
1 INTRODUCTION 
 
Vibration based damage identification in a structure 
is based on the observation that damage causes 
changes in the dynamic characteristics, such as, 
natural frequencies and mode shapes of the struc-
ture. There are a number of vibration based damage 
identification (VBDI) algorithms which utilize the 
change in vibration characteristics of a structure to 
determine the location and severity of possible dam-
age. Commercial finite element analysis (FEA) 
packages do not provide enough flexibility to cus-
tomize and incorporate the VBDI algorithms. This 
paper presents the development of a FEA system 
which implements some of the VBDI algorithms.  
 
There are many challenges in the application of 
VBDI techniques as the measured values of the 
natural frequencies and mode shapes of a structure 
often contain random measurement errors. Finite 
element model of a civil engineering structure, such 
as a bridge or a dam, often contains a large number 
of degrees of freedom. However, only a limited 
number of sensors could be used for measuring the 
mode shapes which lead to an incomplete definition 
of a mode shape. It is sometimes possible to obtain 
the complete mode shapes from the incomplete ones 
obtained from field measurements, using some kind 
of modal expansion technique. This introduces addi-
tional error to the mode shapes. The incompleteness 
of mode shapes and random measurement errors de-
grade the performance of VBDI algorithms. Envi-

ronmental effects on the structure’s behavior also af-
fect the performance of damage detection 
algorithms.  
 
The FEA system developed here is designed to con-
struct finite element model of a structure using three 
dimensional beam and shell elements, correlate the 
model based on measured vibration quantities and 
simulate various damage scenarios. Based on a 
given distribution of the sensors in the structure, the 
performance of the damage detection algorithms im-
plemented in the software can be studied by consid-
ering the incomplete modes of the damaged struc-
ture and simulated random measurement errors. 
Further work is necessary to model environmental 
effects.  
 
The FEA system presented here has been developed 
in the MATLAB (1999) environment, which is a 
powerful tool for mathematical programming and 
quick prototyping. MATLAB is chosen here to take 
advantage of the availability of the functions for ma-
trix operations, optimization and graphics. However, 
the programming languages provided with the 
MATLAB environment is interpretive in nature and 
it slows down the system when the problem size is 
very large. Some example problems have been pre-
sented with a comparison with results from other fi-
nite element programs such as COSMOS (1995).  
 
The paper also presents a study on a three span con-
tinuous steel free deck bridge located in Calgary, 
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Canada. The bridge, opened to traffic in 1997, was 
constructed under the technical leadership of ISIS 
Canada Research Network and a number of sensors 
were installed in the bridge. Although the present 
study focuses on computer simulation, some data 
from the dynamic tests conducted on the bridge are 
also used. 

 

2 VIBRATION BASED DAMAGE 
IDENTIFICATION  

 
A number of techniques for vibration based damage 
identification are available in the literature (Humar 
et al., 2005). They include: (a) methods based on 
frequency changes, (b) methods based on mode 
shape changes, (c) mode shape curvature method, 
(d) methods based on change in flexibility matrix, 
(e) methods based on changes in uniform flexibility 
shape curvature, (f) strain energy based damage in-
dex method, (g) method based on modal residual 
vector, (h) matrix update methods, and (i) semi ana-
lytical techniques, such as, neural network, genetic 
algorithm, and statistical methods. Here, the strain 
energy based damage index method, and the matrix 
update methods are used for their relative effective-
ness as explained in Humar et al. (2003a, 2005).  

2.1 Method based on modal strain energy 

This method as originally developed by Stubbs et al. 
(1995) is applicable to beam type structures and is 
based on the comparison of modal strain energy be-
fore and after damage. The method can be extended 
to a structure of a general type. For the healthy 
structure the modal strain energy of member j in 
mode i is given by ij

T
i φφ k  and the total strain energy 

of the structure deforming in its mode i is obtained 
from 
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where kj is the stiffness matrix of member j, and K 
is the stiffness matrix of the structure. Similar ex-
pressions can be formed for the damaged structure. 
However, in deriving the strain energy of the dam-
aged structure, d

iS , the global stiffness matrix of the 
damaged structure dK is taken as being approxi-
mately equal to K. This is based on the reasoning 
that in practice only a few members are likely to suf-
fer damage. The strain energy fractions of member j 
in mode i for the undamaged and damaged states, 

ijf and d
ijf , respectively, are given by 
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The ratio of the strain energy fractions as expressed 
in Eq. 3 is defined as the damage index for the jth 
element in mode i. When the information available 
from nm measured modes is used the damage index 
is given by  
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Members for which jγ is relatively large are likely to 
have been damaged. This provides the location of 
damage. Numerical problems may arise in the 
evaluation of Eq. 3 when the denominator is very 
small in magnitude, which may be the case when the 
strain energy contributed by the jth  member in the 
modes being considered is very small. In such a case 
Eq. 3 is modified as follows 
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2.2 Matrix update methods  

The matrix update methods constitute the largest 
class of methods developed for the identification of 
damage from measured vibration properties. The 
methods are based on the determination of perturba-
tions in the property matrices caused by damage. 
The property matrices include the stiffness matrix K 
and the mass matrix M. For the undamaged structure 
they satisfy the following eigenvalue equation  

 

 iii φφ MK λ=                                                       (5) 

 
where iφ  is the ith mass-orthonormal mode shape, 
and iλ is the associated eigenvalue (squared fre-
quency). Damage in the structure may change both 
the stiffness and the mass matrices, altering the fre-
quencies as well as the mode shapes. The eigenvalue 
equation for the damaged structure is given by 
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Assuming that damage does not alter the mass ma-
trix and using Eq. 6, we get: 
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where iidi φφφ δ+=  is the ith mode shape of the 
damaged structure. Premultiplying both sides of 
Eq. 7 by T

diφ  and using the transpose of Eq. 7 we get: 
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Perturbation matrix δK can be expressed as  

 
∑= jjj βδ kΚ                                                  (9) 

 
where βj  is the damage factor for element j. Using 
Eq. 8 and 9, and assuming that  diφ  contain  mass  
ortho-normalized mode shape vectors, we get 
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or     λβ δ−=D                                                      
(11) 

   
where ne is the number of members and D is an m 
by ne matrix, β  is the ne-vector of the unknown 
changes in element stiffness matrices, and λδ  is the 
m-vector of measured eigenvalue changes.          

                                  
Solution of Eq. 11 provides both the location and se-

verity of the damage. In general the number of unknown 
parameters in that equation is significantly greater than the 
number of measured frequencies and mode shapes; the 
problem is therefore under-determined and has an infinite 
number of probable solutions. A unique solution can be 
obtained through the minimization of an objective func-
tion subjected to appropriate constraints. In the present 
study, the objective function to be minimized is cho-
sen to be the quadratic norm of the stiffness changes 
given by Eq. (12), subjected to the constraint speci-
fied in Eq. (13). 
 

ββTJ =                                                                 (12) 
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The problem now becomes a nonlinear optimization 
problem. In the present work, it is solved using the 
sequential quadratic programming (SQP) method. 
The SQP methods represent state-of-the-art in 

nonlinear programming. Gill et al. (1981) provide an 
overview of the SQP methods. 

3 M-FEM: THE FEA SYSTEM FOR VBDI  IN 
STRUCTURES 

3.1 Description   

M-FEM has been implemented in MATLAB for its 
simplicity and the availability of a number of basic 
functionalities for matrix operations, optimization, 
and graphics. The programming environment in 
MATLAB is interpretive or scripting based, unlike 
other computer languages like FORTRAN or C/C++ 
which needs the program to be compiled before run-
ning. MATLAB code or program does not need to 
be compiled. The programming errors are detected 
at runtime. For fast prototyping of an algorithm, 
MATLAB is a useful tool. However, it provides 
flexibility in programming and debugging at the cost 
of computing efficiency.  
 
The basic structure of the M-FEM system is given in 
Fig.1. The program has a modular structure with fol-
lowing basic functionalities: (a) Static Analysis, (b) 
Modal Analysis, (c) Vibration Based Damage Iden-
tification.  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
Figure 1. M-FEM system architecture. 
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3.2 Element library  

The element library in M-FEM includes a three dimen-
sional beam element and a facet plate-shell element as 
shown in Figures 2(a) and 2(b), respectively. The plate-
shell element is formed using the DKT plate bending ele-
ment (Batoz et al., 1980) and a triangular plane stress ele-
ment. The DKT plate element has three degrees of free-
dom (DOF) per node (Fig. 2e), two rotational DOFs 
( xθ and yθ ) about the orthogonal horizontal directions 
and a translational DOF (w) along the vertical direction. 
When combined with a triangular plane stress element, the 
plate bending element results in a facet shell element. The 
resulting shell element requires six DOFs per node as 
shown in Fig. 2b. Of these six DOFs, three are contributed 
by the DKT plate bending element and three must come 
from the plane stress element. Two versions of the plane 
stress element have been implemented in M-FEM:  
• The constant strain triangle (CST) with two degrees 

of freedom (DOF) per node corresponding to the 
in-plane displacements as shown in Fig. 2c (Zien-
kiewicz and Taylor, 1989), and  

• The plane stress triangular element with three dof 
per node, two corresponding to the in-plane dis-
placements and the other corresponding to the ver-
tex rotation or drilling DOF as shown in Fig. 2d 
(Allman, 1984). Allman’s plane element is also re-
ferred in this paper as a linear stress triangle with 
drilling DOF (LSTD) element. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2. M-FEM element library. 

 
Since the CST element has only two DOFs (u and v in 

x and y directions, respectively) per node, the resulting 
shell element has zero stiffness associated with the re-
maining (ie, sixth) DOF corresponding to the rotation 

about the z axis ( zθ ). zθ is often referred to as the drilling 
DOF and in the case of DKT-CST combination, a small 
stiffness of arbitrary magnitude may need to added to the 
drilling DOF to avoid numerical difficulties when some of 
the adjacent elements are co-planar. Unlike the CST ele-
ment, the drilling DOF stiffness arises naturally in the 
LSTD element, and no adjustment is necessary for adja-
cent co-planer elements.  

 
A quadrilateral plate-shell element is formed by com-

bining two triangular elements as shown in Fig. 2f. In case 
of the CST element, a small stiffness corresponding to the 
drilling dof needs to be added in order to construct the 
plate-shell element with six DOF per node.  

3.3 Operation of the software  

The M-FEM software works partially in batch mode 
and partially in interactive mode. The data about the struc-
ture’s geometry, material properties, load and boundary 
conditions, sensor locations, the extent of measurement 
noise, and the damage simulation scenario are provided in 
a data file in text format. The software reads the data and 
builds the mathematical model of the structure. After that 
the user needs to interact with the software based on a 
number of choices about the damage identification algo-
rithms, plotting various results, viewing the structure’s ge-
ometry and mode shapes, using incomplete and noisy 
modes of the damaged structure, convergence criteria for 
model updating etc. The model once built by M-FEM re-
sides in MATLAB workspace and the can be re-run with 
various damage conditions or measurement noise without 
re-building the base model. This saves time significantly 
when the analysis needs to be re-run with the same base 
model of the structure. The performance weakness of 
MATLAB is compensated in this case. M-FEM also util-
izes a MATLAB feature to save the workspace for future 
use, in case a few more cases of simulations need to be 
done later using the base model of the structure already 
developed by M-FEM. 

3.4 Validation  

A number of structures involving 3D beam, plate, 
shell, and a combination have been modeled with 
M-FEM and COSMOS to compare the static and 
modal analysis results. COSMOS implements the 
shell element as a combination of DKT plate bend-
ing element and Allman’s plane element. For valida-
tion of M-FEM, the global stiffness and mass matri-
ces for a number of simple problems have been 
obtained from both M-FEM and COSMOS for com-
parison.  

 
Here two simple problems, a frame and an in-

clined shell, have been presented and their natural 
frequencies are compared (Figs. 3 and 4). After the 
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correctness of the stiffness and mass matrices are es-
tablished, the VBDI algorithms have been imple-
mented on top of it. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. A three dimensional frame example. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. An inclined shell example. 

 

4 CASE STUDY – THE CROWCHILD BRIDGE  

The Crowchild Bridge located in Calgary, Alberta, 
Canada, is a two-lane traffic overpass with three 
continuous spans. The details of the bridge super-
structure are shown in Figure 5.  

 

The superstructure is said to be the first continuous-
span steel-free bridge deck in the world (Bakht and 
Mufti, 1998). It is composed of five longitudinal 
steel girders (900 mm deep), a polypropylene fiber 
reinforced concrete slab deck and prefabricated 
glass fiber reinforced concrete barriers. The five 
longitudinal girders are spaced at 2 m. Four evenly 
spaced cross-frames in each span and steel girder 
diaphragms at the supports hold the main girders in 
place. The main girders are also connected by 
evenly spaced steel straps placed across the top of 

the girders to provide lateral restraint to them. The 
girders and straps are connected to the deck slab by 
stainless steel stubs. The deck is 9030 mm wide and 
does not contain any internal steel reinforcement. 
The slab thickness is 275 mm along the girders and 
185 mm elsewhere.  

A monitoring program for the bridge has been 
developed by ISIS Canada. Static and ambient vibra-
tions tests have been conducted on the bridge by a 
team from the University of British Columbia in 
1997 (Ventura et al., 2000), and a team from the 
University of Alberta in 1998-99 (Cheng et al., 
1999). 
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Figure 5. Elevation and cross-sectional views of the Crowchild 
Bridge. 

 
 

 
 
 
 
 
 
 
 
 
 
Figure 6. (a) The Finite Element model of Crowchild Bridge, 
(b) Damaged area for computer simulation. 
 

An analytical model of the Crowchild Bridge is 
constructed using three dimensional beam elements 
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for the piers, girders, diaphragms and the cross 
frames including the steel straps, and shell elements 
for the deck and side barriers. The deck elements are 
connected to the girder elements by rigid beam ele-
ments. The piers are assumed to be fixed at their 
base, while roller and pin supports are assumed to 
exist at the north and south abutments, respectively. 
The FE model contains 351 elements, 247 nodes and 
1399 active degrees of freedom. The density of steel 
and concrete is assumed to be 76 and 24 kN/m3, re-
spectively. The concrete compressive strength is 
taken as 35 MPa. The modulus of elasticity for con-
crete is assumed to be 30 GPa for the deck and 27 
GPa for the barrier and pier; for steel it is assumed 
to be 200 GPa. The FE model of Crowchild Bridge 
is shown in Figure 2(a), and the damage area as-
sumed for computer simulation is shown in Figure 
2(b). 
 
Initially, the concrete is assumed to be un-cracked. The 
model that is based on this assumption is updated and cor-
related with the data obtained from vibration test con-
ducted in 1997 by the University of British Columbia 
team (Ventura et al., 2000), and is used as the base model 
for the undamaged structure as of 1997. This model will 
be referred to as CC-97 model. The first four natural fre-
quencies were reported to be 2.78, 3.41, 3.44 and 3.89 Hz. 
The model update and correlation are carried out by using 
the optimization process defined by Eqs. 10 and 11. Dur-
ing the process of model update, the stiffness coefficients 
of individual elements are modified to fine tune the result-
ing modal frequencies of the system. The mode shapes of 
the undamaged structure derived from model CC-97 are 
shown in Figure 7. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7. Mode shapes: (a) mode 1, (b) mode 2, (c) mode 3, 
and (d) mode 4. 

 
Field test conducted by the University of Alberta 

team in 1998-99 (Cheng et al., 1999) revealed that 
the frequencies of the bridge reduced slightly due to 
some cracking of concrete. To consider the effect of 

cracking the stiffness of the concrete elements is re-
duced, and the model is correlated with the 1999 test 
results. The stiffness of deck elements is assumed to 
be 90% of un-cracked stiffness in the positive mo-
ment region, and 70% in the negative moment re-
gion. The stiffness of the barrier is assumed to be 
80% in the positive moment region and 70% in the 
negative moment region. The pier stiffness is re-
duced by 10%. The correlated base model will be re-
ferred to as CC-99. The natural frequencies at this 
stage were reported to be 2.60, 2.90, 3.63 and 3.85 
Hz. The mode shapes are similar to those of CC-97 
(as shown in Fig. 7).  

 
The effectiveness of the vibration based damage 

identification techniques considered here has been 
studied by applying the techniques to detect simu-
lated damage in the bridge models. The damage is 
assumed to be concentrated in the area identified in 
Fig. 6(b). The following scenario is considered: the 
longitudinal girders (corresponding to element num-
bers 174, 177, 180, 183, and 186 in the finite ele-
ment model) suffer 70% damage. 

 
The frequencies and the mode shapes of the dam-

aged structure could be used in the damage detection 
techniques to identify the location and severity of 
damage. In practice, such frequencies and mode 
shapes are obtained from modal tests.  The experi-
mental frequencies and mode shapes are often cor-
rupted by random noise. Another factor to be con-
sidered is that the finite element model usually 
contains a large number of degrees of freedom, but 
in the field only a limited number of sensors could 
be deployed. In addition, measurement of rotational 
degrees of freedom is not practical. Thus only a few 
translation degrees of freedom are measured, and the 
experimental mode shapes are far from complete. 
This implies that either the incomplete mode shapes 
need to be expanded to the full size of the finite ele-
ment model, or the finite element model is con-
densed to the measured degrees of freedom.  

 
In the present study, incomplete mode shapes are 

constructed by selecting those elements of the ana-
lytical damaged mode shapes that correspond to a 
set of degrees of freedom along which measure-
ments would be probably be made during a field 
test. The incomplete mode shapes are corrupted by 
adding a small amount of random error to simulate 
the noise in measurement; they are then expanded 
using a method proposed by O’Callahan et al. 
(1989) to obtain a complete set of mode shapes for 
the damaged structure. In this study, the incomplete 
mode shapes have been generated assuming that all 
three translation degrees of freedom at every node 
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have been measured, while in practice, perhaps 
fewer degrees of freedom would be measured. To 
simulate the random measurement noise, the eigen-
values and mode shapes of the damaged structure 
are corrupted by a random noise of 0.5% and 1%. 

Figure 8 and 9 show the damage identification re-
sults for CC-97 model. It is observed from Fig. 5(a) 
that the damage index identifies the damage loca-
tions correctly when complete and noise free mode 
shapes of the damaged structure are used. Figures 
5(b) and (c) show the severity of damage as ex-
pressed by damage factors (β  vector in Eq. 11) 
evaluated using the matrix update methods. Esti-
mates of β  obtained from Eq. 11 by taking the 
pseudo inverse of D provide rough estimates of the 
severity of damage and are shown in Fig. 8(b). It 
should be noted that in this case β  can take negative 
values. The solution of Eq. 11 obtained from the op-
timization of the objective function in Eq. 12 with 
the constraints defined by Eq. 13 give a very good 
measure of the damage extent, as seen from 
Fig. 8(c).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Results for the CC-97 model with complete and noise 
free modes of the damaged structure –     (a) Damage index, 
(b) Damage factors by pseudo inverse solution of Eq. 11, and 
(c) Damage factors by optimized solution of Eq. 11. 

Figure 9 shows the damage indices and damage fac-
tors CC-97 model with noisy (E1) and incomplete 
mode shapes (M1). Determination of the location 
and the extent of damage are affected both by the 
measurement errors and incomplete modes. The 

general area of damage is identified correctly, while 
the severity of damage is not as accurate. The 
pseudo-inverse solution produces the damage factors 
similar to that in Fig. 8, while the optimized solution 
of Eq. 11 produces spurious damage in some ele-
ments, which, of course, can be eliminated when the 
damage indices in Fig. 9a are considered. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9: Results for the CC-97 model with incomplete and 
noisy modes of the damaged structure -  (a) Damage index, (b) 
Damage factors by pseudo inverse solution of Eq. 11, and (c) 
Damage factors by optimized solution of Eq. 11. 

From the results of damage identification for CC-
99 model with incomplete and noisy modes, not 
shown here to conserve space, it is observed that the 
damage index method identifies the damage location 
quite effectively, but the estimates of the damage ex-
tent by matrix update method are not very good. 
However, when the results of the damage index 
method and the matrix update method are consid-
ered together, it is possible to get important clues 
about the severity and location of the damage. 

 

5 DISCUSSION AND CONCLUSIONS  

A finite element analysis system, M-FEM for vi-
bration based damage identification in structures has 
been developed in the MATLAB environment. M-
FEM utilizes the flexibility of the MATLAB frame-
work and the availability of many useful functions 
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necessary for a FEM system. Although a software 
built using MATLAB performs poorly as compared 
to one developed in a compiler based language like 
FORTRAN or C/C++, the efficient use of MATLAB 
workspace can be advantageous when re-using the 
base model built using M-FEM is necessary. 

 
Vibration based damage identification is a useful 

tool for structural health monitoring. In the past its 
success has been demonstrated by applications in the 
damage detection of simple structures. However, its 
application to real life and complex civil engineering 
structures is still beset with considerable challenge. 
The first challenge manifests itself in creating a real-
istic mathematical model of the structure. This is be-
cause structural properties, such as the effective 
moment of inertia and modulus of elasticity, are 
quite uncertain and variable, especially in structures 
built from reinforced concrete where concrete crack-
ing and quality of concrete may have a marked in-
fluence on the physical properties. Most modeling 
attempts, including those used in the present study, 
use arbitrary estimates of the effective moments of 
inertia, based on engineering judgment. Correlation 
of a model which must be based on such choices of-
ten requires unrealistic adjustments in the element 
stiffnesses, even when the differences between the 
analytical and experimental frequencies are small. In 
the present case, such adjustments could be kept 
within reasonable bounds only after the selection of 
the physical properties was fine tuned by a process 
of trial and error.  

 
Other challenges include the practical limitation 

on the degrees of freedom along which modal meas-
urements can be made, the number of modes that 
can be measured and the measurement errors that are 
inevitably present in field tests. As shown here all of 
these have profound impact on the success of dam-
age identification. In the present study, in order for 
the methods to succeed, measurements were re-
quired along all of the translational degrees of free-
dom. 

Of the many VBDI techniques available only two 
are used here because of their relative merit in com-
parison to others. The results obtained form these 
methods show that in spite of all of the problems, 
VBDI methods may be successful in identifying at 
least the location of damage in a civil engineering 
structure, such as the Crowchild Bridge. It is gener-
ally not possible to detect damages of small magni-
tudes through VBDI techniques since the changes in 
modal properties due to small amounts of damage 
are not appreciable. Also, if the modal strain energy 
contribution of an element is very small, even a 
large degree of damage in it could not be detected by 
the VBDI techniques. Finally, it should be noted that 
computer simulation studies can not quite predict the 

effect of environmental factors, such as temperature 
changes, changes in boundary conditions, and 
nonlinearities caused by the opening and closing of 
cracks and slip in bolted joints. These are potential 
areas of further research. 

6 ACKNOWLEDGEMENT  

A part of the work presented has been done during 
the author’s postdoctoral study at Carleton Univer-
sity, Canada under the supervision of Prof. Jag Hu-
mar. The support of ISIS Canada Research Network 
during that period is gratefully acknowledged. 

7 REFERENCES 

Allman, D.J., 1984, A compatible triangular element including 
vertex rotations for plane elasticity analysis, Computers & 
Structures, Vol. 19, No. 1-2, pp 1-8 (1984). 

Bakht, B. and Mufti, A. 1998. Five steel-free bridge deck slabs 
in Canada, SEI Structural Engineering International, 8 (3): 
196-200. 

Batoz, J.L., Bathe, K.J. and Ho L.W., 1980, A study of three-
node triangular plate bending element, International Jour-
nal of Numerical Methods in Engineering, Vol 15, pp 
1771-1812. 

Cheng, J. J. R. and Afhami, S., 1999, Field Instrumentation 
and Monitoring of Crowchild Bridge in Calgary, Alberta, 
University of Alberta Report for ISIS Canada. 

COSMOS/M, 1995, Finite Element Analysis System User 
Guide, Structural Research and Analysis Corp., Santa 
Monica, CA.  

Gill, P. E., Murray W. and Wright, M. H., 1981, Practical op-
timization. Academic Press, London. 

Humar, J. L., Bagchi A. and Xu H., 2003a. Vibration based 
damage identification for a three span continuous steel-free 
deck bridge located in Canada, International Workshop on 
structural Health Monitoring of Bridges / Colloquium on 
Bridge Vibration (SHMB), Kitami, Japan, September 1-2, 
203-210. 

Humar, J. L., Bagchi, A. and Xu, H.., 2003b. Challenges in vi-
bration based structural health monitoring, First Interna-
tional Structural Health Monitoring II-1'2003 Conference, 
Toyko, Japan, Nov.13-15. 

Humar, J. L., Bagchi, A. and Xu, H.., 2005. Performance of 
vibration techniques for the identification of structural 
damage, Accepted conditionally in Structural Health Moni-
toring – An International Journal.  

MATLAB, 1999, User Guide, Mathworks Inc., Natick, MA.  
O’Callahan, J., Avitabile, P., Riemer, R., 1989. System 

Equivalent Reduction Expansion Process (SEREP). 7th In-
ternational Modal Analysis Conference, Las Vegas, Ne-
vada, 29-37. 

Stubbs, N., Kim, J. -T. and Farrar, C. R. (1995). Field verifica-
tion of a non-destructive damage localization and severity 
estimation algorithm. 13th International Modal Analysis 
Conference, 210-218. 

Ventura, C. E., Onur, T. and Tsai, R. C. (2000). Dynamic char-
acteristics of the Crowchild Trail Bridge, Canadian Jour-
nal of Civil Engineering, 27: 1046-1056. 

Zienkiewicz, O.C. and Taylor, R.L., 1989, The Finite Element 
Method, Vol 1 and 2, Fourth Edition, McGraw Hill, UK. 


