Damage localization based on the residual wavelet force

G.R. Yan & Z.D. Duan

School of Civil Engineering, Harbin Institute of Technology, Harbin, China

ABSTRACT: Damage localization based on wavelet transform, which identifies potential damage sites
through detecting the singularity of structural responses using wavelet transform, has received considerable
attention in recent years. However, it only can be applied to structural members or simple structures. This
study attempts to develop a wavelet based method which can localize damages occurred in complex structures.
The residual wavelet force (RWF) is defined and expressions of extracting the RWF from structural free vi-
bration responses of the damaged structure and the analytical model of the undamaged structure are derived.
And then a new damage location indicator based on the RWF, DLIRWEF, is presented. The degrees of freedom
that have large magnitudes in DLIRWF are associated with the potential damage regions within the structure.
Furthermore, the natural excitation technique is introduced to generalize the DLIRWF to the cases of ambient
vibration. The proposed method has been demonstrated by a numerical simulation of a 20-story shear building.

1 INTRODUCTION

Because the data extracted by Wavelet Transform
(WT) or Wavelet Packet Transform (WPT) of struc-
tural responses provide much more rich information
on structural health condition in a concise way, the
methods for damage detection based on WT or WPT
have received considerable attention in many fields
such as civil, mechanical and aerospace engineering
structures in recent years. In particular, damage lo-
calization based on wavelet transform, which identi-
fies potential damage sites through detecting the sin-
gularity of structural responses using wavelet
transform, has been gaining importance. The basic
idea of such approaches is based on the fact that the
presence of damages introduces small discontinuities
in structural responses at the damaged sites. Al-
though these discontinuities cannot be observed
from the examination of the measured total re-
sponses, they are detectable from the modulus
maximum line of the Continuous Wavelet Trans-
form (CWT) coefficients or the detail signals from
the Discrete Wavelet Transform (DWT) of space
domain signals.

Liew and Wang (1998) first presented damage lo-
calization method based on the wavelet transform of
structural space domain data. For a numerical exam-
ple of a simply supported beam with a transverse
crack, first they performed the DWT on the deflec-

tion profiles at a given time under dynamic loads,
and then damage sites can be indicated by a peak in
the distribution of the wavelet transform coefficients.
Quek and Wang (2001) further verified numerically
the effectiveness of the presented method for the
beams with different boundary conditions and with
different crack characteristics such as different
lengths, orientations and widths of slit. By means of
numerical simulations, Ovanesova and Suarez (2004)
presented applications of the wavelet transform of
the deflection profile to detect cracks in a fixed-end
beam and a one-story one-bay plane frame.

Except for the structural deflection profile under
static loads and that at a given time under dynamic
loads, the mode shapes associated with lower fre-
quencies are another spatially distributed signal used
usually. Amaravadi and Rao et al. (2001) localized
damages through performing the WT of the curva-
ture of the difference between the damaged and un-
damaged mode shapes. They have applied this
method to detect damages in an experimental lattices
structure and a cantilever beam with multiple dam-
ages. Okafor and Dutta (2000) demonstrated that the
maximum values of the CWT coefficients of mode
shapes of the damaged structure can be used to lo-
cate the damage sites. They also found that the CWT
coefficients at the damage location increased line-
arly with the increase in damage extent. In the ex-
periment, a POLYTEC PI scanning laser vibrometer



head was used to record the displacement data. Hong
and Kim et al. (2002) applied the CWT of the fun-
damental vibration mode shapes to estimate the
Lipschitz exponent of structural response and pre-
dicted the damage extent using the Lipschitz expo-
nent. They identified the damage sites by the
modulus maximum line of CWT coefficients of the
fundamental vibration mode shapes. Moreover, the
influences of the sample frequency of the measured
data and the measurement noise on the Lipschitz ex-
ponent have also been investigated, respectively.

Theoretically, the methods mentioned above re-
quire the knowledge of only the response of the
damaged structure. In practice, the baseline data
measured from the undamaged structure are needed
for comparison to eliminate the singularity due to
such sources as an applied discontinuity, boundary
conditions and geometric or material discontinuity
associated with the undamaged structure. In addi-
tion, the spatial resolution of measurement sensors is
required to be very high. Therefore, these methods
are usually applied to structural members or simple
structures. The objective of this study is to develop a
wavelet based method which can be used to localize
damages occurred in complex structures. The re-
mainder of this paper is organized as follows. First,
the damage location method based on the residual
modal force is reviewed briefly. Second, the Resid-
ual Wavelet Force, RWF, is defined and the deriva-
tion of expressions for extracting the RWF from
structural free vibration response is presented. And
then, how to extract the damage location indicators
based on the RWF, DLIRWF, and how to apply the
DLIRWEF to identify the potential damage sites are
described concretely. Furthermore, the Natural Exci-
tation Technique (NEXT) is employed to generalize
the damage location indicators to the cases of ambi-
ent vibration. Third, through numerical simulations,
the effectiveness of the proposed approach is dem-
onstrated by multiple damage detection of a 20-story
shear building. Finally, conclusions and suggestions
for future work are offered.

2 DAMAGE LOCATION USING RESIDUAL
MODAL FORCE

For the ith mode of the potentially damaged struc-
ture, the corresponding eigenvalue equation is writ-
ten as

(K, -4M,)e, =0 1)
where K,and M, are the mass and stiffness matrices
for the damaged structure; 4, and ¢, are the ith

eigenvalue (the square of the undamped natural fre-
quency) and the associated mode shape extracted
from the experimentally measured responses, re-
spectively.

Assuming that the mass and stiffness matrices of
the damaged structure are expressed in terms of
those of the undamaged structure as

M,=M_ +AM K, =K, +AK 2)
where M, and K, are the mass and stiffness matrices
of the intact structure; AM and AK are the changes
in the mass and stiffness matrices as a result of dam-
age.

Substituting Eq.(2) into Eq.(1) yields

_(AK - ﬂ’diAM)(pdi = (Ku - A,M, )q)di (3)

The left hand side of EQ.(3) is defined as the re-
sidual modal force vector for the ith mode of the
damaged structure, which can be designated as

R, = —(AK—/ldiAM)(pdi 4)

From the right hand side of Eq.(3), we can ob-
serve that R; is the error resulting from the substitu-
tion of the ith measured modal data into the struc-
tural eigenvalue equation of the undamaged
structure. And R; is a function of measured degrees
of freedom (DOF). If (4,,9,) are equal to un-
damaged baseline values (4,,¢,), R=0. There-
fore, if some of the components in R; are not zeros,
it shows that the structure is damaged. Furthermore,
the DOF that have large magnitudes in R; indicate
the regions in the structure that are potentially dam-
aged.

Some researches have applied this method to lo-
cate damages occurred in structures (Ricles and Kos-
matka,1992; Sheinman, et al.1996). However, as a
method based on modal parameters, it is difficult to
locate the damages with small extents.

3 DAMAGE LOCATION USING RESIDUAL
WAVELET FORCE

3.1 Definition of the residual wavelet force

Let us consider a multi-degree-of-freedom, linear,
viscously damped system subjected to external exci-
tationsF(r), the second-order differential equations
of motion using finite elements is given as
M X(t)+C x(¢)+ K x(t) =F(r) (5)
where M,,, K, and C, are the mass, stiffness and
damping matrices associated with the intact struc-
ture, respectively; x(), x(r)and x(r) are respec-
tively the relative acceleration, relative velocity and
relative displacement vectors of the structure with
respect to the ground. Neglecting damping, the sec-
ond-order differential equations for free vibration is
given by
M x(1)+K x(r) =0 (6)
Performing the continuous wavelet transform
(CWT) to both sides of Eq.(6) with respect to the
chosen wavelet basisy!,(¢), the transformed equa-
tion can be obtained as

M, W¥.(a,5) + K, W>.(a,b) = 0 7)



in which W} (a,b) and W.(a,b) are the CWT
coefficients of x(r)and x(¢), as shown below,

W3 (ab) = % 3w Dy (8)
N 15 o t=b
Wlab) = [xOp" (9)

in which a and b are the scale and translation pa-
rameters.

There exists the relationship between the CWT
coefficients of displacement and those of velocity
and accelerations as follows (Sone, et al. 1996)

W,.(a,b) = —aWyf, (a,b) = aZW; (a,b) (10)

Substitution of Eq. (10) into Eq. (7) results in

1 % %
MW (a,0)+ K, W, (a,0) =0 (11)

Likewise, the transformed equation for the dam-
aged structure can be given by

%de;”(a,b)u(dw;(a,b):o (12)
Where M, and K,are the mass and stiffness matri-
ces of the damaged structure. W;‘,,(a,b) and
W).(a,b) are the CWT coefficients of the re-
sponses of the damaged structure.

Assuming that the mass and stiffness matrices of
the damaged structure are expressed in terms of
those of the undamaged structure as Eq.(2). And
substituting Eq.(2) into Eqg.(12) and then rearranging
the equation yield

1 Ox 7 & v X
—?AMWW (a,b)— AKW} (a,b)

] (13)
:?MuW;"(a,b)—kK“W;f (a,b)

By anology from Eq.(3), the left hand side of
Eq.(13) is defined as the Residual Wavelet Force
(RWF) Matrix of the damaged structure. Once the
mass and stiffness matrices associated with the intact
structure as well as the responses of the damaged
structure are obtained, the right hand side of Eq.(13)
is known, i.e., the RWF can be calculated as follows

RWF(a,b) = %MMW;,, (a,b)+K, W, (a,b) (14)
a

where RWEF(a,b) is a three-dimension matrix,
whereas for a given scale a, RWF, is a two-
dimension matrix, and the row number of RWF, is
equal to the measured DOF and its column number
is equal to the length of the measured response.
Comparing the right side of Eq.(13) with Eq.(11),
the RWF is the error resulting from the substitution
of the CWT coefficients of the measured responses
of the damaged structure into Eq.(11), which is es-
sentially caused by changes in structural mechanical
properties. As can be seen from Eq.(13), RWF,(a,b)
will be zero matrices only if W/.(a,b) are equal to
the undamaged baseline values W/.(a,b). On the
contrary, if some members in structures are dam-

aged, the elements in the corresponding rows of
RWF,(a,b) will deviate from zero. Therefore,
RWF ,(a,b) can characterize the changes in structural
mass and stiffness, and thus can be used to locate the
damages occurred in structures.

3.2 Extraction of the damage location indicator
based on the residual wavelet force

To locate the potentially damaged sites using the
RWEF defined in section 3.1, the damage location in-
dicator based on the RWF, DLIRWF for short, can
be defined as either

DLIRWF,(d) =" |RWF,(d,b)| (15)

or
DLIRWF,(d) = > |RWF,(d,b)|’ (16)

where DLIRWF,(d) represents the damage location
indicators associated with the measured DOF d at
scale a. According to the analysis in the previous
section, the DOFs that have large magnitudes in
DLIRWF ,(d) are associated with the potential dam-
age regions within the structure. Thus, the DLIRWF
can provide an indication of the location of the dam-
ages.

3.3 Extraction of the DLIRWF from responses
measured in ambient vibration

As shown in the derivation of expressions in Section
3.1, the damage location indicators based on residual
wavelet force (DLIRWF) are extracted from the
structural free vibration responses. For the responses
to the external loads applied on the structure, the
random decrement technique can be applied to ob-
tain the structural free-decay responses. In practice,
civil engineering structures are usually under ambi-
ent excitation. Consequently, it is necessary to dis-
cuss how to use the DLIRWF to perform damage de-
tection on the structures in ambient vibration.

Consider a multiple degree-of-freedom, linear
time-invariant system, its differential equation is
given by Eq.(5) without the subscript “u’.

Assuming the excitations and responses are each
weakly stationary random processes and the struc-
tural parameter matrices are deterministic, postmul-
tiplying Eq.(5) by a reference scalar response proc-
ess x,(¢-7) and taking the expected value of each side
result in
[MKR;, (0)}+[CKR;, (0)}+[KKR,, (1)} ={R,, ()}

(17)
where R( «) denotes a vector of correlation func-
tions. For weakly (or strongly) stationary processes,
there is a relationship between the correlation func-
tion of the derivatives of random processes with re-
gard to ¢ and the derivative of the correlation func-



tion of random processes with regard to z, thus
Eq.(17) can be written as
[MKR,, (0)}+[CKR,, (2)}+[KKR,, (1)} ={R,, (7)}
(18)
Noting that the responses of the system are uncor-
related to the external loads for z>0, Eq.(18) can be
simplified as
[MHR,, (0)}+[CHR,, ()}+[KKR, (1)}=0 (19)
EQ.(19) suggests that the vector of displacement
process correlation functions, R (z), satisfies the

homogeneous differential equation of motion, and
thus it characterizes the state of the system and is in-
dependent of external loads, which is the basic idea
of the Natural Excitation Technique (NEXT) (James,
et al.1993; Caicedo, et al. 2002). Using a similar ap-
proach it can be shown that the acceleration process
correlation functions also satisfy this equation for
positive values of 7 (Beck, et al. 1994), i.e., the cor-
relation functions of structural acceleration re-
sponses can be treated as free vibration responses.
Therefore, for structural responses measured in am-
bient vibration, the DLIRWF can be extracted from
the correlation functions of the acceleration re-
sponses using the procedure presented in the sec-
tions above.

4 NUMERICAL SIMULATION

In this section, a 20-
story shear building
is used to demon-
strate the proposed
approach. The weight
for each floor is
20000N  and the
stiffness for each
floor is 3.2344x10’
N/m. It can be mod-
eled as a lumped
mass system with 20
DOFs, as shown in
Figure 1. Assume
that viscous dissipa-
tion is included in the
form of Rayleigh
damping with a mag-
nitude of 1% of criti-
cal in each of the
modes of the struc-
ture. In this example,
damage is characterized by the reduction of the floor
stiffness, and all other parameters of the structure
keep unchanged. Several typical cases with different
extents and under different excitations are consid-
ered in this demonstration, as listed in Table 1.
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Figure 1 20 DOF shear type building

Table 1. Various cases with different damage extents and under
different excitations.

tEi;(;'ta_ Damage Patterns

casel | Imoulse The stiffness in the 6th and 16th floors are
P reduced by 50% and 50%, respectively

case? | Imoulse The stiffness in the 6th and 16th floors are
P reduced by 30% and 30%, respectively

case3 | Imoulse The stiffness in the 6th and 16th floors are
P reduced by 10% and 10%, respectively

cased | Ambient The stiffness in the 6th and 16th floors are
reduced by 50% and 50%, respectively

case5 | Ambient The stiffness in the 6th and 16th floors are
reduced by 30% and 30%, respectively

case6 | Ambient The stiffness in the 6th and 16th floors are
reduced by 10% and 10%, respectively
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Figure 2. Flowchart of the extraction of the DLIRWF.

Structural free vibration responses can be simu-
lated by the following two ways. One is the re-
sponses under the impulse excitation, in that the im-
pulse response can be regarded as the free vibration
response under a specific initial condition, like cases
from 1 to 3. The other is the correlation function of
the responses under ambient excitation, like cases
from 4 to 6. In this current study, the Newmark-Beta
time history analysis is used to compute the struc-
tural acceleration responses under the two kinds of
excitations. It is assumed that the accelerations are
recorded at a sampling rate of 200 Hz and the sam-
pling time is 60 seconds. And then the responses are
passed through an 8th order low-pass Butterworth
filter with a 95Hz cutoff. Except for obtaining the
free vibration responses, it is very necessary to ob-
tain the refined baseline finite element model of the
original structure by model updating technique,
which is used to represent the original undamaged
structure. The procedure for extracting the damage
location indicators based on the residual wavelet
force is summarized in the flowchart as shown in
Figure 2. The wavelet functions of the Gaussian
family are selected to perform the continuous wave-
let transform of the acceleration measured.



4.1 Damage location results

To simulate the practical field conditions, Gaussian
white noise with the mean value of zero and the
RMS equal to 10% of the RMS (Root-Mean-Square)
of the response is added to the acceleration response.
And then noise-contaminated responses are wavelet
transformed. The CWT is implemented for scales 1-
8 with Gaussian distribution function ‘Gausl’ and its
2th derivative *Gaus3’ as mother wavelet functions.
For Case 1, the two DLIRWF at each scale extracted
by Formula (15) and Formula (16) are plotted in Fig-
ure 3(a) and Figure 3(b), respectively. In the follow-
ing figures, S is short for Scale. For each scale, the
DLIRWF(5) and DLIRWF(6) which are associated
with the 6th floor are much larger the damage loca-
tion indicators at the nodes nearby, so are the
DLIRWF(15) and DLIRWF(16) which are associated
with the 16th floor, as can been shown in Figure
3(a), which suggests that the 6th and 16th floors are
damaged. The magnitudes of the DLIRWF at lower
scales are larger than those at higher scales, espe-
cially for those corresponding to the lower floors.
Regardless of this, the results from the DLIRWF at
higher scales are more reliable for the following two
reasons. One is that the DLIRWF at higher scales is
not easily affected by noise since higher scales are
associated with the information on the lower fre-
quencies involved in responses. The other is that the
DLIRWEF at higher scales corresponding to the two
different damage locations are approximately identi-
cal which means that they can determine the damage
extents qualitatively. Comparing Figure 3(a) with
Figure 3(b), the damage location results from the
two DLIRWF obtained by Formula (15) and For-
mula (16) are similar. Thus, only one DLIRWF is
listed in each case below. For Case 2, the DLIR-
WF,(d) at all scales indicate clearly the damage lo-
cations shown in Figure 4. For case 3, only the
DLIRWF,(d) at such lower scales as Scale 1-3 can
identify the damage sites shown in Figure 5.

For cases from 4 to 5, the DLIRWF ,(d) extracted
from the accelerations under ambient vibration also
provide a good indication of damage locations, as
shown in figures from 6 to 7. For small damage such
as Case 6, the DLIRWF normalized by its standard
variance are plotted in Figure 8. Similar to case 3,
only the DLIRWF at the lower scales are effective.
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(b) the DLIRWF extracted by Formula (16)
Figure 3. The damage localization results for case 1.

11
3_5x150 :

SYIREIRERRE I ERRRRALA SRR NN ER I

RWFI

1 5 10 15 20
Story Number

Figure 4. The DLIRWEF extracted by Formula (15) for case 2.
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Figure 5. The DLIRWF extracted by Formula (15) for case 3.
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Figure 6. The DLIRWEF extracted by Formula (16) for case 4.
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Figure 7. The DLIRWF extracted by Formula (16) for case 5.
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Figure 8. The DLIRWEF extracted by Formula (16) for case 6.

For comparison purpose, the damage location re-
sults using the residual modal force are given for
cases 5 and 6 in the presence of noise with the same
level mentioned above. The first 6th modal parame-
ters are identified by Eigensystem Realization Algo-
rithm from the simulated acceleration under ambient
vibration. For case 5, the residual model forces
(RMF) associated with the 3rd, 4th, 5th and 6th
mode can locate the damage sites, as shown in Fig-
ure 9. Though the damage extents in the 6th and
16th floors are identical, the magnitudes in the 3rd,
4th, 5th or 6th RMF corresponding to the two dam-
age locations are quite different, which means that
one can not determine the damage extents qualita-
tively from the RMF. For case 6, only the RMF as-
sociated with the 2nd mode can give the right result.
Since the method is based on modal parameters, the
capability of the method depends on the quality of
the identified modal parameters.
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Figure 9. The damage localization results for case 5.
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Figure 10. The damage localization results for Case 6.

4.2 The effects of the measurement noise

To investigate the effectiveness of the proposed
damage location indicators in the presence of noise,
the DLIRWF extracted from the responses under dif-
ferent noise levels for Case 1 are shown in Figure
11. It is assumed that the measured noises are Gaus-
sian white noises with the mean values of zero and
the RMS of the noises are prescribed to be equal to
0%, 30% and 50% of the RMS of the corresponding
response, respectively. Figure 14 provides the dam-
age detection results using the DLIRWF calculated
by Formula (15) under different noise levels consid-
ered, respectively. It suggests that the influence of
noise on the DLIRWF at lower scales is larger than
that at higher scales. Moreover, the DLIRWF asso-
ciated with lower floors are easily affect noise. In
particular, as the noise level increases, these



DLIRWEF at all scales corresponding to the lower
floors increase. On the contrary, noise has nearly no
influence on the DLIRWF associated with higher
floors.
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(c) Under the noise level of 50%
Figure 11. The damage localization results under different
noise levels.

5 CONCLUSION

The residual wavelet force (RWF), which is ex-
pressed in terms of the wavelet transform coeffi-
cients of structural free vibration responses of the
damaged structure and the undamaged baseline mass
and stiffness matrices, is defined, and then a damage
location indicator based on the RWF, DLIRWF, is
presented. The degrees of freedom that have large
magnitudes in DLIRWF provide an indication of the
potential damage regions within the structure.
Through introducing the natural excitation tech-
nique, the proposed approach can be extended to the
cases of ambient vibration. The results of the nu-
merical simulations suggest that the proposed

method has the ability to localize multiple damages
with various extents occurred in structures. Further-
more, the method is well suited to noise-
contaminated and thus is very promising in practical
applications. Moreover, good damage localization
results can be obtained when different decomposi-
tion scales or different mother functions are used.

Further work will be done to investigate the ef-
fects of modeling errors and measurement points on
the damage localization results. Additionally, to gain
an understanding of its true capabilities, further ex-
amination using experimentally measured data will
be carried out.
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