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ABSTRACT: Guided wave scattering in an infinite plate containing a circular cylindrical hole is analyzed by
using a numerical method, based on sound theoretical concepts. The analysis is accomplished using a hybrid
method, called the global local finite element method, which uses a combination of a finite element approach
with a Lamb wave mode expansion approach for analyzing scattering of guided waves by flaws in an infinite
layered anisotropic plate. In this method, a bounded region containing the flaws is discretized into finite ele-
ments, while the wave field in the unbounded exterior region is calculated by using a Rayleigh-Ritz approach
coupled with the modal summation technique. The scattered field is calculated through the application of the
nodal force-displacement relation and by satisfying the continuity condition at the interface between the dis-
cretized and exterior regions. This approach can be used for analyzing the scattering of three-dimensional
guided waves by flaws in an infinite layered anisotropic plate, which has not yet been studied by other re-

searchers in this area.

1. INTRODUCTION

The presence of hidden flaws caused due to various
reasons, including fabrication, can severely limit the
performances of structures and it is important to
monitor the health of structures to ensure their safety
and integrity. One of the most common problems in
space structures is the presence of cracks initiated at
connection joints. The visual inspections of this type
of defects is time consuming and impractical, as they
may not even be visible. One non-destructive testing
approach that has the potential for improving the in-
spections of joints is the use of guided Lamb waves.
The database for applying this approach could be
generated through analysis of propagation and scat-
tering phenomenon of guided waves through a nu-
merical model of the structure. Wave scattering phe-
nomenon in plates is much more complex than the
propagation phenomenon due to the mode conver-
sion problem at the location of flaws. A flat plate is
a structural form that is commonly used as a primary
component for many structures. Therefore, the scat-
tering of guided wave by flaws in a plate has impor-
tant practical significance for ultrasonic nondestruc-
tive testing and evaluation, which is studied here.
Wave scattering in plates have been investigated in
the past using different approach. Different re-
searchers use different approximate methods to
study the complex scattering phenomenon. Theoreti-
cal and experimental studies involving Lamb waves
in ultrasonic NDE are rather sparse. The interaction

of Lamb waves with a free edge was first studied by
Torvik (1967) by means of variational method, and
the partition of energy between different modes was
studied. The interaction between Lamb waves and
defects for plane problems was studied numerically
using a hybrid method similar to ours by Karunasena
et al.(1991). For analysing the wave scattering phe-
nomenon, it is necessary to define a numerical
model of structure with the flaws. Karim et al (1992)
studied the scattering of elastic waves with flaw
within a finite zone by a combination of analytical
and finite element methods. Later Zhu et al (1997)
used the hybrid model technique to develop the elas-
todynamic Green’s functions for plane strain wave
propagation and scattering of such waves by flaws in
laminated composite plates. They computed the in-
cident wave by combining the stiffness method and
modal summation technique. A comprehensive re-
view by Chimenti (1997) provides an insight into
many of the earlier studies on the above topic. The
scattering of Lamb waves interacting with a circular
hole, with or without edge cracks, in an infinite plate
has been studied both theoretically and experimen-
tally by Chang et al. (1999). They have used 3-D
hybrid model and isotropic material for the entire
study. Mal & Chang (2000) have presented a semi-
numerical method to calculate the elastic wave field
in strongly heterogeneous medium containing scat-
terers of arbitrary shape and size. Nayak & Banerji



(2004) have studied the guided elastic plane strain
wave fields in laminated FRP plates, excited by an
oblique line load, to show the efficiency of the
oblique incidence to increase the sensitivity of re-
sponse. Recently Mahmoud et al (2004) presented a
hybrid method for study the scattering of elastic
wave in steel pipes. They have used a parallel com-
putational algorithm, by combining the wave func-
tion expansion method and finite element discretiza-
tion, to solve the 3-D scattering problem.

In this paper, the scattering of guided wave by circu-
lar cylindrical hole in a plate of infinite lateral extent
is studied theoretically.

2. FORMULATION

Time harmonic wave scattering by a finite circular
cylindrical hole in an infinite plate composed of per-
fectly boded layer with possibly distinct mechanical
properties and thickness is considered. The geometry
of the layered plate is depicted in Figure 3. The cir-
cular cylindrical hole contained in the interior region
bounded by the vertical boundary of radius ‘r’ as
shown in the figure. The boundary of has been di-
vide in two zone, one is called reflective zone (R)
and other Transmissive zone (T). The two free sur-
face of the plate z=0and z =2H as well as the cylin-
drical hole faces are considered as traction free. For
simplicity of the analysis each layer is assumed to
have constant material properties. A time harmonic
plane wave excited at r = propagates towards the
hole and is incident on the hole located at »=0. The
time factor ¢/ ( where o is the circular frequency,
t is the time and z=0) is omitted in what follows.
The global local finite element method combines lo-
cal finite element analysis with Raliegh Ritz ap-
proximation method in addition with modal summa-
tion technique has been used to represent the far
field. The infinite plate is divide into two part by the
mesh boundary, contain the flaw, as shown in the
Figure 1. The region inside the mesh boundary is
analyzed by conventional finite element method,
while the behaviors of the electrodynamics field ex-
ternal to the mesh boundary is represented by Lamb
wave modal expansions in the frequency domain.
Application of the continuity conditions among the
mesh boundary has been considered for the entire
analysis. The detail of the method can be found in
the paper by Mahmoud et al (2004)

Figure 1 Finite element for circular cylindrical hole in an infi-
nitely extended plate.
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Figure 2 Co-ordinate for a certain wave traveling direction.
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Figure 3. Through thickness discretization along a certain plane
wave

2.1 Wave functions for the exterior region

In the exterior region, the total wave field consists of
the scattered wave field and the incident wave field.
The scattered wave field is represented by wave
function expansion. The plate considered in the fol-
lowing analysis is assumed to be of uniform thick-



ness, 2H, and to have traction free surfaces (Figure
2b). The circular cylindrical hole in the plate is con-
tained in a region bounded by vertical circular
boundary. The guided wave studied here is assumed
to be time harmonic wave propagating from infinite
source. The complex time factor ¢ (where o is the
circular frequency) is factored out in the analysis.
The plane guided Lamb wave with wave number &,
in the ¢, direction propagating

The associated dispersion equation can be written as

[y, -~ =0 (M
where

Ky = K k2 cos® ¢, + Kk sin ¢ cos ¢, + @)

K3k sin? ¢, + K ik, cos ¢, + Ksik, sin g, + K

At a given frequency, there are a infinite number of
real roots and finite number of pure imaginary and
complex roots.

For a plane wave propagating through a certain di-
rection, the displacement field can be expressed as
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where M is the total number of modes used for wave

function expansmn and N, is the number of nodal

point in the i™ direction..

u,-’m ul uZ, are the displacements components at the
" interface correspondlng to the m™ mode

The above equation gives the displacement vector of

the i™ directional scattered plane wave field at the

node of the boundary.

The above equation can be rewritten in the matrix

form as
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The nodal force vector due to scattered field at the
boundary and in i"™ direction can be formed as

P30 =[F |[o'] (8)

Where [Fl] = the matrix of nodal force vectors at the
interface due to the normalized stress component
o, , og and o_. In constructing the force vector,
the consistant load vector formulation given in Bathe
(1982) has been used.
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where N, is the number of nodal point on the
boundary of transmission side.
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Similarly
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(13)
For a incident directional plane wave displacement
and force vectors can be written as

qg’ = Azlqp e—jk,,r and Pl;n = Azlfp e—Jka (14)
where 4" is the amplitude of the p” incident mode.
Using the above equation we can formulate the inci-
dent displacement and force vectorUj and P} for
different incident mode.

2.2 Finite element model of the interior region

The interior bounded region that contains the irregu-
larity is idealized by using the finite element
method. A 20-node brick element is used throughout
the entire mesh. The displacement vector, U at a



point within the element can be expressed in terms
of the nodal displacement vector as

U =NQ, (15)
where N is the matrix containing the interpolation
function of the 20-node brick element.
Then the strain vector € can be written as

T
c= <grr 806 gzz 7/20 7” yr0> = DU (16)

in which D is matrix of differential operators in cy-
lindrical co-ordinates. By substituting the U given
by equation (15) into equation (16) the correspond-
ing strain vector, € , can be written as

e=1B,0,

where B, = DN

The strain and kinetic energies of the bounded re-
gion, R, can be written respectively for the finite
elements as
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An over bar refer to a complex conjugate. C is the
elasticity matrix, N, is the number elements, @ is
the chosen angular frequency of the incident mode,
R is the element domain, and P is the mass density
of an element material. The virtual work exerted on
the bounded region, R, by the external forces is

w=L{TIp, +ULP,) (19)
A conventional assembly over the finite element-
gives the total energy of the bounded region E, as
=T T TH
E=LTlsu,-ulpr, -ULP,} 20)
where U} =(Ul U}) are the total displacement
components in the bounded region, R. U; is the
nodal displacement vector corresponding to the inte-
rior nodes, while Ug denotes nodal displacements on
the boundary. An annular sub structuring scheme
has been used to form the stiffness matrix of the in-
terior region, where the stiffness matrix is as follow
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where Sy, =1,23, 2n,B)are the dynamic

stiffness sub-matrices between the degree of free-
dom associated with the nodes in the annular plane
’1” and the degree of freedom associated with the an-
nular plane j’.

Minimizing the total energy given by equation (20),
results in the following equations of motion for the
bounded region.
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where impedance matrices
Sy, j=1234,......... 2n, B) are defined in the stiffness
matrix ‘S’. Ui, j=1234, . 2n,B) are displace-
ment components of the nodal points in the bound-
ary.

and G= { (23)
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2.3 Global solution

The global solution is obtain by applying the dis-
placement and force continuity conditions at the
common boundary and the unbounded region, as fol-
lows

Uy=Ul+Uj, Py =P +P; (24)

where
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In equation (24), quantities on the left side of an
equality are associated with the bounded region
while those on the right side corresponds to the un-
bounded regions.

After  condensingU;,U;7,U; ......... Uj.ione. uy
from equations (21) and using equation(24) and (25)
the equation (22) can be manipulated as

67 sy G-FPla=6" (Pl -s5Ub) (26)
where
CAR FO 0
Gz{ 0 G(R)}and. Fz{ 0 F(R)} (27)

and S,;in the equation(26) has been calculated
using the similar procedure as used by Mahmoud et
al (2004). A is a matrix of size of 2M by 2M.
Amplitude AP andA® for each direction can be
calculated by solving the equation (26).

For i" dlrectlon the reflection co-efficient R), of
the m™ reflected mode and the transmission co-
efficient 7,, of the m™ transmission mode due to p

incident mode can be define as
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3. NUMERICAL IMPLEMENTATION

An illustration of the above method is presented
here, where the scattering of 3D waves by a circular
cylindrical hole in an infinite plate is studied. A
computer code has been write in FORTRAN-90 to
numerically analyze such problems. An example
homogeneous plate (Chang et al. 1999) has been
considered for illustration purposes, where the mate-
rial properties are shown in Table 1 below. From the
following material properties, elastic constants for
the given plate are calculated as 1=6.0872 GPa

and ¢ =2.6908GPa. A radius r = 4H, of the cylindri-
cal hole has been taken for the entire analysis.

Table 1 Properties of homogeneous isotropic plate.

Thickness P-wave S-wave speed | Density (o)
(2H) mm speed(m/s ) (m/s) kg/m®
1.6 6.4x10° 3.1x10° 2.8x10°

In the following numerical results a non-dimensional
frequency, Q, and a non dimensional wave number,
v, are defined, respectively, as

oH

v

where x is the shear modulus, H half plate thick-
ness, and wis the excitation frequency. From the
Rayleigh-Ritz based stiffness method the approxi-
mate wave numbers for different plane waves have
been calculated for a given excitation frequency.
The frequency-wave number spectra for a given di-
rectional plane wave is presented in the Figure 4.
From this dispersion curve, it is found that for this
plate, even for a low frequency at least one symmet-
ric and two anti-symmetric modes are present. For
the entire analysis 20 symmetric and 20 anti-
symmetric modes have been considered. For our
study purpose, we consider two cases of incident
waves striking the hole: (a) 1 anti-symmetric mode
and (b) 1*" symmetric mode

Q= and y=kH

(29)

Scattering phenomenon of waves due to incidence of
a particular mode has been studied in terms of re-
flection and transmission coefficients. Phase plots
for different frequency and at constant flaw dimen-
sion is observed to get an idea about the change of
phase with the change of frequencies.

Variations of reflection coefficients for a constant
diameter of cylindrical hole and for different fre-
quencies have been presented in the Figure 5 and
Figure 7. Numerical results of transmission coeffi-
cients for different frequencies for the two different
incident modes are presented in Figure 6 and Figure
8. Phase plot for both the reflective as well as the
transmissive side of the boundary is also calculated
for different excitation frequencies of the incident
mode. From the result it is clear that for the inci-
dence of the 1* anti-symmetric mode, the scattered
1*" anti-symmetric mode is quite independent of the
frequencies, whereas for the other scattered modes
the frequency has a significant effect on the reflec-
tive as well as transmissive wave field. For the inci-
dent of both 1* symmetric and 1% anti-symmetric
mode, scattered amplitude of the incident modes is
more predominant that the other generated modes.
An overall observation that can be made for this in-
vestigation is that scattering amplitudes are quite
sensitive to presence of discontinuities in the plate.
Furthermore, the incident mode plays an important




role on the reflection and transmission characteristic
of the scattered mode. Therefore the results pre-
sented in this paper, could provide valuable informa-
tion for extracting the frequency range and the mode
selection for non destructive evaluation.

5
0 T T T T T T T T
4 1.0
1 —m=

3 0.84 ! - = =-m=2
o : -m=3

2_

1 anti-symmetric

symmetric
0 T T T T T T T T T T T
0 1 2 3 4 5 6

Figure 4 Frequency spectra for the homogeneous isotropic

late Figure 6 T, versus frequency for homogeneous plate with cy-
plate. lindrical hole of r = 4H, due to incident of 1% anti-symmetric
mode.
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Figure 5 R, versus frequency for homogeneous plate with cy-
lindrical hole of r = 4H, due to incident of 1Sl anti-symmetric Figure 7 R2m versus frequency for homogeneous plate with cy-
mode. lindrical hole of r = 4H, due to incident of 1% symmetric mode.
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Figure 8 T, versus frequency for homogeneous plate with cy-
lindrical hole of r = 4H, due to incident of 1% symmetric mode.

4. CONCLUSIONS

A three dimensional global local finite element
method (hybrid method) has been presented to study
the wave scattering in plate like structures. The scat-
tered field is calculated based on the satisfaction of
the displacements and stresses continuity at the
boundary. Interaction of the waves with a circular
cylindrical hole in an infinite plate has been studied
in terms of reflection and transmission co-efficients
for different incident modes. The incident mode
strongly influences the scattered amplitude of the
different scattered modes, irrespective of the magni-
tude of the excitation frequencies. The present study
enables the experimentalist to get an idea about the
frequency range and the incident mode to get an op-
timum result for non-destructive evaluation.
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