
1 INTRODUCTION  

Recent research shows that for the purpose of 
structural health monitoring and damage detection, 
modal tests are needed to gain the dynamic 
properties of structures. In the modal test, sensors 
and actuators placement is of importance for the 
parameter identification and damage detection. A 
robust, efficient, and economical damage detection 
system depends on the information extracted from 
the sensors. Due to economic constraints, it is not 
feasible to completely instrument civil structures for 
damage monitoring. So it is often required to select 
a predefined number of sensor locations for 
structural health monitoring. Those locations should 
be such that they can recover the target frequencies 
of interest and faithfully represent the structural 
mode shapes. With minimal sensor information, two 
questions naturally arise: At which locations can the 
sensors be placed, and to what extent can damage be 
identified with the selected sensor locations? 
Therefore, algorithms and methodologies that 
address the issue of limited instrumentation and its 
effect on resolution and accuracy in damage 
diagnosis are paramount to the application of 
damage monitoring systems. 

The simplest sensor placement method is to 
visually inspect the mode shapes of interest and 
select points with high amplitude (Papadopoulos 
1998). This method is only practical for simple 
structures and requests that engineers have a priori 
knowledge on the structures. Another effective 
visual inspection technique is the modal kinetic 
energy (MKE). An MKE plot for each target mode 
is generated for every candidate sensor location. The 
location with the largest energy over all target mode 
shapes is selected. Another type of methods is based 
on maximizing the trace or determinant (or 
minimizing the condition number) of the Fisher 
information matrix which is expressed as a function 
of selected parameters corresponding to the 
objective function. Kammer (1991) proposed a 
sensor placement approach named Effective 
Independence method (EfI) which determines the 
final sensor configuration by selecting sensor 
location through iteratively removing sensor 
locations that do not contribute significantly to the 
linear independence of the target mode shapes. The 
final sensor location distribution is given such that 
the covariance matrix between the displacement 
vector in modal coordinates and the modal 
displacements are minimized. Udwadia (1994), also 
based on Fisher information matrix, presented an 
approach for selecting optimal sensor locations 
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ABSTRACT: This paper is to present a new method for searching optimal number and locations of sensors 
for building structural health monitoring. Considering the mass and stiffness distribution characteristic of 
building structure, the hybrid methodology using both linear model estimation and model reduction is put 
forward. According to the chosen master and slaver degrees of freedom, a model reduction method named 
improved reduced system is used to reduce the DOFs of the original model. Then, based on linear model 
estimation, the target modes are treated as a design matrix of linear model and singular value decomposition 
is used to decompose the target modes. The first several left singular vectors of the decomposed matrix are 
used to calculate contribution of each sensor candidate. Iterative method is used to choose the last set of 
sensor locations. Illustration clearly shows that the hybrid method is applicable to building structures. 



suitable for both linear and nonlinear systems. This 
method minimizes the covariance error between the 
structural parameters that are to be identified and 
their estimates from the limited measurements. 
Guyan model reduction method is also used to select 
sensor locations in structures. Penny et al. (1994) 

adopted this method to select sensor locations. They 
assume that the master degrees of freedom 
associated with a model reduction can serve as good 
sensor locations. This approach is effective only if 
the lower mode shapes of the system are considered 
in the target modal matrix. To preserve the lower 
system mode shapes in a model reduction, DOFs 
with a high stiffness and low inertia should be 
eliminated. Then the ratio of the diagonal elements 
of the stiffness and mass matrices quantifies the 
importance of each DOFs. A lower ratio indicates a 
DOF with significant inertia effects. Alternatively, a 
larger ratio indicates a DOF with significant 
stiffness effects. Iteration is used until the remaining 
numbers of sensors reach the final set of desired 
numbers of sensors. 

For the method of EfI, after selecting the target 
mode shapes, some unmeasurable DOFs are deleted. 
Those include the rotational coordinates and some 
translational coordinates that are not suitable for 
installing sensors or measurement equipments. 
However, if the chosen mode shapes are large and 
the unmeasurable DOFs are deleted without any 
treatment, the remaining mode shapes may not be 
space independent. When calculating the optimal 
sensor locations, singularity may arise from this 
approach in some occasions. Thus, some treatment 
should be done to deal with the chosen target mode 
shapes. 

Based on linear model estimation, this paper 
chooses the target mode shapes as a design matrix of 
the linear model. Singular value decomposition 
method is used to decompose the design matrix. At 
the same time, improved reduced system is used to 
significantly reduce the degrees of freedom of the 
system while maintaining calculation accuracy. A 
15-story 2-bay steel frame structure is used as an 
example to illustrate this proposed hybrid algorithm 
for building structures. 

2 LINEAR MODEL ESTIMATION  

2.1 Linear Gauss model and Fisher information 
matrix 

Suppose the relationship between an unknown 
vector β and the measured vector Y can be 
expressed in the formulation of the linear Gauss 
model: 

Y X eβ= ⋅ +                   (1) 

where, X  is the design matrix . 
~ ( , )N E Pββ β , Eβ  is the expectation of β , Pβ  

is the covariance of β . ~ (0, )e N R  is the zero-
mean measurement noise and R  is the covariance.  

  The maximum likelihood estimator of β  is 6): 
1 1 1ˆ ( )T T

ml X R X X R Yβ − − −= ⋅           (2) 

Estimator error of β  is: 
1 1 1ˆ ( ) ( )T T

ml X R X X R X eβ β β β β− − −= − = − +%

1 1 1( )T TX R X X R e− − −= −           (3) 

Expectation of the estimator error is: 
1 1 1( ) ( ) ( )T TE X R X X R E eβ − − −= − = 0%         (4) 

This shows that the expectation of β%  is zero. 
Thus, for linear Gauss cases, the maximum 
likelihood estimator is unbiased. The estimator error 
covariance of β  is: 

1 1( )TP X R X
β

− −=%            (5) 

From this expression, it is found that the 
estimator error covariance P

β%
 has no relationship 

with β . This property is very important to check the 
model precision before obtaining any measurement 
of Y . 

  If β̂  is a random unbiased estimator of the 
determinate variation β  based on the measurement 
vector Y , the covariance of estimator error 

ˆβ β β= −%  has a lower limit, that is: 
1P Mθβ

−≥%              (6) 

The inequality (6) is known as the Cramer-Rao 
bound, where the matrix Mθ  is known as the Fisher 
information matrix (Ljung (1999), Lu (1990)). 
Estimator of β̂  is effective only if β̂  satisfies the 
equal condition of the Cramer-Rao bound. 

For the linear Gauss model, it had been verified 
that: 

1 1TM X R X Pθ β

− −= = %          (7) 

Eq. (7) shows that Fisher information matrix is 
just an inverse of the error covariance matrix. 

From those analysis, it can be found that if β̂ is 
an effective unbiased estimator of β , the error 
covariance will reach the smallest; thus, it is the best 
estimator of β . 



2.2 Singular value decomposition of design matrix 
X  

The design matrix X can be decomposed using the 
singular value decomposition (SVD) ( Klema,1980). 

1
2 TX H G= ⋅Λ ⋅                   (8) 

in which, H  is a matrix with dimension n n×  and 
it satisfies TH H I⋅ = , the columns (left singular 
vectors) of H  are sample principal coordinates. 
G  is an orthogonal matrix with dimension p p× . 
The ith column of G , ig , is an eigenvector of 

TX X⋅  
Substituting Eq. (8) into the original linear model: 
1
2 TG β αΛ ⋅ ⋅ = , a new linear model can be obtained: 

Y H eα= ⋅ +              (9) 
in which, the new design matrix H  is of a column-
full rank. Because of TH H I⋅ = , each column of 
H , 

1 2, , ph h hL , is orthogonal. Taking 
1 2, , ph h hL  as 

the principal coordinates, the correlation coefficient 
of H  and Y  is: 

n
22

i i
i 1

SSR
SST

Y H H YR Y h h Y Y
Y Y

Τ Τ
Τ Τ

Τ
=

⋅ ⋅ ⋅
= = = ⋅ ⋅ ⋅

⋅ ∑  

(10) 
where, ih  is the ith row of H .  
Thus, the total correlation coefficient 2R  is 

decomposed into the contribution of each row of 
H . Each component represents the contribution of 
the ith row of H  to the total 2R . The diagonal 
value of TH H⋅  can be used to compare the 
contributions of each row (DOF) to the total 
complex correlation coefficient 2R . The row with 
the smallest diagonal value of TH H⋅  is selected for 
elimination at first. The appropriate row in H , 
namely appropriate DOF in the target modes, is then 
removed. The process is repeated until the 
remaining numbers of DOFs reach the final set of 
desired numbers of DOFs. 

3 HYBRID ALGORITHM 

3.1 Model reduction approaches 

The basic idea of model reduction methods is that of 
the condensation of a large system to a similar but 
much smaller substitute. Possibly the most popular 
and certainly the simplest method is static reduction, 
introduced by Guyan (1965). The state and force 
vectors, and the mass and stiffness matrices, M and 
K, are split into sub-vectors and matrices relating to 
the master degrees of freedom, which are retained, 
and the slave degrees of freedom, which are 
eliminated. The primary property of this method is 

that the inertia terms of the slave degrees of freedom 
are neglected.  

For an undamped n-DOF structural dynamic 
system, after dividing the coordinates into master 
(the retained) and slave (the deleted) coordinates, 
the system equation can be written as: 

mm ms m m

sm ss s s

K K x f
K K x f
⎡ ⎤ ⎧ ⎫ ⎧ ⎫

=⎨ ⎬ ⎨ ⎬⎢ ⎥
⎣ ⎦ ⎩ ⎭ ⎩ ⎭

            (11) 

in which, the subscripts m and s mean master and 
slave coordinates, respectively. K  is the stiffness 
matrix, x  is the displacement vector, and f  is the 
force of the system. The reduction method assumes 
that the inertia force of the slave coordinate can be 
neglected. Thus, the second equation of Eq. (11) 
equals zero. The slave coordinates can be expressed 
as a function of master coordinates: 

{ } { } { }1

s ss sm m G mx K K x D x−= − ⋅ ⋅ = ⋅           (12) 

in which, GD  is Guyan reduction matrix. 

3.2 Improved reduced system 

Static reduction never reproduces any of the 
natural frequencies of the original analytical model 
and all the frequencies are higher than those of the 
full model. Higher mode shapes are less accurate 
since static reduction ignores the inertia terms which 
are critical to the accurate estimation of higher 
natural frequencies. O’Callahan (1980) introduced a 
technique known as the Improved Reduction System 
(IRS) that is an improvement from the static method.  

  The reduction matrix in the Improved Reduced 
System is 7): 

( )-1 1

I G ss sm ss G G GD D K M M D M K−= + + ⋅       (13) 

where, [ ]T

G GM M I D= ⋅ , [ ]T

G GK K I D= ⋅ , I  
is the unit matrix. 

In this method, the slave coordinates can be 
expressed as a function of master coordinates: 

{ } ( ) { }-1 1
s ss sm ss m mIG G G Gx D K M M D M K X D x−⎡ ⎤

⎣ ⎦= + + ⋅ = ⋅  

(14) 

From Eq. (13), it can be found that the reduction 
matrix in the IRS includes both stiffness and mass 
information of the original system. Thus, IRS 
method not only translates strain energy of the 
original model to the reduced model but also 
translates kinetic energy of the original model to the 
reduced model. The reduced model reflects the 
effect of both the master and slave DOFs. Compared 



with static reduction method, IRS is more accurate 
and reflects the real property of the original model. 
For a building structure, horizontal translational 
DOFs are chosen as the master DOFs, while the 
vertical translational and rotational DOFs are chosen 
as slave DOFs. Using Improved Reduced System, 
the reduced model’s DOFs will be reduced to 1/3 of 
the original model while the accuracy of the 
requested frequencies and mode shapes is 
maintained. It is for this reason that when the IRS 
method is used in the model reduction, the reduction 
matrices include not only stiffness distribution 
information but also mass distribution information. 

3.3 Hybrid algorithm of sensor locations for building 
structures 

By solving the eigenproblem corresponding to the 
reduced model, the mode frequencies and mode 
shapes can be obtained. The mode shapes 
corresponding to different frequencies are of linear 
independence. Then, the singular value 
decomposition method is used to calculate the 
contribution of each sensor location, and the optimal 
sensor locations can be obtained through iterative 
calculation. 

4 EXAMPLE ILLUSTRATION 

An example frame is a 15-story 2-bay steel structure 
with each span of 6.10m and floor height of 3.96m. 
Columns and beams of the structure are identical 
from the first to top floors. Parameters of the model 
are shown in Table 1. The node number of the 
model is shown in Fig. 1. 
Using the singular value decomposition algorithm 
and choosing the first six modes as target modes, the 
first 20 sensor locations for the unreduced and 
reduced models are estimated. Because the first 6 
mode shapes are chosen as target modes, according 
to the basic modal test principle, at least 6 sensors 
are needed. Tables 2 and 3 show the sensor location 
results of unreduced and reduced models, 
respectively. 

Table 1   Parameters of 15-story 2-bay steel frame structure  
 

Elements Type 
Cross-section 

area (m2) 
Moment of 

inertia (m4)
Modulus of 

elasticity (N/m2)
Beam W27×84 1.6×10-2 1.18626×10-3 2.1×1011 

Column W24×192 3.6445×10-2 2.47741×10-3 2.1×1011 
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Figure 1 Sensor placements sequence choosing first 6 mode shapes as the target modes 
(left: results without IRS, right: results with IRS ) 

( numbers without circles are series of finite element modeling, ▲s are the first important 9 
sensor placements, the numbers with circles are 10th~20th sensors chosen in sequence.) 



 
 
 
 

 
Table2 Sensor location results using unreduced model 

 
Sensor placement choice sequence (from left to right) 

14 32 44 62 74 92 26 80 50 93
 

(Continues Table 2) 
Sensor placement choice sequence (from left to right) 

15 61 45 31 81 91 13 63 75 43
 

Table3 Sensor location results using reduced model 
Sensor placement choice sequence (from left to right) 

15 32 45 63 74 91 26 80 49 93
 

(Continues Table 3) 
Sensor placement choice sequence (from left to right) 

13 61 43 33 81 92 14 62 73 44
 

Taking Table 2 as an example, first we put the 
first 6 basic sensors on the building, that is, at nodes 
14, 32, 44, 62, 74, and 92. If other additional sensors 
are available, the sequence of choosing the locations 
is at nodes 26, 80, 50, 93, and so on. In the table, 
importance of sensor locations decreases from left to 
right.  
Figure 1 shows the first 20 sensor locations for the 
unreduced and reduced models. It can be observed 
that the two results, with or without model 
reduction, have some differences in the sensor 
allocation sequence. Taking the first 9 sensors as an 
example, they are in the same floors but not in the 
same locations. According to our ordinary practical 
experience, when the sensor number is more than 9, 
the next 6 sensors should be placed on the floors in 
which sensors are not placed. Because the floor is 
not rigid, the results show that the next 6 sensors are 
not placed in those floors, but rather on the same 
floors as the first 9 sensors but with different 
locations.  

5 CONCLUSIONS 

For the purpose of optimal sensor locations in 
building structures, the hybrid algorithm using both 
IRS and SVD was developed. The major 
conclusions are as follows: 

1. Use of the Improved Reduced System method, 
the reduced model requires the solution of 
significantly fewer degrees of freedom than models 
without model reduction while maintaining accuracy 
in calculating the mode frequencies and mode 
shapes. 

2. Using the singular value decomposition, 
numerical stability of the algorithm is very high, and 

it will avoid the possibility of singularity when the 
target mode shapes have quasi-linear dependence on 
each other. 
3. Because of the mass and stiffness distribution of 
building structures, the horizontal translational 
components are dominant. It is reasonable to choose 
the horizontal DOFs of each node as master DOFs 
while vertical and rotational DOFs as slave DOFs. 
The hybrid algorithm of sensor locations method 
using both IRS and SVD is applicable for building 
structures with many DOFs. 
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