
 

1. INTRODUCTION 
     
Engineering structures serving in complicated 
environment often suffer different kinds of damages, 
accumulation of such damages easily results in 
catastrophes, so it is very important for the safety of 
structures to detect the early damages of structures. 
The purpose of structural damage detection is to 
locate and quantify structural damages based on the 
characteristics represented by structures. The 
identification of the location and the extent of 
structural damages are involved with positioning 
techniques and quantitative analysis of the structural 
damage detection. 

Since the damages occurring in a structure 
influence its physical properties such as mass, 
stiffness or damping properties, the changes of these 
properties can be used to determine the location and 
the extent of damages. Some researchers use natural 
frequency changes to identify structural damages 
[1,4]. The limitation of these methods is obvious, 
because natural frequencies are a global property of 
the structure. Some people use the methods based on 
the relative changes in mode shapes to identify the 
structural damages [5-7]. Compared with the method 
based on natural frequencies, the identification 
methods using mode shapes are more reliable. 
However inadequate measuring information and 
measuring errors of mode shapes often result in 
inaccuracy of detection by the methods. Instead of 
using the mode shape changes, some people use  
 

 
 
 
 
 
 
mode shape derivatives (such as strain energy) as 
alternative methods [8-10]. These methods are found 
more sensitive to damage than methods based on 
frequencies. The changes of the flexibility matrices 
before and after damage are used to detected the 
damage locations by researchers [11-12]. Another 
class of damage identification methods is based on 
the updating or modification of structural matrices, 
namely the mass, stiffness and damping matrices 
[13-15]. The models are theoretically analogous to 
some finite element model updating methods used to 
locate and quantify modeling. 

When the damages occur in a structure, damage 
identification deals with two key problems, 
detection of the structural damage locations and 
estimation of the damage extents. For the damage 
location problem, the current methods mentioned 
above fall into two categories: one is to locate 
damage using mathematical models, the other is free 
of mathematical models. The former is to locate 
damage by using the dynamics equations and 
experimental measuring information. Because of 
inadequate structural information, it is usually 
difficult for accurately locating the damage by using 
the method. The latter is to identify the location of 
the damage by just observing the abrupt variation of 
mode shape, strain mode or curvature mode before 
and after the occurrence of structural damage. 
Although it is simple and effective, the latter method 
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often lacks quantitative analysis. For the damage 
quantification problem, the usual methods follow the 
sequence: firstly, the optimization model is built by 
using the least-squared principle, then the 
normalized matrix is introduced, finally, the chiastic 
iterative method is used to solve the optimization 
problem. In fact, the method is a linear iterative 
process, which has two main drawbacks: the method 
is locally convergent and linear, so the initial values 
at the beginning of iteration should be in the near 
field of true values, otherwise the iteration is not 
likely to converge; the selection of the introduced 
normalized matrix during solution is empirical, 
which is lack of theoretical basis. 

In this paper, the damage identification method is 
divided into two steps. The first step is to locate the 
structural damages. The second step is to estimate 
the extent of damages. The second step allows the 
identification of multiple damages, with the 
knowledge of their locations acquired by the first 
step. In the first step, the strain modes before and 
after damages are compared. The strain modes are 
obtained by finite element method. By introducing 
the method of test even change point, the compared 
results of strain modes can be used to quantitatively 
locate the damages. Test even change point is a 
branch of modern mathematic statistics, which is 
mainly used to identify the change points of a 
sequence in a nonlinear system [16-17]. In the 
second step, the optimization equation is built by 
using the least-squared principle. Instead of using 
the traditional iterative methods to solve the 
equation, the homotopy continuation algorithm is 
employed to solve it [18-19]. Since the initial 
iterative values of homptopy algorithm are required 
much less strictly than those of traditional methods, 
the homptopy algorithm is easy to converge in 
solving the equations. In order to verify the 
identification method, numerical examples are 
presented in the paper. Since the present 
methodology follows a general formulation, by 
including finite element methods, the complex 
structural problems can be analyzed.  

2 THEORY  

2.1 Identification of damage location 

When the damages occur in a structure, the stresses 
in the vicinity of the damage locations will be 
redistributed, therefore the strains of the same 
locations will also be redistributed. So the locations 
of the damages can be positioned in terms of the 
variation of the structural strains. The variation of 
strain is expressed as followed: 

{ } ),,( 321 nxxxxx L=                       (1) 

where { }x is the sequence of the difference of strain 

modes before and after damages, n is the number of 
strain measuring point. Because of the 
computational and measuring errors, { }x is often 
deviated from the true values. The expression is as 
followed: 

iix εα +=      ni L3,2,1=                     (2) 

Where α is the true value, iε is the error. iε is 
usually viewed as random variable, which obeys the 
normal distribution, so ix could be also viewed as a 
random variable obeying the normal distribution. So 
the detection of the structural damage locations can 
be transformed to the problem of detecting the 
abrupt variation of the random sequence{ }x . The 
followed hypothesis test model is used to describe 
the problem of the detection of the damage 
locations: 
Null hypothesis  
 H:   EX1= EX2 =…=EXn  ( non-damage)  
Opposite hypothesis                             (3) 
 H1:  for m, 1＜m≤n, and a1≠a2                       
      EX1=…= EXm-1 = a1   EXm= a2   
 Where m is change point. If H1 is affirmed by test 
result, m is the location of change point. If there are 
many damages in the structure, that is, there are 
many change points in{ }x , the change points can be 
found by the change of{ }x , then each change point 
is verified by the followed criterion. 
(1) The variations of strain modes of the first few 

ranks are tested. Detect change points of strain 
modes of each rank. 

(2) Compare the locations of change points of each 
rank. If the location is the same, then it can be 
viewed as the location of change points. 

(3) When the strain modes of several ranks 
simultaneously change greatly at the same 
location, however, the strain mode of some rank 
doesn’t change greatly at the location, the 
determination of change point depends on 
whether the location is the stationary point of 
the strain mode of the rank or not. If the location 
is the stationary, the location is the damage point, 
otherwise it is not the damage point. 

2.2 The basic principle of test of even change point 
If x1, x2,…, xn are independent random variables, 
consider null hypothesis: 

H0：Xi～N(θ1，α2)，i =1，2，…，n 
Alternative hypothesis is: 
      H1：Xi～N(θ1，α

2)，i =1，2，…；r          (4) 
Xi～N(θ2，α2)，i = r+1，r+2，…，n 

where θ1, θ2,r are unknown parameters.  
When H1 is correct, r is a change point, which 

indicates the even value of the serial after r is 
changed. When H0 is correct, there is not change 



point in the sequence. The test statistics of 
likelihood ratio is expressed: 

     ]/||2max[ rr STnW −=                 (5) 

where: 
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where W is used as test statistics for a given test 
levelα . P(w>μ )=α , whereα is quantile. The 
content of sample and selection of quantile can be 
found in reference [16-17]. When w is greater than 
μ , r can be viewed as change point at 99% 
possibility level.  

2.3 Homotopy continuation algorithms for 
estimation of the damage extents  

2.3.1 The optimization model 
Assume x=(x1,x2,…xn)T as damage parameter 
vectors, which are damage extents. The subscript n 
means the number of the damages. 
w*=(w1,w2,…wm)T is physical property vector of the 
structure, which can be strain modes, displacement 
modes or etc.. The subscript m means the number of 
the measuring points. The property vector w* is 
obtained by experiment or theory. w(x) is the 
corresponding theoretical solution of physical 
property vector, the optimization object function can 
be built as Eq.7 by the least-squared method. 
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Where m is the total number of the measuring points. 
Through Eq.7, the problem of estimation of the 

damage extents can be transformed into the problem, 
that is, searching for a vector x*=(x1*,x2*,…xn*)T to 
make J(x) minimize, which equals to the following 
nonlinear equations 
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2.3.2 Homotopy continuation identification method 

Introduces a homotopy parameter ]1,0[∈t , a new 

equation can be constructed as the following. 

     0)()1()(),( 0 =−+= xfxfxH tt           (9) 

Eq.9 is the homotopy equation, where x0 is the 
arbitrary initial damage vector, f(x) is a function 
vector, its expression is Eq.8. 

As t equals to 0, Eq.10 can be obtained from Eq. 
9. As t equals to 1，Eq.11 can also be obtained from 
Eq.9. 

    0)()()0,( 0 =−= xfxfxH            (10) 

          0)()1,( == xfxH                   (11) 

So as parameter t varies from 0 to 1, H(x,t) 
forms a group of homotopy mapping. This mapping 
is corresponding to the curve which is made of the 
solution )(txx = of homotopy equation in Rn space. 
One end (t=0) of this curve expresses the 
solution 0x of equation 0)()( 0 =− xfxf ，another 
end (t=1) of it expresses the solution 
of 0)( =xf .Therefore, if we trace the curve 

)(txx =  as the parameter t varies from 0 to 1, the 
solution of the origin problem can be found. 

2.3.3 The solution of homotopy equation 
Divide [ ]0,1t∈  into N equal parts, so tk equals to 
k/N (k=0,1,…,N) 
   As k is equal to 0, )0()0( xx = , the solution of 

0)0,(),( 0 == xHxH t is known., then we have 
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  Where '
xH is the Jacobi matrix of H(x,t), jk>=1 is 

the iterative number of convergence. 
  When the structure is complex, it is hard to obtain 
the analytical expression. The finite element method 
can be used to obtain the numerical results 
substituting for analytical expression. For example, 
the differential expressions in Eq.8 can be calculated 
using the numerical results obtained by FEM. The 
algorithm of the combination of FEM and homotopy 
method for estimating the damage contents is 
showed in Fig.1. 
 
 
 
 
 
 
 

1≤r＜n 



 

Fig. 1 The flow chart of the algorithm of homotopy method 
based on FEM 

3 VERIFICATIONS 
 
In order to verify the damage identification method 
described above, the numerical examples are 
presented. The first part of the examples is to 
demonstrate the validity of the damage locations 
identification using test of even change point, the 
second part is to validate the estimation of the 
damage extents using homotopy algorithm. The 
FEM analysis is used to simulate the experimental 
data.  

3.1 the numerical example for detection of the 
damage locations 

An equal-section concrete beam is simply supported. 
Length is 1.95 m, height is 0.04m, width is 0.05m. 
The Young elastic modulus is 30Gpa, Poison ratio μ 
= 0.25, density 2500kg/m2. The concrete beam is 
discretized into 39 equal-length elements, which is 
shown in Fig.2 Assume the stiffness of two elements 
lose 40% and 30 % respectively, whose locations are 
0.45m～0.5m and 1.5～1.55m respectively. The 
reduction of stiffness is realized by reduction of 
elastic modulus. The differences of the strain modes 

of the first three ranks before and after the damages 
are shown in Fig.3, 4,5 respectively.  

 
Fig. 2 The finite element model of the concrete beam 
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Fig.3 The difference of the strain modes of the first rank 
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Fig.4 The difference of the strain modes of the second rank 
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Fig.5 The differences of the strain modes of the third rank 

It can be found that the differences of strain 
modes of the first rank after node 9,11,30,32 are 

Input the measuring strain modes w* 

Use FEM to obtain strain modes w, 
when the damage vector is xk at kth step 

Calculate Jaccobi matrix of Eq.7 by 
finite difference method

Calculate the discrete numerical 
values of Eq.9

Calculate the damage vector xk+1 at 
k+1th step by Eq.12 

t=1 

End 

Calculate Jaccobi matrix of Eq.9 by 
finite difference method 

N

Substitute xk+1 for xk 

Y



evident from Fig.3,4,5. The test of even change 
point is used to judge whether the node 9,11,30,32 
are change points or not. Select the strain differences 
of node 2~11 as the random sequence, the statistics 
is listed in Table 1 
 
Table 1  The statistics of test of change point(node 2~11) 

r       |Tr|      Sr            Wr 
1    0.00927   0.006408  0.4093   
2    0.001424  0.006316  0.6376   
3    0.001908  0.006187  0.8721   
4    0.002433  0.006     1.147    
5    0.003045  0.005714  1.5073   
6    0.003808  0.005236  2.0569   
7    0.004846  0.004294  3.1924   
8    0.006469  0.000262  69.8898  
9    0.004295  0.004845  2.5071 

Given the test level a=0.01, when the content of 
the samples is 10, the quantile of statistics of W is 
4.96(reference[17]), while W8=69.8898>4.96, so 
node 9(r = 8) is change point at evidence level 99%, 
which indicates that the even values of the sequence 
after node 9 change greatly.  

Select the strain differences of node 10～19 as the 
random sequence, the statistics is listed in Table 2. 
The quantile of statistics of W is also 4.96, 
W2=136.3886>4.96, so node 11(r = 2) is change 
point at evidence level 99%.  

 
Table 2  The statistics of test of change point(node 10~19) 

r     |Tr|      Sr                 Wr 
1    0.00461  0.005116  2.5469     
2    0.00688  0.000143  136.3886     
3    0.00532  0.004374  3.438      
4    0.00431  0.005371  2.268     
5    0.00355  0.005899  1.7014      
6    0.00292  0.006234  1.3253     
7    0.00236  0.006468  1.0313     
8    0.00181  0.006641  0.7716    
9    0.00121  0.006776  0.5065 

 
Then select the strain differences of node 5~16 

as the random sequence, node 10,11 are eliminated 
from the sequence. The statistics is listed in Table 3. 
From Table 3, it is found that there is no change 
point in the sequence, which demonstrates that the 
strain differences of nodes around node 10,11 are in 
the same varying level. 

 
 
 
 
 
 

 
Table 3  The statistics of test of change point(node 5~16 
without node 10,11) 

r     |Tr|         Sr             Wr 
1   0.00140     0.00142       2.77 
2   0.00162     0.00116       3.93

3   0.00156     0.00124       3.56 
4 0.00134     0.00148       2.57 
5 0.00101      0.00172       1.65 
6 0.000525     0.00192       0.77 
7 0.000102     0.00199       0.15 
8 0.000228      0.00198       0.33

9 0.000394     0.00195       0.57

Using the same method, that node 30,32 are 
change points can be drawn at evidence level 99%. 
So the strain differences of node 10,11,31,32 are 
evident compared with those of other nodes. For the 
other two mode ranks, node 9,11,30,32 are also 
change points using the test of even change point. 
Using the criterion in section 2.1, it can be 
concluded that the damages occur in element 10 and 
30 of the concrete beam.  

3.2 the numerical example for estimation of the 
damage extents 

A square plate is simply supported. The 
dimensions and discrete finite element model are 
shown in Fig.6. The Young elastic modulus is 70Gpa, 
Poison ratio 0.25, density 2500kg/m2. 

Assume there are two damages in the plate, the 
stiffness of element 12, 25 lose 30% and 20 % 
respectively. The reduction of stiffness is viewed as 
the damage vector x, that is, x=(0.3,0.2). Firstly, the 
damage locations can be detected using the test of 
even change point. Then twenty elements including 
element 12, 25 are selected as measuring points. The 
strain modes of these elements before and after the 
damages are respectively viewed as w and w* 
mentioned in section 2.3.1. The strain modes are 
obtained by FEM. Through the homotopy 
continuation identification method and using 
different initial iterative vectors, the calculated 
results of estimation of damage extents are listed in 
Table 4. It is found that no matter what initial 
iterative vector is, the solution is easy to converge 
and of high precision. Compared with traditional 
iterative method, the homotopy method is more 
efficient and less computing cost.  

In order to further verify the ability and credibility 
of the homotopy method, the plates with different 
damage locations and different damage extents are 
identified. The results are shown in Table 5. The 
identified results show that the homotopy method is 
still effective and accurate when the damage 
locations and the damage extents are different. 



 
Fig. 6 The finite element model of the plate 

 
Table 4  Identification results using different initial iterative 
vectors 

True damage      Initial iterative       Identified damage  
(0.3000, 0.2000)    (0.5,  0.5)           (0.29991, 0.20001) 
(0.3000, 0.2000)    (0.8,  0.7)           (0.30001, 0.20001) 
(0.3000,0.2000)     (0.1,  0.7)          (0.29994, 0.20001) 
(0.3000,0.2000)     (0.7,  0.4)           (0.30001, 0.20000) 

 
Table 5  Identification results with different damage locations 
and different damage extents 

Damage     True damage   Initial iterative  Identified damage 
 Elem. num.           

21   26    (0.4000, 0.6000)  (0.1,  0.2)   (0.39991, 0.59998) 
44   45    (0.2000, 0.8000)  (0.5,  0.5)   (0.20001, 0.80000) 
52   60    (0.5000,0.2000)   (0.1,  0.7)   (0.49997, 0.19996) 
10   20   (0.7000,0.3000)    (0.4,  0.4)   (0.70001, 0.29995) 

4 CONCLUSIONS 
 
In this paper, the damage identification based on the 
test of even change point and homotopy 
continuation algorithm is proposed. The test of even 
change point is used to locate the structural damages. 
The differences of strain modes before and after the 
damages are viewed as a random sequence. Using 
the method, the obviously varying points in the 
sequence can be found, which means that the 
damages are located. The identifying method doesn’t 
need dynamic equations to locate the damages, just 
using the knowledge of statistics. The numerical 
example verifies the validity of the method. The 
homotopy continuation algorithm is used to estimate 
the damage extents. When the analytical solutions 
can not be obtained, the finite element method can 
be incorporated in the method. As a kind of widely 
convergent solution method, the homotopy method 
succeeds in overcome the defects of traditional 
iterative methods. The detection of multiple 
damages in different locations is one of the 
difficulties of structural damage identification. By 

introducing the nonlinear equation solving method, 
the homotopy continuation algorithm, the problem is 
successfully solved. The damage identifications in 
practical engineering are often complex, thus, the 
finite element method can be incorporated in the 
homotopy continuation algorithm, which greatly 
enhances its practical application.  
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