
1 INTRODUCTION 

In the literature, lots of studies have been focused on 
structural damage identification, all of which are to 
find out four statuses: existence, locations, extents of 
damages and their corresponding influence to struc-
tures. Vibration tests are economic and can reflect 
both global and local status of structures. Thus, ways 
on modal parameters has become the most popular. 
Modal sensitivity demonstrates the influence of 
structural changes to modal parameters. It has been 
used in structural damage identification widely. Sen-
sitivities of different modal parameters to damages 
are discussed a lot (Zhao & DeWolf 1999, Cawley 
1979). Most of them require complete mode shapes 
or inversion of large matrices.  

Any methodology should be solved as a mathe-
matical problem. The Least-Square method (L-S) is 
used most commonly in the literature. However, re-
sults show that for in practice the number of models 
measured is very limited, searching global optimism 
will be very difficult (Shen & Taylor 1991). Unlike 
conventional methods, Genetic algorithm (GA) 
searches by the objective function itself globally. 
Moreover, it is effective and robust in dealing with 
uncertain information and noise, and has been ap-
plied to structural damage identification (Chou & 
Ghaboussi 2001).  

In this paper, with sensitivities of change ratios of 
natural frequencies, modal shapes, the slopes and 
curvatures of modal shapes to the relative changes of 
flexibilities derived from the wave propagation the-
ory, systematic laws of their properties are gained. 
Subsequently, a methodology that identifies dam-
ages in shearing-type buildings based on modal sen-
sitivity and GA is proposed. A “two-stage” method, 
which first predicts possible damage areas through 
sensitivity analysis, and then assesses exact damages 
with sensitivity equation, is proposed. Finally, GA is 
adopted in the optimizing problem.  

2 MODAL SENSITIVITY BASED ON WAVE 
PROPAGATION 

Multi-storey buildings can be simplified as periodic 
shearing-type structures, as shown in Fig. 1. 
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Fig.1. Simplified shearing-type structure 

It is assumed that there is damage in the jth sto-
rey, whose extent is marked as the ratio of flexibility 
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increase in this storey. The nth natural frequency of 
the undamaged structure can be expressed as: 
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The corresponding wave propagation constant is 

( ) ( )2 1
2 1

n
u

n
N

π
γ

−
=

+
                          (2) 

Then the change of the nth natural frequency is  
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With (1) and (3), the ratio of the nth natural fre-
quency change for damage can be gained: 
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Imaging that damage only causes flexibility 
variation, the sensitivity of the nth natural frequency 
to damage in the jth storey can be expressed as fol-
lows: 
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Also based on wave propagation theory, the ith 
modal shape before damage can be gained: 
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And the ith modal shape of structure with damage in 
the jth floor is: 
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in which /j jf fα = Δ . 
The sensitivities of modal shape and of its slope 

and curvature to elemental damage are defined as: 
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Thus, sensitivity of change of the nth modal 

shape to ratio of the flexibility change in the jth sto-
rey is: 
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Similarly, sensitivity of change of the nth slope of 
modal shape to the ratio of the flexibility change in 
the jth storey is: 
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And that of the nth curvature of modal shape is: 
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3 MODAL SENSITIVITY ANALYSIS 

With the modal sensitive coefficients, a 10-storey 
building is set as example to analyze the properties 
of sensitivities of modal parameters. 

3.1 Sensitivity Analysis of natural frequency 

Fig.2 describes the absolute value of the natural fre-
quency sensitivity in 10-storey buildings. Sensitivi-
ties of the same frequency to different damaged sto-
ries are different, and each one is very sensitive to 
several certain stories. Certain sensitive coefficients, 
such as the 4th natural frequency to the 2nd, 5th, 8th 
storey and the 2nd, 5th, 8th natural frequencies to the 
4th storey are zero, because these stories are located 
in the nodes of modal shape. Moreover, the number 
and location of the stories where natural frequency is 
most sensitive also vary with the order of the fre-
quency. For a structure with n stories, the number of 
the most sensitive stories increases from 1 to 2/n in 
the first n/2 modes, and decreases from 2/n to 1 in 
the last n /2 modes. Also, the maximum sensitive 
coefficients increase with the order. Higher orders 
are more sensitive. Meanwhile, it can be certified 
through Eq.5 that the sum of sensitivities of a certain 
order of natural frequency is -0.5.  
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Fig.2. Sensitivities of natural frequency in 10-storey building 

By the same way, modal sensitivities of a 20-
storey building can be calculated. Theoretically, the 

more stories a building contains, the smaller the sen-
sitive coefficient of a certain natural frequency is. 
The sensitivity of a certain natural frequency of a 
10-storey building is about 2 times of that of a 20-
storey building. However, the shapes of natural fre-
quency sensitive change for 10-storey and 20-storey 
buildings are similar, which demonstrates that rules 
gained above about the sensitivity of natural fre-
quency are suitable to all multi-storey buildings.  

3.2 Sensitivity analysis of modal shape 

As a global modal parameter, natural frequency is 
not sensitive enough to local damages. For instance, 
the measured data at any point of the structure are 
same and its changes due to symmetric damages in 
symmetric structures are also same. Modal shape 
can describe structural local changes more clearly. 
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Fig.3. Sensitivities of modal shape in 10-storey building 

Fig.3 describes the sensitivity changes of modal 
shape in the 10-storey building. As a local modal pa-
rameter, modal shape consists of more information, 
so its sensitivities are more complicated. However, 
the properties also have some similarities with those 
of the natural frequency. The number of the most 
sensitive elements also varies with the mode order. 
In detail, the number of the most sensitive elements 
is 2 in the 1st modal shape, and increase from 2 to 
n/2 from the 2nd to (2/n)th modal shape. From 
(n/2+1)th, it decreases from n/2 to 2, and the number 
in the nth order is 2. The maximum value of sensi-
tivities increases with the mode order. Sensitivities 
are also zeroes in nodes. The maximum sensitivities 
in the first several modes are all located in the first 
storey, whereas those in the higher modes are lo-
cated near the top. All points are very sensitive to 
their own stories. The most sensitive story in each 
order is different and the sensitivities of the same 
story do not increase with order. This, together with 
the influence of nodes, determines that higher mode 
order does not always stand for higher precision in 
structural damage identification. 



3.3 Sensitivity analysis of slope of modal shape 

The slope of modal shape is defined as follows: 
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Fig.4 describes the variations of sensitivities of 
slope of modal shape in the 10-storey structure. The 
number of the most sensitive elements in each mode 
order is the same with that of natural frequency. 
Moreover, the sensitivities in nodes are zero. The 
sensitivity of the same element in different mode or-
der does not increase monotonely. However, the 
maximum value increases with the mode order, and 
it is much larger than that of natural frequency and 
modal shape. 
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Fig.4 Sensitivities of the modal shape slope in the 10-storey 
building 

As a dependent modal parameter, the slope of 
modal shape has its own characters in its sensitive 
properties. The sensitivities of the first measured 
points in each mode order are only zero in the nodes. 
Whereas, those of the other measured points all own 
several continuous zero points. The sensitivities that 
measured point j from order 1 to j to damage of the 
jth storey are all zero. Meanwhile, the maximum 
sensitivity in each mode order appears in the ele-
ment ahead of the damaged storey. That is, changes 
of slope of modal shape due to structural changes 
have hysteretic property, which is caused by the 
definition of slope of modal shape itself. 

3.4 Sensitivity analysis of the curvature of modal 
shape 

The curvature of modal shape which can reflect 
structural changes more clearly is the second deriva-
tive of modal shape. From Fig.5, it can be seen that 
the principle of the number of the most sensitive in 
each mode order is totally the same with that of 
natural frequency. Meanwhile, the maximum values 
increase with the mode order. These are similar with 
the properties of the other three modal parameters 
mentioned in the previous section. However, its sen-

sitivity is much larger than those of the correspond-
ing three ones, which demonstrates that the curva-
ture of modal shape is the most sensitive parameter 
to local structural damages among these four modal 
parameters mentioned. 
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Fig.5. Sensitivities of the modal shape curvature in the 10-
storey building 

The property of the sensitivity of the curvature of 
modal shape has its own characters. The most sensi-
tive point to a damaged storey in each mode is not 
located in this storey. These two properties are di-
rectly determined by the definition of the curvature 
of modal shape which declares that the change of 
each point relates not only to the change of its own 
storey, but also to the deformations of its adjacent 
two stories.  

In summary, it can be concluded that the proper-
ties of sensitivities of natural frequency, modal 
shape, the slope and the curvature of modal shape to 
local structural damages have many similarities. 
However, being dependent modal parameters, they 
also have their own characters just which discrimi-
nate these four dependent modal parameters and 
make them fit to different damaged cases. 

Just because certain mode is always most sensi-
tive to certain damaged stories, locations of the most 
sensitive of the first several mode orders in which 
modal parameters changes largely can be predicted 
as proposed damaged areas. Thus, a “two-step” 
method that predicts possible damaged stories first 
with sensitive analysis and then determines the dam-
aged extents and locations in detail by solving sensi-
tivity equation with GA is developed in this paper. 

4 STRUCTURAL IDENTIFICATION WITH 
MODAL SENSITIVITY AND GENETIC 
ALGORITHMS 

Any frequency change is the combination of dam-
ages, so it can be expressed by a linear combination 
of sensitivities as follows, assuming that m natural 
frequencies can be measured : 

{ } { }{ }Sδω δα=                          (13) 



This set of equations is called sensitivity equa-
tion, which contacts structural damages with 
changes of natural frequencies. If all natural fre-
quencies are available, that is, m=N, this equation is 
a determined equation and the corresponding solu-
tion is unique. However, in most cases, only limited 
number of natural frequencies can be detected, thus, 
equations are underdetermined, whereas certain op-
timization methods should be used. 

In this paper, the optimization problem is imple-
mented by minimizing the following objective func-
tion: 

[ ]{ } { }g S δα δω= −                      (14) 

For structural flexibility always increases with 
damage, the restricting condition is: 

{ } 0δα ≥                                (15) 

GA, other than conventional mathematical meth-
ods, is used to assess predicted damages. In this ex-
ample, the fitness function is defined as 

[ ]{ } { }maxfitness c S δα δω= − −           (16)            

In this GA, real coding, instead of traditional bi-
nary coding is used to deal with the continuous ob-
jective function. Thus, errors in encoding can be 
minimized and computing sources can be saved 
largely. Meanwhile, three basic genetic parameters 
are proportional selection, arithmetic crossover and 
uniform mutation. And advanced genetic strategies, 
such as elitist model and fitness scaling are adopted. 

5 DAMAGE IDENTIFICATION OF A 20-
STOREY BUILDING 

To discuss the validity of this method, a shearing-
type 20-storey model is set up. The mass and stiff-
ness of each storey are 2.0 × 10 5  kg and 3.3636 × 
10 8  N/m, respectively. 12 cases of damages are 
simulated, shown in Table 1. Structural damage is 
marked as flexibility increase. Only the first five 
natural frequencies are used. The corresponding 
changes between undamaged and damaged situa-
tions are shown in Table. 2. 
 
Table 1.  Damage cases of the 20-storey building 

Case 1 2 3 4 5 6 
Damage5% 

Storey 1 10 20 1,10 1,20 1,10,
20 

Case 7 8 9 10 11 12 
Damage30% 

Storey 1 10 20 1,10 1,20 1,10,
20 

 

 
 
 
 
Table 2.  Changes of natural frequency due to damage 

Case 1 2 3 4 5 6
1 -0.24 -0.14 -0.00 -0.25 -0.38 -0.38
2 -0.24 -0.08 -0.01 -0.25 -0.32 -0.33
3 -0.23 -0.19 -0.03 -0.27 -0.42 -0.45
4 -0.22 -0.03 -0.06 -0.29 -0.26 -0.32

mode

5 0.21 0.23 -0.10 0.31 -0.44 -0.54

Case 7 8 9 10 1
1 12 

1 -1.44 -0.81 -0.01 -2.21 -1.45 -2.22
2 -1.41 -0.48 -0.08 -1.91 -1.48 -2.00
3 -1.36 -1.11 -0.21 -2.37 -1.56 -2.57
4 -1.28 -0.20 -0.41 -1.57 -1.67 -1.93

mode

5 -1.19 -1.33 -0.65 -2.42 -1.81 -3.04
Based on the “two-stage” method, potential dam-

aged sites of each case can be determined which are 
shown in Table. 3.  
 
Table 3.  Possible damaged area predicted 
Case 1,7 2,8 3,9 4,10 5,11 6,12 
Possible
area 

1,2,
3,4 

1,2,
9,10

19,20 1,2,
9,10 

1,2,19,
20 

1,2,9,10,
19,20 

Fig.6 shows the identified results of GA and L-S 
for different damage cases, in addition to the com-
parison with the actual damages. For case 1~3 with 
single 5% damage, both GA and L-S detect damage 
locations successfully. Whereas, for L-S, damage 
extents are over-predicted, and negative results 
standing for flexibility decrease, which is impossible 
for any damaged structure, occur. It is worth to be 
noticed that, for case 3, the error between the actual 
damage and computational results is especially 
large; howbeit the predicted damaged site is reduced 
to only two elements. This is because the 20th storey 
is on the top and has little effect on the first five 
natural frequencies. What’s more, the results by GA, 
compared with those of L-S, are much closer to ac-
tual damages. Having been constrained in a positive-
number area, the results have no negative value. Fur-
thermore, its error is much smaller than that of L-S, 
which argues that GA is more effective way in dam-
age identification. For element 20 which is the least 
sensitive, the measured result is very close to its ac-
tual value, which further proves that GA is more 
adaptive and robust than conventional algorithms. 

Similar situations appear in multi-damage cases 
4~6. Generally, GA identifies all damages accu-
rately. The damage of the 10th storey in Case 4 is 
predicted smaller due to the complication of multi-
damage state, but the element number is located cor-
rectly. In cases 5 and 6, damages are assessed very 



precisely, including that in the 20th storey. Neverthe-
less, for L-S, its behavior is not as good as in single-
damage cases. In case 4, damage in the 1st storey is 
overestimated, while damage in storey 10 is not 
found out at all. On the whole, damages in case 5 is 
failed to be detected: results of storey 2, 9 and 10 
look similar, and negative occurs at storey 1. In ad-
dition, in case 6, only damage in element 10 is de-
tected. Result of storey 1 is negative once more and 
damage in storey 20 is largely over predicted. 
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Fig.6 Identified results of GA and L-S in the 20-storey 

building with “two-step” method 
（ Actual damage， GA results， L-S results） 

For single severe damaged cases, both L-S and 
GA can identify damages correctly. However, errors 
of GA are much smaller. Thus, the conclusion can 
be made that GA, as an optimization method per-
forms better in searching for single severe damage. 

Results of these two methods for multi-location 
severe damaged cases show that all damages are 
well located, but the magnitude is under-predicted or 
over-predicted to a larger degree. This is because the 
relationship between frequency changes and severe 
damage is nonlinear but the sensitivity coefficients 
come from the original structure. This error can be 
minimized by running a second-order optimization 
continuously. However, GA is more effective and 
adaptive in optimizing damage assessment prob-
lems.  

6 CONCLUSIONS 

Changes of modal parameters have contained the in-
formation of structural variations. Thus, the sensi-
tivities of four modal parameters, i.e., natural fre-

quency, modal shape, the slope and the curvature of 
modal shape to flexibility increase are analyzed in 
detail. Conclusions that can be used in damage iden-
tification are drawn. By assuming that only flexibil-
ity increase in damage is considered, damages can 
be assessed by sensitive equation. Thus, structural 
damages can be detected with limited natural fre-
quencies which are easily measured in any location 
of structures, without setting up accurate finite-
element model. 

Unlike conventional method, GA is used in opti-
mization. GA searches from multiple points for op-
timal solutions by the objective function itself glob-
ally, so it is more robust, adaptive and effective in 
damage assessment, which has been proved in the 
damage detection of a 20-storey building. A “two-
stage” approach is proposed to improve the compu-
tational efficiency and accuracy. 

However, it should be clearly noted that most 
structures in reality are much more complex. To im-
plement this method in real engineering, many addi-
tional factors should be considered, such as the 
boundary conditions in complex structures and noise 
in measured data. 
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