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ABSTRACT: In this paper, a new method for probabilistic identification of structural parameters is proposed
to tackle the uncertainty (confidence) in measured modal properties and initial FE model by integrating a per-
turbation method with Bayesian theorem. It takes into account the statistical correlation between measured
modal data and updated structural parameters in the iterative updating and the prior knowledge of structural
parameters. This method explores two-stage updating. The first stage updating involves the use of measured
modal properties that are assumed as random variables with a normal distribution, to calculate the statistical
second moment characteristics of updated structural parameters by using a perturbation procedure in conjunc-
tion with the least-square algorithm. The second stage updating refers to the determination of posterior distri-
bution of structural parameters in terms of the obtained distribution from the first stage updating and the prior
distribution of structural parameters by using Bayesian theorem. A numerical example is presented to demon-

strate this novel method for probabilistic identification of structural parameters.

1 INTRODUCTION

One of key issues in structural health monitoring is
the identification of physical and mechanical pa-
rameters involved in the analytical FE model using
the dynamic and/or static measurement data. In the
past several decades, a variety of methods have been
developed for the identification of parameters in the
FE model of structures so as the updated FE model
can reproduce as closely as the measured dynamic
properties (Hart & Yao 1977, Liu & Yao 1978, Im-
regun & Visser 1991, Mottershead & Friswell 1993,
Link 1999). In reality, the measurement data are in-
herently random no matter how precise the instru-
mentation and modal identification techniques are.
The deterministic model updating methods lack the
capability in accounting for the uncertainty in meas-
ured modal parameters and initial FE model.

In response to this problem, probabilistic methods
have been developed for the identification of struc-
tural parameters using uncertain modal properties
(Collins et al. 1974, Friswell 1989, Beck & Katafy-
giotis 1998, Beck & Au 2002, Zhou et al. 2003).
Among them the methods based on first-order and
second-order perturbation theory have been widely
studied (Liu 1995, Papadopoulos & Garcia 1998,
Araki & Hjelmstad 2001, Xia et al. 2002). The exist-
ing perturbation methods were developed based on
the assumption that the measured data and the initial

FE model are statistically independent. However,
when the measured data have been used to update
structural parameters, the updated parameters are
correlated with the measured data (Friswell 1989).

In this paper, a new framework for probabilistic
identification of structural parameters, which is able
to cope with the statistical correlation between meas-
ured modal data and updated structural parameters,
is developed by using an integrated perturbation and
Bayesian method. A perturbation procedure in con-
junction with the nonlinear least-square algorithm is
first applied to derive the mean and variance of up-
dated structural parameters with the use of measured
uncertain modal data characterized as Gaussian ran-
dom variables, where Tikhonov regularization along
with the L-curve is used to obtain the regularized so-
lution. The obtained statistics of updated structural
parameters are then combined with the prior knowl-
edge of the structural parameters to derive the poste-
rior distribution of the parameters using Bayesian
theorem. A numerical example is given to demon-
strate the proposed method and its comparison with
Monte Carlo simulation (MCS).

2 PRESENTATION OF METHOD

The eigensensitivity-based model updating method
uses the relationship between the modal properties
and the structural parameters in terms of its first-
order Taylor series expansion as



A,=A,+S(r-r,) (1)

where A,, A are analytical and experimental modal
vectors, respectively; ra, r are the structural parame-
ters in initial FE model and updated FE model, re-
spectively; and S is the eigensensitivity matrix, also
called Jacobian matrix, whose elements are first-
order partial derivatives of eigenvalues and eigen-
vectors with respect to structural parameters.

Eq. (1) can be rewritten as
SAr =e (2)
where Ar = r-r; is the change in structural parameter
(CSP) between the initial and updated FE model; e
Ae-A, 1s modal discrepancy between the experimen-
tal results and analytical predications.

In the present study Eq. (2) is solved iteratively.
The objective function for minimization in iteration
is stated as a constrained least-square problem

min J(r)=¢" We subject to g =SWArl) —e)  (3)

where W is a diagonal weighting matrix whose ele-
ments are generally adopted as the reciprocals of co-
variance matrix of e.

The iteration formulae is derived from Eq. (3) as
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where S( ) is the eigensensitivity matrix with respect
to structural parameters for the kth iteration, com-
puted with the updated parameters r r®; Ak V| is the
analytical modal vectors for the kth 1terat10n using
the updated value r™®; and the subscript T represents
the transpose.

When the uncertainty in measured modal proper-
ties is considered, the problem becomes much more
complicated in the sense that the obtained structural
parameters at each iteration will become random and
consequently the eigensensitivity matrix S will also
be non-deterministic. To take the uncertainty effect
into consideration, the uncertainty in measured mo-
dal data is assumed as normally distributed inde-
pendent random variables with known statistical
properties. That is

A, =A, +X; (i=12,---,m) (5)

where A, represents the mean of measured modal
properties; and X;, (i=1, 2, ..., m), called basic ran-
dom variables, represents the Gaussian random un-
certainty in measured modal properties.

The CSP Ar® and eigensensitivity S® for the kth
iteration can be approximately expanded in terms of
the basic random variables as
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Substituting Eq. (6) into Eq. (3) and comparing
the zeroth- and first-order terms of X; lead to

SWAFW = A, —AW (7a)
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where the derivatives of Aa(k) and S® with respect to

Xi at each iteration are evaluated by the chain rules
of partial dlfferentlals
Similar to Eq. (6) r® can be expanded as
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Making use of Egs. (7) and (8), the mean and co-

variance of updated structural parameters are finally
obtained as
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where Xx 1s the covariance matrix of the basic ran-
dom variables X.

Because the eigensensitivity matrix for FE model
updating is often ill-conditioned, direct solution of
Eq. (7) may yield very poor estimates if the data are
polluted by measurement noise and/or round-off er-
rors. In the present study, the Tikhonov regulariza-
tion technique (Tikhonov 1995) is employed to miti-
gate the ill-posedness. Following this technique, the
solution to Eq. (7a) for example is defined as the
minimization of the quadratic cost function

[s®art H + 22 |Art H (10)

where A, called regularlzatlon parameter controls
the weights given to minimize the norm AP H of
the solution, which is a smoothness measure of solu-
tion relatlve to minimization of the residual norm

kﬁAr e ‘ , which is a goodness of fit measure
of solu‘uon. The L-curve algorithm (Hansen 1992) is
used here to determine the optimal regularization pa-
rameter.

After calculating the statistics of updated struc-
tural parameters from the above algorithm, the pos-
terior density functions of the structural parameters
are then derived using Bayesian theorem. Assume



that the structural parameter & was known to have a
prior probability density function f;(6) before con-
ducting FE model updating. Through FE model up-
dating using measured uncertain modal properties,
the probability density function of the updated struc-
tural parameter is obtained as f,(#). According to
Bayesian theorem (Ang and Tang 1975), the poste-
rior density function of the structural parameter, that
uses both sets of information and provides the best
use of both, can be obtained as

f(0)=kL(6)1,(0) (11)

where L(6) represents the likelihood function; and
k is the normalization constant.

In the case when both the density functions f;(6)
and f,(6) are normally distributed, the posterior den-
sity function f(6) of the structural parameter is also
normally distributed with its mean value and stan-
dard deviation respectively as

_H (O-z )2 T H, (0-1 )2

(12a)
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where 14, 1o are mean values of the prior distribu-
tion and the obtained distribution, respectively; and
o1, oy are standard deviations of the prior distribu-
tion and the obtained distribution, respectively.

3 NUMERICAL EXAMPLE
3.1 Structure model

The proposed method is applied for probabilistic
identification of structural parameters in a truss steel
bridge as shown in Fig. 1. The span of the bridge is
31.926 m. The area of cross section for all members
is 10? m? and mass density is 7800 kg/m’. The ana-
lyst assures the mean value of Young’s modulus for
all members is 2.0x10'"" N/m’ and a coefficient of
variation (COV) equal to 0.1. That is, the Young’s
modulus exhibits a prior distribution with the mean
value of 2.0x10"" N/m* and COV of 0.1.
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Fig. 1. FE model and simulated reduction in E-value

The objective of this example is to conduct a
probabilistic identification of the Young’s modulus
based on measured uncertain modal properties. Re-
duction of Young’s modulus in some selected mem-
bers is introduced in the FE model to produce ‘meas-

ured’ modal properties. The percentage reduction is
shown in Fig. 1. The ‘measured’ uncertain modal
data are then generated by the calculated modal pa-
rameters and adding the calculated eigenvalues with
random sequences with COV equal to 0.01.

In reality it is impractical to measure full eigen-
values and eigenvectors at full DOFs. In this exam-
ple, it is assumed that only the first four eigenvalues
and five vertical modal components at the nodes 7,
8,9, 10 and 11 for the four eigenvectors are meas-
ured. Thus the covariance of ‘measured’ modal vec-
tors can be expressed as

0 fori#j
cov(Xi, Xj):{(l%er_ )2 ori#]

for 1, j=1,2,---,24 where X, denotes the basic
random variables in ‘measured’ modal properties.

(13)

fori=]

3.2 Parameter identification

With the ‘measured’ uncertain modal properties, the
mean and covariance of updated parameters can be
iteratively obtained using the perturbation procedure
described in the previous section, and shown in Fig.
2. It is observed that the identified means of the pa-
rameters agree quite well with the true values, and
the identified COV of the parameters is amplified
due to low sensitivity of the modal parameters with
respect to the structural parameters.
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Fig. 2. Statistics of updated parameters

For comparison, Monte Carlo simulation (MCS)
technique is also conducted to obtain the statistics of
the updated parameters. Here the number of trials is
selected as 5000. To avoid physically meaningless
results, low and upper bounds of the parameters are



enforced in each trial. Fig. 3 shows a comparison of
statistics of the updated parameters resulting from
the present method and MCS, respectively. It is seen
that the results from the present method agree with
those obtained by MCS in most of the members. It
seems that the results from the present method are
closer to the true values than does MCS. The devia-
tion of the results by MCS from the true values is
mainly attributed to the fact that the modal proper-
ties are nonlinearly related to the Young’s modulus.
The nonlinearity does not preserve the Gaussian sta-
tistics of a random function even when the variables
are normally distributed.
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Fig. 3. Comparison of present method and MCS

The effect of uncertainty level on the normality of
statistical distribution of the updated parameters is
further studied. With the sample sequences of the
updated parameters obtained by MCS, the observed
or ‘actual’ probability density function (PDF) of the
updated parameters can be obtained from statistical
analysis. In the meantime, the ensemble mean and
standard deviation of the updated parameters can
also be estimated using the sample sequences, and a
theoretical PDF in normal distribution is derived.
Figs. 4 and 5 show the observed (‘actual’) and theo-
retical (normally distributed) PDF and cumulative
distribution function (CDF) of the updated parame-
ter for element No. 1 when the uncertainty level
(COV) of the ‘measured’ modal data is 1% and
0.1%, respectively. It is found that when the uncer-
tainty level is equal to 1%, the Gaussian property of
the updated parameter is not preserved. The Gaus-
sian property is more preserved when the uncer-
tainty level is lowered to 0.1%.
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Fig. 5. PDF and CDF under uncertainty level of 0.1%

3.3 Determination of posterior distribution

As aforementioned, the eigensensitivity-based
updating methods suffer from the fact that modal
properties may be insensitive to structural parame-
ters. As a result, small variances in measured modal
properties may cause large variances in structural
parameters after model updating. It is therefore im-
portant to incorporate prior information of structural
parameters for further probabilistic model updating.



When the prior knowledge of structural parame-
ters is available, the identified distribution of struc-
tural parameters from the perturbation method is fur-
ther integrated with the prior knowledge to obtain a
posterior distribution of the updated parameters by
means of Bayesian theorem. Fig. 6 shows the prob-
ability density functions of the prior distribution, the
identified distribution and the posterior distribution
of the structural parameters for elements No. 1, 5
and 16. The posterior distribution is obtained using
the formulae given in Egs. (11) and (12). It is ob-
served that the posterior distribution of the structural
parameters is sharper than both the prior distribution
and the identified distribution. This is expected be-
cause the variance of a variable decreases when
more information is collected. The Bayesian estima-
tor pays more confidence in the information with
small variance. When the variance in the prior dis-
tribution is smaller than that in the identified distri-
bution, the Bayesian estimator is
closer to the prior distribution than to the identified
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Fig. 6. PDF of structural parameters

distribution as shown in Fig. 6(a); when the variance
in the prior distribution is larger than that in the
identified distribution, the Bayesian estimator is
closer to the identified distribution than to the prior
distribution as shown in Fig. 6(b); and when the
variance in the prior distribution is identical with
that in the identified distribution, the Bayesian esti-
mator is balanced between the prior distribution and
the identified distribution as shown Fig. 6(c).

4 CONCLUSIONS

A new framework for probabilistic identification of
structural parameters is developed by integrating a
perturbation technique with Bayesian theorem. The
perturbation technique is first accomplished to iden-
tify the second moment statistics of structural pa-
rameters using measured uncertain modal properties.
With the identified statistics of the parameters and
the prior distribution of the parameters, the posterior
distribution is then obtained using Bayesian theo-
rem, which provides a more accurate representation
of the uncertainty associated with the FE model.
Such obtained probabilistic model rationally incor-
porates the knowledge and confidence in both ana-
lyst and experimentalist, and should be superior to
the deterministic model in representing real struc-
tures with uncertainty. The proposed method will
provide a more rational FE model for reliability-
based evaluation of structural failure probability us-
ing long-term monitoring data (Ko & Ni 2005).

The proposed method has been applied for simu-
lation study of a truss bridge, aiming at probabilistic
identification of Young’s modulus in all members
with measured uncertain modal data and prior infor-
mation of the parameters. The case study shows that:
(1) the proposed method can accurately identify the
statistical means of the updated parameters; (ii)
small variances in measured modal properties may
cause large variances in updated structural parame-
ters due to low sensitivity of the modal properties
with respect to the structural parameters; and (iii) the
posterior probability density function of structural
parameters gives rise to a rational FE model that
takes into consideration both uncertainty and prior
knowledge.
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