
 

1 INTRODUCTION 

Dynamic system identification is a major tool for 
monitoring and diagnosis of structures: experimental 
results from dynamic testing give knowledge about 
global structural behavior and could be used in 
calibrating numerical model, in forecasting the 
response to dynamic and earthquake loading and can 
help in evaluating the safety conditions. 

In civil engineering applications the problem of 
identifying the dynamic properties is characterized 
by great uncertainties, related to different causes, as, 
for example, the mechanical behaviour of material, 
almost always nonlinear to some extent, and the test 
conditions, which are never completely controllable 
when the tests are carried out in situ. Structures are 
often tested in operational conditions (i.e., subjected 
to ambient excitation) not to break off the normal ac-
tivities and/or to avoid introducing damage: output-
only identification techniques are really flexible and 
powerful for identifying modal parameters, but 
sometimes cannot allow a reliable identification: the 
major uncertainties are related to the estimation of 
damping characteristics and when the system’s vi-
bration is nonlinear to some extent. 

When the uncertainty level is high, like in the 
characterisation of complex structures, the usual 
procedure is to make a number of identification ses-

sions as high as possible, to enhance the reliability in 
the experimental results. 

For structures characterised by nonlinear behav-
iour even for low-energy excitation, like masonry 
structures, cracked concrete structure, or structure 
which interact with soil, the hypothesis of linear be-
haviour could not be sufficient to reach a reliable 
characterization of the dynamic behaviour. 

In the past, considerable effort has been devoted 
in the field of identification of structures containing 
nonlinear joints, like cracks or contacts where slid-
ing and opening could happen (see for example 
Crawley&Aubert, 1986): non-linear system identifi-
cation could give additional knowledge, in particular 
if one thinks that a nonlinear response to a moderate 
to high seismic excitation gives itself an indication 
of the safety condition of the structure to be tested. 

In this study, the identification procedure is ap-
plied to acceleration time series produced by a Finite 
Element model made by two blocks and subjected 
both to external and earthquake loading: the model 
can approximate the dynamic behaviour of cracked 
masonry pillars or structural components (i.e., foot-
ing) which interacts with soil.  

In the identification of structures characterised by 
localized nonlinearities, the definition of instantane-
ous time-frequency estimators (Ceravolo 2004) may 
result particularly useful: more specifically, its ex-
tension to nonlinear systems, whose input/output re-
lationship is depicted as a Volterra series (Volterra 
1958, Worden 2001, Rugh, 2002), has been applied 
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in this paper. The information obtained from a 
nonlinear identification session may both offer a 
clue in choosing reliable structural models, and fore-
cast the dynamic behaviour in non-operational con-
ditions (e.g. during a seismic event). 

2 NON-LINEAR IDENTIFICATION OF 
VOLTERRA SYSTEMS 

Within the framework of the Volterra series repre-
sentation of the input/output relationship of a 
nonlinear dynamic system, the identification process 
is based on the experimental determination of the 
higher order frequency response functions or, alter-
natively, the kernels in the time domain. If the sys-
tem is subjected to a stochastic load, the identifica-
tion reduces to the determination of the second and 
higher order spectral moments of the excitation and 
system response (i. e., Tick 1961, Kim & Powers 
1995) or, in the time domain, through the estimate of 
higher order cumulant functions (i. e., Koukoulakis 
& Kalouptsidis 2000). A consistent evaluation of the 
statistical characteristics of order > 2 hinges on the 
availability of a great quantity of experimental data, 
greater than is necessary in linear system identifica-
tion: in structural engineering applications, this re-
quirement cannot be easily met, especially when the 
measurements are performed in situ. 

Let us consider a time-invariant nonlinear dy-
namic system with a single degree of freedom as de-
scribed by the following equation of motion 
(Worden 2001): 

( ) ( ) ( )tuxfxfxm sd =++ &&&  (1) 

where m is the mass, ( )xfd & , is the nonlinear damp-
ing term and ( )xf s  is the nonlinear elastic restoring 
force, ( )tu  and ( )tx  are the system’s excitation 
and response. Let us assume that the input/output re-
lationship can be approximated through a Volterra 
series: 
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where ( )11 τh , ( )212 ,ττh , ( )3213 ,, τττh  are respec-
tively the system’s linear, quadratic and cubic im-
pulse response functions, ( )tx1 , ( )tx2  and ( )tx3  

are respectively the linear, quadratic and cubic con-
tributions to the system response. Without losing in 
generality, let us consider a system with a symmetric 
behaviour (the laws ( )xfd &  and ( )xf s  are odd 
functions, all the even contributions in the series are 
identically zero) and apply to the previous expres-
sion the definition of the Short-Time Fourier Trans-
form (Cohen 1995): 
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where ( )ftD ,  is the system’s Short-Time Fou-
rier Transform (STFT) and ( )tw  is a “window” 
function defined in the time domain, such that it 
leaves more or less unaltered the signal unaltered 
around the time t but suppresses the signal for times 
distant from the time of interest. 

By resorting to the Volterra series representation 
of the input/output relationship (Eq. 2), we can work 
out the form of ( )ftD ,  directly from equation 3, 
which requires the knowledge of the form of the im-
pulse response functions. 

Let us assume to have measured the system re-
sponse in N instants and let p be the vector of the 
parameters expressing the functionals of ( )xfd &  and 

( )xf s  in equation 1: the following instantaneous ob-
jective function can be introduced: 
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where: 

*n : discrete instant at which the objective 
function is evaluated ; 

( )mnD ,* : STFT transform of system response 
(measured); 

( )mnDs ,* : STFT transform of the system response 
corresponding to a given configuration of 
parameters p. 

 
Equation 4 describes the difference between the 

instantaneous energies respectively of the signal at 
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time tnt Δ= **  and of a signal corresponding to a 
given configuration of the unknown parameters p, 
approximated via a truncated Volterra series: the 
number of terms to be included is function of the en-
ergy and characteristics of the input. Each term of 
the summation can be calculated via different meth-
ods, i.e. solving the associated linear equations 
(Vazquez Feijoo et al. 2004). Thus, by resorting to 
classical optimisation procedures, it proves possible 
to determine instant by instant the minimum of the 

( )p,*nFob  function through which the vector of the 
instantaneous estimators p(t) of the mechanical 
properties of the system can be defined. 

3 NONLINEAR INSTANTANEOUS 
IDENTIFICATION OF A BLOCK 
STRUCTURE 

Let us consider a non-linear system consisting of 
two superimposed blocks, divided by a unilateral 
contact surface. 

 
Figure 1. Finite Element model of the nonlinear block 
structure. 
 

Figure 1 shows a Finite Element model of the 
structure, produced using the ADINA code: the 
lower block is constrained at the bottom and 
provides a one-sided support for the upper block. 
System dynamic characteristics are summarised in 
table 1. 

 
Table 1.  System dynamic characteristics. ______________________________________________ 
Parameter           Value               _____ ______________________________________________ 
Mass m            4766 kg 
Natural frequency f        11.43 Hz 
Damping ζ           2.2% 
Cubic stiffness k3        -3.63·1012 N/m3 _____________________________________________ 

 
The constraints allow only a virtually rigid 

rotation of the upper block. Hence, the dynamic 
behaviour of the structure can be likened to that of 
an inverse pendulum with non-linear stiffness: when 
the acting forces, in fact, have resultant not crossing 
the central inertia core of the cross section, this 
would result in a non-linear moment-rotation law at 
the interface between the two blocks. The force-

displacement law has been determined through a 
push-over analysis, obtaining a multilinear curve 
(Fig. 2). This law was approximated by means of a 
cubic polynomial (Eq. 5) so to achieve an accurate 
description of the system’s dynamics (within the 
range of displacements of interest) and to work with 
a nonlinear functional that is differentiable 
everywhere several times. A Volterra series 
representation can therefore be used to describe the 
input-output relationship of the structure. 
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Figure 2. Force-displacement law of the system and cubic 
approximation. The horizontal displacement is referred to the 
top of the block. 
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where 
1k : linear stiffness coefficient; 

3k : cubic stiffness coefficient. 
 
The identification of dynamic characteristics has 

been conducted with respect to two different 
excitations: a load applied to the top of the upper 
block, consisting of a Gaussian white noise linearly 
modulated in amplitude (Fig. 3), and a real seismic 
excitation applied to the base of the structure (scaled 
by a factor of 5 to prevent system instability) 
(Fig. 4). In either case, system response, as 
determined with the Finite Element code, was 
contaminated by external noise (Fig. 5), 
characterised by an RMS (root mean square) level 
corresponding to 30% of the RMS value of the time 
series of accelerations. 
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Figure 3. External load applied to the block system. 
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Figure 4. Seismic ground acceleration (Loma Prieta, 

earthquake, N-S component). 
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Figure 5. Numerical simulation in the presence of noise. 

3.1 Dynamic identification in the case of amplitude 
modulated white noise type excitation 

The excitation used for the identification is a linearly 
amplitude modulated Gaussian noise applied to the 
top of the structure; system response is measured in 
terms of horizontal acceleration at the point of 
application of the excitation (Fig. 6). 
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Figure 6. System horizontal acceleration. 

 
The determination of instantaneous estimators 

was performed by analysing system response in the 
time interval between 14.75 s and 15.25 s, where the 
excitation applied is strong enough to cause the 
partialisation of the contact section between the two 
blocks. The initial values and the variation range 
allowed in the optimisation procedure (Eq. 4) for the 
determination of instantaneous estimators are given 
in table 2. The initial values of the elastic parameters 
(f and ζ) were estimated through a preliminary linear 
identification session, conducted on the initial 
portion of the time series (0-2 s). 

 
Table 2.  Initial values and variation range for the 
instantaneous estimators. ______________________________________________ 
Parameter    Initial value   Variation range         __________   _____________ _____________________________________________ 
f (Hz)      11.31     10.75-11.88 
ζ (%)       2.17%     1.95-2.39 
k3 (N/m3)     -1·108     -1·1014 – 0 _____________________________________________ 

 
The evolution of the linear and non-linear 

instantaneous estimators is shown in figures 7-9 
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Figure 7. Damping instantaneous estimator. 
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Figure 8. Frequency instantaneous estimator. 
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Figure 9. k3 instantaneous estimator. 

 
Even in the presence of external noise, the 

estimators make it possible to arrive at an acceptable 
estimate of the dynamic characteristics of the 
structure: these values are summarised in table 3 
together with the variation coefficient for each of the 
estimators obtained. 
 
Table 3.  Mean value, standard deviation and coefficient of 
variation of the instantaneous estimators. ______________________________________________ 
Parameter  Mean   Standard  Coefficient of 
          deviation  variation      ______   _______  ___________ _____________________________________________ 
f (Hz)   11.33   0.041    0.0037 
ζ (%)    2.13%   0.16     0.0754 
k3 (N/m3)  -2.4·1012  3,35·1011   0.14 _____________________________________________ 

 
The parameter that yields the best estimate is f, 

which is characterised by a low variation coefficient, 
while ζ  and k3 are not determined as accurately. The 
estimator of k3 has a mean value characterised by an 
error of ca 34%: the correct estimate of the order of 
magnitude is generally sufficient to arrive at a better 
approximation of the dynamic response of a 
structure compared to the one that could be obtained 
in the case of linear behaviour. 

3.2 Dynamic identification through seismic 
acceleration measurements  

In order to evaluate the capabilities of the 
identification method for use in connection with 
natural excitations, the identification was performed 
considering seismic loading conditions. To this end, 
the N-S component of the Loma Prieta earthquake 
(Fig 4) was imposed to the base of structure, its 
intensity reduced by a factor of 5, so as to obtain a 
non-linear response without the risk of collapse by 
toppling over. System acceleration as determined 
through a numerical simulation is shown in figure 
10. 
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Figure 10. System horizontal acceleration (seismic 

loading). 
 
As in the case of an external excitation applied 

directly, the initial estimates of the linear parameters 
were evaluated through a preliminary linear 
identification session conducted on the initial 
seconds of the acceleration time series, where the 
behaviour of the system is bound to be linear. The 
initial values and the admissible system parameters 
variation range are given in table 4. 

 
Table 4.  Initial values and variation range for the 
instantaneous estimators. ______________________________________________ 
Parameter    Initial value   Variation range         __________   _____________ _____________________________________________ 
f (Hz)      11.31     11.1-11.5 
ζ (%)       2.22%     1. 5-2.94 
k3 (N/m3)     -1·108     -1·1014 – 0 _____________________________________________ 
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Figure 11. Damping instantaneous estimator. 
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Figure 12. Frequency instantaneous estimator. 
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Figure 13. k3 instantaneous estimator. 
 
Figures 11-13 show the instantaneous estimators, 

from which it can be seen that, in the case of 
parameters ζ  and f, the evolution is characterised by 
a stability close to the mean value. Significantly 
higher is the variability of the estimator of k3. 
Table 5 summarises the mean value, the standard 
deviation and the coefficient of variation determined 
for each instantaneous estimator. 

 
Table 5.  Means value, standard deviation and coefficient of 
variation of the instantaneous estimators. ______________________________________________ 
Parameter  Mean   Standard  Coefficient of 
          deviation  variation      ______   _______  ___________ _____________________________________________ 
f (Hz)   11.24   0.044    0.0039 
ζ (%)    2.08%   0.27     0.1314 
k3 (N/m3)  -1.23·1012  6.26·1011   0.507 _____________________________________________ 

 
The mean value of the estimator of k3 is 

characterised by a non negligible difference from the 
exact value and the coefficient of variation is 
greater: however, the order of magnitude has been 
evaluated correctly and the estimate obtained in this 
manner leads to a better approximation than could 
be obtained from a linear representation (Fig. 14). 
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Figure 14. System response to seismic excitation, 

comparative view of: nonlinear system response based on the 
exact values of the parameters (blue curve); nonlinear system 
response as determined from the parameter values identified 
(red curve); linear system response (black curve) 

 

4 CONCLUSIONS 

In the two cases analysed, the best result of the 
identification process was obtained for the natural 
frequency, the mean value of which turned out to be 
very close to the theoretical value and standard 
deviation was very small. The estimate of damping 
also proved satisfactory, though standard deviation 
of the estimate was found greater than in the case of 
natural frequency. The mean value the cubic 
stiffness was estimated only in terms of order of 
magnitude and the instantaneous estimator shows 
appreciable scatter, resulting in high values of 
standard deviation and variation coefficient. 

The greatest difficulty encountered with the iden-
tification procedure arose from the determination of 
the initial estimate for the parameter k3, which had to 
be done through subsequent trials. 

Moreover, it would be advisable to have an indi-
cator of the onset of non-linearity, since system re-
sponse is nonstationary: at present no such tool is 
available and the time intervals in which to evaluate 
the non-linear estimator are assessed by considering 
the times at which displacement is greatest. 

It should be noted that the cubic polynomial law 
is an approximation of the true mechanical behav-
iour of the system, which is multilinear: however the 
instantaneous estimators leads to an accurate repre-
sentation of the dynamic behaviour of the structure. 
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