
1 INTRODUCTION  

Hysteresis is a highly nonlinear and hereditary 
behavior encountered in many structural systems of 
engineering interest. For the reason of predicting 
structural performance to resist lateral dynamic 
excitations, it is essential to establish an analytical 
model for the hysteretic properties of the structural 
systems. One of the widely used models is the 
differential hysteretic model originally proposed by 
Bouc and subsequently extended by Wen and other 
researchers, referred as Bouc-Wen-Baber-Noori 
(BWBN) model. The generalized BWBN model can 
account for strength degradation, stiffness 
degradation and even pinching effects of an inelastic 
structure. 

To appropriately reproduce the structural 
hysteretic characteristics, there are a set of 
parameters needs to be defined explicitly in the 
generalized BWBN model, and this is a system-
identification problem. In this paper, the lately 
proposed Particle Swarm Optimization (PSO) is 
adopted to settle the parameter identification. 
Numerical experiments are implemented to 
demonstrate the robust identification capability of 
PSO by using the simulated pseudo test data 
contaminated with different levels of random noise. 

Since the optima-searching course of PSO 
exhibits different convergence rate for different 
parameters, the underlying parameter sensitivity 

mechanism of the generalized BWBN model is 
investigated by statistically analyzing the variability 
of the temporary candidate solutions in the 
identification process. A sensitivity index is 
proposed, and the qualitative sensitivity ranking of 
the totally 12 parameters in the generalized BWBN 
model is compared with the results by Sobol's 
method reported in other literature. 

The organization of this paper is as follows. In 
Section 2, the generalized BWBN hysteretic model 
is briefly described. Section 3 gives a concise 
introduction to PSO algorithm. The effectiveness of 
PSO for identifying the hysteretic model parameters 
from random noises contaminated simulated pseudo 
test data is investigated in Section 4. In Section 5, 
the qualitative sensitivity of hysteretic model 
parameters is researched. A summary of this paper is 
provided in Section 6. 

2 DIFFERENTIAL HYSTERETIC MODEL 

Engineering structures under severe dynamic 
loading such as earthquakes and hurricanes usually 
exhibit hysteretic behavior. Hysteresis is a history-
dependent phenomenon, i.e., the restoring force 
depends not only on the instantaneous deformation 
but also on the past history of deformation. It is a 
significant work to establish an analytical model of 
the hysteretic property for the structures to evaluate 
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structural capability to resist lateral loading. Since 
hysteretic phenomenon cannot be expressed by a 
single algebraic function, great efforts was made by 
many researchers to establish the differential-type 
constitute relationships. It is because integration 
operator essentially mimics the “memory” effect of 
hysteresis, so differential model is apt to simulate 
hysteresis. Bouc-Wen (BW) model (Wen 1976) is a 
widely accepted analytical hysteresis model and it 
has a compact mathematical expression: 
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where u and z are structural deformation and 
hysteretic displacement, respectively. A, n, β and γ 
are parameters determining the shape of the 
hysteretic loops. By appropriately adjusting these 
parameters the Bouc-Wen model can represent a 
large variety of softening or hardening, narrow or 
wide-band systems. 

The dynamic equation of generalized single-
degree-of-freedom hysteretic systems may be 
written as 
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where m, c are generalized mass and generalized 
damping, u is generalized displacement. The 
nonlinear restoring force Fn is the sum of elastic 
restoring force Fe=αku and hysteretic restoring force 
Fh=(1-α)kz, where α is the ratio of post yielding 
stiffness to pre-yielding stiffness. Dividing Equation 
2 by m gives 
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where ωn is the natural cyclic frequency, and ζ is the 
structural damping ratio. 

Baber and Noori further extended the basic BW 
model by incorporating the stiffness and strength 
degradation factor as function of hysteretic energy 
dissipation (Baber & Noori 1985). After examined 
that the relation between hysteresis slopes dz/du 
versus z could be used to represent hysteresis 
behavior, Baber and Noori used an inversed 
Gaussian type function to consider pinching effects 
(Baber & Noori 1986). The Baber and Noori 
generalized Bouc-Wen model may be referred as 
Bouc-Wen-Baber-Noori (BWBN) model (Foliente 
1995). Foliente (1995) also amended the pinching 
part in the BWBN model to facilitate the special 
pinching characteristic in wooden structure systems. 
The whole set of formula of the generalized BWBN 
model is as follows: 
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in Equation 4 - 11, ν and η are strength and stiffness 
degradation parameters, respectively; h(z) is 
pinching function; ε is dissipated hysteresis energy; 
zu is the ultimate value of z; ζ1 controls the severity 
of pinching; ζ2 causes the pinching region to spread. 
For further details of the generalized BWBN model, 
Foliente (1995) and Zhang (2002) should be 
consulted. There are totally 13 unspecified 
parameters in the above model, but Ma (2004) 
concluded that A is redundant and may be set equal 
to unity all the time. 

3 PARTICLE SWARM OPTIMIZATION 

Particle Swarm Optimization is one of the 
population intelligence based stochastic zero-order 
optimization algorithm. It was developed by 
Kennedy and Eberhart (Kennedy & Eberhart 1995). 
The thought process behind the algorithm was 
inspired by the social behavior of animals, such as 
bird flocking or fish schooling. As a relatively new 
member in the evolutionary algorithms family, PSO 
shares many similarities with other evolutionary 
computation techniques. It does not require 
derivative information of the objective function 
under consideration, but only its values, and this 
property is important for those functions whose 
gradients are either unavailable or computationally 
expensive. 

The optimization procedure of PSO is initialized 
with a population of random candidate solutions, 
named “particles”. Each particle has its own position 
and velocity, and a fitness value assigned by the 
evaluation function. According to a few simple rules 
the population adaptively updating their positions 
and velocities to travel around the solution space, 
and then search for optima iteratively. When a 
particle calculates its new position, it takes into 
account two prior values: the best position the 
particle itself has achieved so far (call ‘pBest’ as 
abbr.), and the global best position the population 
has obtained so far (call ‘gBest’ as abbr.). The core 
concept of PSO algorithm is that, at each iteration 
step, changing the velocity of each particle utilizing 
the independently randomly weighed ‘pBest’ and 
‘gBest’ information (Equation 12), then updating the 
particles’ positions (Equation 13). 

( ) ( )[ ]igiiii XPrcXPrcVV −+−+=+ 22111 χ  (12) 

11 ++ += iii VXX  (13) 



where, Xi=(xi1, xi2, …, xid) represents the position of 
the ith particle, and d is the number of optimized 
parameters; Vi=(vi1, vi2, …, vid) is the velocity of the 
moving particles; c1 and c2 are learning factors and 
usually both equal to 2; r1 and r2 are two random 
numbers uniformly distributed in the interval (0, 1). 
χ is the constriction factor,  
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Pi=(pi1, pi2, …, pid) is the best position Xi has 
achieved so far; and Pg=(pg1, pg2, …, pgd) is the global 
best position population has obtained so far. Besides 
position Xi should satisfies the constraint [-Xmax, Xmax] 
of the optimization problem, the velocity Vi is also 
bounded by a predetermined maximum value Vmax, 
this parameter proved to be crucial, and usually be 
set less or equal to Xmax. Equations 12 define the 
global version of PSO, and there is also a local 
version PSO, in which, the best position each 
particle's topological neighborhood has reached so 
far (call ‘lBest’ as abbr.) was used instead of the 
‘gBest’ information. Parsopoulos et al (2002) and 
Buthainah (2002) should be consulted for the further 
information about the PSO algorithm. 

4 PARAMETER IDENTIFICATION 

Parameter identification of nonlinear systems is an 
inverse problem. There are a wealth of techniques 
can be used in the system-identification field, such 
as the extended Kalman filter, the generalized 
reduced gradient methods, maximum likelihood 
estimate, recursive least squares, recursive instru-
mental variable methods, and the bootstrap filter 
(Zhang 2002, Ghanem & Shinzuka 1995, Shinzuka 
& Ghanem 1995, Li 2004). In this paper, the particle 
swarm optimization is implemented to identify the 
totally 12 parameters. In order to demonstrate the 
feasibility of PSO to hysteretic model parameter 
identification, simulated data resembling actual 
measured data are used. The simulation setting is 
summarized by the following description: 

System properties: natural frequency = 3.56Hz; 
structural damping ratio = 0.05; 

Excitation properties: North-south component of 
the 1940 El Centro earthquake; magnitude 
amplification factor = 200; duration of excitation 
used for identification = 10s; 

Parameters: The chosen loop parameters are 
displayed in the second column of Table 1. 

To test the robustness of particle swarm 
optimization to noise, the pseudo test data 
contaminated by different level of random noise is 
used (Ni 1998). 
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where r are a sequence of random numbers 
uniformly distributed in (0,1). Z is the amplitude of 
hysteretic displacement z, and the parameter μ 
represents the noise level. In this paper, μ =0.01, 
0.05, 0.1 are considered. 

The noise free pseudo test hysteretic loops is 
plotted in Figure 1 and the noise contaminated loops 
(μ = 0.1) is shown in Figure 2. 

The identification of PSO starts from a 
population randomly created candidate solutions in 
the problem space, and each solution is a vector 
containing a set of 12 unspecified parameters. The 
ranges for the 12 parameters are 0.5≤β≤1.5, -
0.3≤γ≤0.5, 0≤δν≤0.05, 0≤δη≤0.3, 0≤n≤3, 0.7≤ζs≤1.0, 
0≤q≤0.3, 0≤p≤5, 0≤ψ≤0.2, 0≤δψ≤0.01, 0≤λ≤1, 
0≤α≤0.1. For each candidate solution, the response 
of the inelastic structure to the given excitation can 
be obtained by numerical simulation. The calculated 
response data can then be compared to the pseudo 
test data, and their difference produces the objective 
value for the use of PSO. The following least 
squares evaluation is used as objective function: 
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Figure 1 The noise free hysteretic loops 
 

-6 -4 -2 0 2 4 6
-1.2

-0.8

-0.4

0.0

0.4

0.8

1.2

H
ys

te
re

tic
 d

is
pl

ac
em

en
t z

Structural displacement x  
Figure 2 The μ=0.1 noise contaminated hysteretic loops 
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Figure 3 The μ=0.1 noise contaminated hysteretic loops and the 
identified loops 
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where N is the number of sample points, zsim and ztest 
are respectively the model simulated and pseudo test 
hysteretic displacements. 

For the stopping criteria of parameter 
identification process, the saturation strategy is 
applied: 
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where κ and d is pre-specified positive tolerance 
value and integer number. Equation 17 implies that 
when the maximum change in global best objective 
value smaller than κ for d iterations, then 
optimization terminates at the kth iteration. In this 
paper, κ=10-6, d = 8 are adopted, and the population 
size of the PSO algorithm is 500. 

The column 3 to 5 of Table 1 show the parameter 
identification results for the three noise level μ =0.01, 
0.05, 0.1. The iteration numbers of the three 
identification process are 59, 34, and 29 respectively. 
The last row of Table 1 also displays the least square 
error of the three simulated responses with the noise 
free pseudo test data. 
 
Table 1 Identified parameters for three noise level 
 

Parameter Actual 
Value μ=0.01 μ=0.05 μ=0.10 

β 1.0 1.0072 1.0105 1.0451 
γ 0.1 0.0890 0.1583 0.2451 
δν 0.025 0.0289 0.0252 0.0201 
δη 0.15 0.1470 0.1345 0.1264 
n 2.0 2.0957 2.2029 2.5046 
ζs 0.85 0.8527 0.8629 0.8687 
q 0.15 0.1518 0.1526 0.1573 
p 2.5 2.4379 2.2370 2.0390 
ψ 0.1 0.1114 0.1521 0.1136 
δψ 0.005 0.0053 0.0072 0.0055 
Λ 0.5 0.4447 0.1259 0.5279 
Α 0.05 0.0504 0.0495 0.0491 
Objective 
Values 

 4.56e-5 6.53e-4 2.19e-3

5 QUALITATIVE SENSITIVITY ANALYSIS 

In the identification process, it can be observed that 
the convergence velocities of various parameters are 
different. This observation implies the potential 
application for differentiating sensitivity between the 
12 parameters. 

In order to demonstrate the convergence rate of 
the different parameters, the temporary parameter 
solutions in the identification process of the noise 
free pseudo test data is statistically analyzed to show 
the variability for iterations of the different 
parameters. The candidate solutions of every two 
adjacent iteration are combined together to give a 
few excellent objective value, this tactic 
manipulation can insure the best objective value of 
each iteration would not change adversely. Since the 
iteration number of parameter identification of the 
noise free hysteretic loops are 62, so only 61 groups 
of excellent candidate solutions are obtained. 
 

0 10 20 30 40 50 60
-5

-4

-3

-2

-1

0
σ x2 /μ

x2

Iteration numbers

 β  γ  δ
υ
  δ

η

 n  ζs  q  p
 ψ  δ

ψ
  λ  α

 
Figure 4 Squared variation coefficients of the 12 parameters 
varied with the iteration number 
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Figure 5 The qualitative sensitivity ranking of 12 parameters by 
the PSO algorithm 
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Figure 6 The scaled global sensitivity indexes of 12 parameters 
by Sobol's method 
 

The squared variation coefficients of each group 
of excellent candidate solutions are used and their 
tendencies after logarithmic transformation varied 
with iteration numbers are shown in Figure 4. Before 
the variation tendencies of parameters could be 
investigated, all the parameter solutions are 
normalized into the range of [0, 1]. It can be 
observed from Figure 4 that the more sensitive 
parameters have a faster convergence velocity. In 
this paper, the following index is defined to give the 
qualitative sensitivity ranking: 
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Figure 5 gives the qualitative sensitivity ranking 
of the totally 12 parameters of the generalized 
BWBN model in the pre-specified identification 
space. The global sensitivity indexes by Sobol's 
method from (Ma 2004) is also supplied in Figure 6, 
and the sensitivity ranking value of the most 
sensitive parameter ζs in both Figure 5 and 6 are 
scaled to 10 for the sake of direct comparison. It can 
be seen from Figure 5 and 6 that, as a qualitative 
sensitivity evaluation tool, the sensitivity results by 
PSO algorithm is acceptable. 

6 CONCLUSIONS 

The intent of this paper is to demonstrate the robust 
identification capability of the relatively novel PSO 
optimization algorithm. Using the simulated pseudo 
test data, the PSO algorithm can robustly identify the 
parameters in the generalized BWBN model in spite 
of the disturbing of reasonable different level of 
noises. Furthermore, in view of the different 
convergence rate of various parameters, the 
qualitative sensitivity information is further obtained 
by statistically analyzing the temporary candidate 
solutions in the identification process of PSO. With 
comparison to the global sensitivity ranking results 
by Sobol's method, it can be seen that the PSO 

algorithm is feasible as a qualitative sensitivity 
evaluation tool. 
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