Damage identification of structures based on stochastic models
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ABSTRACT: Based on recursive stochastic finite element method a damage identification method of random
structures is developed. Control equations about random damage index are built up after random damage
index is defined. Structural uncertainty and measurement noise are both considered in the control equations.
Statistics of random damage index are obtained after the control equations are solved utilizing recursive
stochastic finite element method. The results show that structural damages can be identified while model
errors and measurement noise are both considered. It is also found that the method presented has the same
effectiveness as Monte-Carlo simulation method for identifying damages of random structures in wide range

of random fluctuation.

1 INTRODUCTION

A lot of civil engineering infrastructures, such as
bridges, high rise building, offshore structures, etc.,
are now decaying because of age, deterioration,
misuse and lack of repair. Therefore it is significant
to study damage identification method of
engineering structures. Considering the parameter of
the structure model as a determinate value, many
damage identification methods are developed such
as fingerprint identification method, parameter
identification method, artificial neural network
method and Genetic Algorithm method and so
ont"Bl However, regarding structural parameters |
structural responses and measurement noise as
random value, some new probabilistic identification
methods attract many researchers' attention®°). For
example Papadopoulos™ et al. identified the damage
according to perturbation analysis and Monte Carlo
simulation. Similarly, Yong Xia et al. utilized one
order perturbation technique to detect structural
damage while structural model error and measure
noise are both considered!®),

In preceding documents, document [8] provides
a framework suitable for solving damage
identification of random structures, but much time
have to be spent because of the Monte Carlo
method. The structural model error and measure
noise are not defined very clearly in document [9],
and one order perturbation technology reduces the

reliability of correctly estimating structural damage
in wide range of random fluctuation..

The paper thinks structural damage as the
decrease of structural element stiffness. Control
equations about random damage index are built up
after random damage index is defined. Structural
uncertainty and measurement noise are both
considered in the control equations. Statistics of
random damage index are obtained after the control
equations are solved utilizing recursive stochastic
finite element method. This method is actually the
natural extension of deterministic identification
method in random field. The results show that
structural damages can be identified while model
errors and measurement noise are both considered. It
is also found that the method presented has the same
effectiveness as Monte-Carlo simulation method for
identifying damages of random structures in wide
range of random fluctuation.

2 RANDOM EIGENVALUE EQUATIONS

For the N th-order undamaged and undamped
structures, the free eigenvalue problem is described
by the eigenvalue equations:

(K=AM)D =0 (1)

Where, K and M are structural stiffness and mass
matrix respectively; 2and® are eigenvalue and its



corresponding eigenvector. Similarly the eigenvalue
equations of damaged structures can be written as:

(K- IM)® =0 @)

Where, K , M , 1 and @ are, respectively, structural
stiffness matrix, mass matrix, eigenvalue and
eigenvector. If the stiffness or mass of undamaged
structures are thought as random, equation (1) and
(2) become random eigenvalue equations.

3 RANDOM STRUCTURAL DAMAGE INDEX

It is assumed here that structural damage only cause
structural stiffness changes which amount is
expressed asAK , and that structural mass remains
constant. In the view of FEM, damage to a structure
can be represented by a decrease of stiffness of
every individual finite element. The global stiffness’
change AK can be given as next relationship:

L
AK ="K, (3)
i=1
Where L is the total number of structural elements;
aj is structural damage index of the ith element; Kj is
the sparse matrix about the ith element’s stiffness;
Assuming changes of structural eigenvalues and
eigenvectors are written as Aiand A®, and utilizing
Eqg.(1)~(3), result in:

L
ADTM® = @TKF D (4)

4 CONTROL EQUATIONS OF RANDOM
DAMAGE INDEX

The paper uses stochastic model to describe the
model error in the initial structure system. To
facilitate the analysis, a vector of standard normal
variables, &, is introduced and the stiffness matrix
K may be assumed to be a function of these
variables when undamaged structures is considered
as random. Therefore random structural eigenvalues
and their corresponding eigenvectors are also
functions of these variables. Furthermore, if
eigenvalue 2 and its corresponding eigenvector
@ of damaged structures can be exactly measured,
EQ.(4) can be rewritten as:

AHOPE) MB=Y (OO KT ()

Where A1 and ¢ are both functions of random
vector &.

5 SOLUTION OF CONTROL EQUATIONS
5.1 Equations with structural model error

The structural parameters in this paper can be
random field or independent random variables.
Only considering the influence of the model error,
the mth eigenvector ®™ of undamaged structures,
the mth eigenvalue changes a4™, the ith structural
damage index «, can be written as %
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Substituting Eq. (6) ~(8) into (5) and considering
the zero order of random variables &, result in:

L JE— — PR
Dy (@F) K™ =(A" - A7) (@) MO
1=1

(m=1---N) ©)

From Eqg. (9) a set of N simultaneous linear
equations with L unknowns can be written in the
form:

Sna X a = Ry or SmIX(I) =R,
(m=1---N, I=1.--L) (10)
Whose elements are given as:
Sy =(@™M'Kd™ ; X)=a]
Rl = (A" =2 )( @) MO - 27 (D7) MD™ (1)

The system matrixs being composed of element
Smi Is not always square. The zero order control
equation may be determined, over-determined or
undetermined depending on the number of
undamaged modes N, damaged elementL. When a
direct inverse solution becomes impossible, the
Moore-Penrose  pseudoinverse st can  be
supplemented. In the same way, the first order
control equation can be obtained as:



> (@ (@) +al (@) KF”

I=l(/Tm ~ 2 N@) MO" — A7 (dg)" M D" (12)
From Eq.(12) next equation can be given:

S, X{ +SL X} =R/

(m=1.--N, I=1.--L, i=1-n) (13)

Where

S =@M Ko™, X! =¢q,

RE= (A" = 4) (@) MO" - 27 (@) MO™  (14)

Likewise, we can obtain the expansion coefficients
of polynomials of the second order and above
random damage index.

5.2 Equations with model error and measure noise

Assuming the measurement noise is related to now,
and the eigenvalue 2 and its corresponding
eigenvector @ are completely correlative, and they
are also functions of random variabless;, there will

be :

A=lo+1k (15)
D =D, +7d, (16)
Where, 1y and @ are deterministic parts of

measured eigenvector and its
eigenvalue. 4 and nd; are noise
eigenvalue 4 and eigenvector @ .
Likewise, a series of deterministic equations can
be set up, and the expansion coefficients of
polynomials of random damage index above the first
order can be obtained. Furthermore, we can get the
statistics of the damaged structural stiffness.

corresponding
parts of

6 PROBABILITY OF DAMAGE EXISTENCE

According to the probable distribution of the intact
structural stiffness and the damaged structural
stiffness, the probability of structural damage
existence can be assessed. About the probability
index of structural damage, document [8] provides
two defines. One is called Damage Probability index
based on the graph area of probability density (PDQ-
G), another is called Damage Probability index
based on statistic value (PDQ-S). The probability
index in document [9] is similar with the later. The
probability index here is defined as the probability
of element stiffness in damage region under given
confidence level in advance. For example, assuming

the probability of intact stiffness kj in the ith
element is (see Figure 1), there will be:
ﬂzP(LQSXE<oo) @17

Where Lo is the lower limit of effective
undamaged structural stiffness. The probability x
given in document [9] is 95% (See Figure 1).
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Figure 1. The probability density function ofk, . k and the
damage probability P;

Likewise, assuming probability density function
of damaged stiffness k; in the ith element is also
given(See Figure 1), the probability P} of damage
existence (PDE) in thei th element can Be expressed
as:

P =1-P(Ly < <o) =P (-0 <X, < L) 18

The method in this paper is not limited to the
random variables of normal distribution. For
convenience of discussing problem, the example
adopts the same definition of the probability of
damage existence as in the document [9].

7 NUMERICAL EXAMPLE

To illustrate the supposed method, the theory will be
applied to the identification of damage in a one-
dimensional cantilever beam system (as in Figure.2),
suppose the length of cantilever beam, the elastic
modulus, material density, the thickness of beam
section, the height of beam section and Poisson

ratio are respectively as follow: 1=0.6m,
E=2.8x10"P,, o =2.5x10°%Kg/m®,  t=0.08m,
h=0.08m, and v =0.167. The cantilever beam is

composed of 3 rectangular elements whose nodes
are 4. Total element number of the beam is 18. The
corresponding damage index of No.1 to 3 element
are respectively defined as «;, a, and «,.Assume
randomness of stiffness is contributed to randomness
of elastic modulus, and the three elastic modulus are
independent Gaussian random variables. The
element damage is expressed as the decrease of
elastic modulus element, and mass is assumed
unchanged. The method in the paper will be applied
to an ideal condition where N=L, therefore, S in
Eq. (10) is square and invertible. The damage cases



of beam is shown in Table 1.
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Figure 2. Random cantilever beam

Table 1. Damage case
Element number 1 2 3
Damage degree -5% 0% -70%

Here three eigenpairs are used to solve the
problem. The first, second and fourth order
eigenpairs are taken because similar dynamic
character of the second and third ones will result in
difficulty of damage identification. The model error
and measurement noise are both considered in the
cases, and the deviation coefficient & of random
variable involving in noise is assumed as0.1.

Table 2. Damage probability of cantilever beam
Element number 1 2 3
Damage probability 20.3 12.2 100.0

Table 2 shows that the damage probability of
the first element is 20.3% and much lower than 50%
when the element’s damage is only 5%. That means
model error and measurement noise will conceal
light damage of element. However, although the
model error and measurement noise in the case is not
small the method stated can rightly identify the
damage of the third element. In fact, when the
deviation coefficient & of elastic modulus reaches
0.23, the identification result of multi-damages is
still satisfied.

8 CONCLUSION

A damage identification method of random
structures is developed based on recursive stochastic
finite element method. In view of deriving course,
this method is actually the natural extension of
deterministic identification method in random field.
Moreover, it doesn’t need accurate models of the
undamaged structures and can evaluate influence of
measurement noise on identification. Comparison
with that in literature states that the method is able to
deal with random eigenvalue problems with large
random fluctuation levels. In the end, the numerical
example shows that the method was successful in
identifying the damage existent of the random
structure.
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