means the 
signal amplitude. The theoretical group velocity 
dispersion curves of the aluminum plate are also 
included in Figure.6 with dashed lines. The analyzed 
results have the same trend as the theoretical ones. 
In order to find the values of the wave velocity, 
wavelet modeling is used to estimate the location of 
various wave packets in the CWT result. Figure 7 is 
the final calculated result, where the circles are the 

calculated group velocity and the solid lines are 
theoretical ones. The velocity of A0 and S0 fits well 
with the theoretic values at the frequency band of 
50~600 kHz. 
 
 
 
 
 
 
 
 
 
 
 
 
 

5 CONCLUSIONS 

The wavelet modeling method combined with CWT 
method proposed in this paper uses wavelet function 
both as inspection signal and modeling basis for the 
measured waveform. CWT provides a narrow band 
response that describes the velocity of the 
propagating wave around certain frequencies, and 
the modeling method gives an estimation of the 
arriving time of each wave packets. Application 
examples show this method is capable of describing 
time-frequency distribution of dispersive signals. 
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Figure 7. Measured and calculated dispersion curves
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Figure 6. Time-frequency-magnitude displaying of the 
dispersion effect 
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Figure 5. The results obtained by wavelet modeling 

 

 


