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ABSTRACT: A method for cracks identification in a concrete beam is proposed in this paper, which makes 
use of the resonance and anti-resonance information of a double-cracked beam stimulated by harmonic force. 
The characteristic equation of the double-cracked simple supported beam is also deduced, which correlates 
the natural frequencies with the crack parameters. To characterize the local discontinuity due to cracks, a rota-
tional spring model is proposed to model the cracks. Subsequently, the proposed method is verified by a nu-
merical example of a simply supported concrete beam with two cracks. The driving-point admittances at dif-
ferent positions are calculated in the case of different cracked scenarios and the first anti-resonances and the 
first two resonances are extracted, and the effect of crack size on the resonance and anti-resonance is also in-
vestigated. Finally, with the first anti-resonant frequencies information, the presence of the cracks can be 
identified and the cracks can be located by the proposed identification method, furthermore, the sizes of the 
cracks are also identified quantitatively through the identified crack locations and the first two natural fre-
quencies.  

1 INTRODUCTION  

Many structural components usually appear local 
cracks after long uninterrupted service, and demand 
the detection of cracks to estimate the condition of 
structures. Cracks in a structural component would 
reduce its stiffness; consequently, its dynamic char-
acteristics such as natural frequencies, mode shapes 
would also change with the presence of cracks, and 
such changes are dependent on the locations and 
sizes of cracks. Contrarily, the locations and sizes of 
cracks can be identified through the dynamic charac-
teristics of cracked structural components. Natural 
frequency is one of the most ordinary modal pa-
rameters for crack identification in structures. The 
appealing features are that the natural frequency is 
relatively simple to measure and its preferable 
measure accuracy. Some studies to detect the loca-
tions and sizes of cracks via changes in natural fre-
quencies have been performed by many researchers 
(Adams et al. 1978; Wang et al 2001; Kim and 
Stubbs 2003; Lin 2004). From these researches, 
however, it can be noted that the only use of natural 
frequency lacks the ability to exactly determine the 
crack location in a symmetrical structural compo-
nent.  

There are also several methods based on changes 
in mode shapes for crack detection in structures (Ri-
zos et al. 1990; Pandey et al. 1991; Ratcliffe 1997; 

Abdo and Hori 2002). The main disadvantages of 
the methods mentioned above are that it is difficult 
to determine the mode shapes of an engineering 
structure and the measure accuracy for mode shape 
data is also poor. 

Anti-resonant frequency is a local system pa-
rameter, which carries some important information 
about crack location for crack identification prob-
lem, and has been investigated by several research-
ers. The characteristics of resonance and anti-
resonance have been investigated in detail (Wang et 
al. 1996). The influence of a transverse open crack 
on the mechanical impedance of cracked cantilever 
beams has been investigated analytically and ex-
perimentally (Bamnios et al. 2002); it shows that the 
location of single crack on a beam can be identified 
by monitoring the change in the first anti-resonance 
as a function of the measuring location along the 
beam length.  

In this paper, an identification technique is pre-
sented to locate cracks and estimate the sizes of the 
double cracks in a beam-type structural component 
through resonance and anti-resonance information. 
At first, the characteristic equation of a double-crack 
simple supported beam is deduced, which correlate 
the locations and sizes of cracks with the first two 
resonant frequencies, i.e. natural frequencies of a 
double-crack simple supported beam. Next, the me-
chanical admittance of a double-crack beam is ana-



lyzed, and a crack identification technique is pre-
sented, which uses the first anti-resonant frequency 
and the first two resonant frequencies extracted from 
mechanical admittance formation. Finally, the pro-
posed crack identification technique is numerically 
validated by a double-crack concrete beam example.  

2 DYNAMIC FORMATIONS 

2.1 Free vibration of double-crack simple 
supported beam 

The physical model investigated in this work is a 
simple, uniform Bernoulli-Euler beam with two 
cracks as shown in Fig.1. Each crack is assumed to 
be open and uniform depth in width. The length and 
height of the beam are L  and H , respectively, 
and one crack is located at a distance 1  from the 
left end, and the other at a distance 2  from the left 
end of the beam. The cross-section area of the beam 
is constant

L
L

A  and geometric moment of inertia is I . 
Its material properties, Young’s modulus E  and 
mass density ρ  are also constant. In the present 
analysis, the concrete beam used is assumed to have 
no material damping, since the effect of damping on 
the natural frequencies of the concrete beam is 
known to be negligible, and only flexural vibration 
is considered.  
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(a) Simply supported beam with two open cracks 
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(b) Double-crack simply supported beam model 

Fig.1.Simply supported beam with two open cracks and its 
computation model 

In this part, free vibration of the cracked beam is 
studied. The two cracks divide the beam into three 
segments (shown in Fig. 1(b)). The each segment of 
the beam is considered as a continuous waveguide, 
and the equation of motion governing the flexural 
vibration of each segment of the beam is  
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Each crack can be modeled as a rotational spring, 
and the rigidity of each rotational spring can be de-
noted as (Bamnios and Trochidis 1995) 
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 is the 
dimensionless local compliance function. 

i ci /= , is the relative crack size,  is the 
depth of the  crack, subscript . 
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The modes of free harmonic vibration of the three 
segments of the beam are (Chondros et al 1998) 
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where 24k A / EIω ρ=  , is the wave number. The dξ , 
ξ = 1, 2 . . ., 12, are coefficients to be determined by 
the boundary conditions of simply supported beam. 

The boundary conditions are that the deflection 
and moment are zero at each end of simple sup-
ported beam. The spectral forms of these boundary 
conditions are 

0x = : 1(0) 0u = ， ,               (5) 1(0) 0M =
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The continuity conditions and the compatibility con-
ditions due to rotational flexibility at the crack posi-
tions are 
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From above conditions, a set of twelve homogene-
ous linear algebraic equations are obtained. For a 
non-trivial solution, this requires that the determi-
nant of the coefficients matrix associated with this 
beam with two cracks be zero. Upon defining a non-
dimensional frequency parameter kLβ =  and a 
non-dimensional crack location i ie L , 
after expanding and simplifying, the frequency equa-
tion of the beam with two cracks is deduced, which 
is a function of non-dimensional frequency

( / 2) /( / 2)L L= −

β , crack 
location i  and the rigidity of rotational spring 

, that is 
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Because the expression of the frequency equation of 
the beam with two cracks is too lengthy, it is omitted 
here for saving space.  



2.2.Driving point admittance of a double- crack 
simply supported beam 

To discuss the driving point admittance characteris-
tics of simply supported beam with two cracks, a 
driving force is considered acting on the 
beam. Thus, the location of the force and cracks di-
vide the beam into four segments (shown in Fig.2), 
and the equation of motion governing the flexural 
vibration of each segment of the beam is same as 
Equation (1). 
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Fig.2 Simply supported cracked beam by a harmonic force 

When the driving force was localized at the posi-
tion shown in Fig.2, The modes of harmonic vibra-
tion of the four segments of the beam are 
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where bξ , ξ = 1, 2 . . ., 16 are the coefficients. The 
boundary conditions and the continuity conditions 
due to rotational flexibility at the crack positions are 
the same as aforementioned, and the continuity con-
ditions at the force location fx L=  are 
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From these conditions, a set of sixteen non-
homogeneous linear algebraic equations are ob-
tained, which can be solved numerically. On the ba-
sis, the mechanical admittance was calculated in this 
part, since mechanical mobility can be easier to 
measure in practical operations. The driving-point 
admittance at an arbitrary position x on the beam can 
be derived according to the expression. 
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where j  is the unit of imaginary number, is 
the corresponding displacement and is the fre-
quency.  
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3. IDETIFICATION PROCEDURE 
The crack identification procedure is: firstly, the 
cracked beam is acted by a resonant force with wide 

scanning frequencies, and the driving force is moved 
from the left end to the right end of the cracked 
beam. At the same time, the mechanical admittances 
at the driving point locations are measured, which 
can be computed numerically according to the above 
Eq.(12), and the figures describing the mechanical 
admittance characteristics are gained. Subsequently, 
the resonant frequencies and the anti-resonant fre-
quencies can be extracted from the figures; further-
more, some figures correlating the first anti-resonant 
frequency with the driving point location along the 
beam are plotted. Some discontinuities of the curves 
in these figures occur, which seem to an indication 
of the presence of crack damage. By monitoring the 
presence of the discontinuities, the cracks of the 
beam can be located. Finally, using the first two 
natural frequencies and the identified crack loca-
tions, and combining with the frequency equation 
deduced above, the sizes of the cracks can be identi-
fied quantitatively. 

4. NUMERICAL EXAMPLE  

In order to verify the validity of the crack identifica-
tion technique proposed in the previous section, a 
numerical example of a simply supported concrete 
beam with two cracks is presented. The geometrical 
sizes and material parameters of the beam with rec-
tangular cross-section are shown in Table1. The 
beam was stimulated by harmonic force 10N. Here, 
the crack near the left end of the beam is considered 
as the first crack, and the crack far away from the 
left end of the beam is considered as the second one 
for convenient to be depicted. 

Table1. Beam properties 
Width, B                        0.05m 
Height, H                       0.05m 
Total length, L                     1m 
Poison’s ratio,ν                    0.167 
Density, ρ                        2000kg/m3

Young’s modulus, E                30×109Pa 

Firstly, the changes of the first two natural fre-
quencies with the locations of cracks are studied. It 
can be assumed that the two cracks are localized at 
the distance 0.1m and 0.7m away from left end of 
the beam, respectively, and the relative depth of 
each crack is 0.4. From Eq.(9), the first two natural 
frequencies can be obtained; Figs.3-4 show the 
changes of the first two resonant frequencies with 
the location of the second crack, respectively. From 
the two figures it can be found that the resonant fre-
quencies decrease as the presence of cracks, and the 
first resonant frequency decreases as the location of 
the second crack vary from the ends to the middle of 
the cracked beam. The change of the second reso-
nant frequency with the location of the second crack 
becomes complicated. However, the changes in the 



resonant frequencies with the location of the second 
crack are not symmetrical because of the presence of 
the other crack.  
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Fig.3.The change of the first resonant frequency with the loca-
tion of the second crack 
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Fig.4. The change of the second resonant frequency with the 
location of the second crack 

Subsequently, the effects of the relative crack 
sizes on the mechanical admittance are investigated, 
and several cracked beam scenarios are considered. 
The cases are that the relative size of each crack is 
0.2, 0.4, or 0.6, respectively, and the driving force is 
localized at 0.3m from the left end of the beam. 
When the relative size of cracks varies from 0.2 to 
0.6, the relative size of the other crack is assumed 
0.6 and keeps stably. The mechanical admittances of 
several cracks-beam scenarios compared with those 
of intact beam scenario are presented in Fig.5. 

Fig.5(a) shows that the mechanical admittance 
varies with the size of the first crack, which is local-
ized at the 0.1m from the left end of the simply sup-
ported cracked beam, and Fig.5 (b) shows that the 
mechanical admittance varies with the size of the 
second crack, which is localized at the 0.7m from 
the left end of the simply supported cracked beam. It 
is found that the presences of cracks induce the re-
duction of the resonant and anti-resonant frequencies 
of the beam. With the increase of crack size both the 
first resonant and anti-resonant frequencies decrease 
gradually, and the first anti-resonant frequency de-
crease much more than the first resonant frequency, 

which seems indicate that the first anti-resonant fre-
quency is more sensitive to cracks than the first 
natural frequency. Comparing Fig.5(a) with Fig.5(b), 
it is also found that the effect of the size of the sec-
ond crack on the anti-resonant frequency is more 
conspicuous than that of that of the first crack.  
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(a) The first crack 
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(b) The second crack 

Fig.5. Predicted mechanical admittance of a simply supported 
beam with different crack depth 

Next, Fig.6 are plotted correlating the first anti-
resonant frequencies with different driving point lo-
cations along the beam length. From the figure the 
cracks in the beam will be located using the first 
anti-resonant frequency. 

From Fig.6, it can be found that the peak value of 
the first anti-resonant frequency decreases as the 
crack sizes increase in the case of different cracked 
beam scenarios and the driving point location corre-
sponding to the peak value is no longer just in the 
midpoint of the beam, but excursive from the mid-
point. This indicates that the nodes of mode shapes 
of simply supported beam change due to the pres-
ence of cracks. When the driving force goes through 
the midpoint and moves to the right end, the first 
resonance frequency decreases gradually. At the 
same time, it is also found that the first anti-resonant 
frequency decreases much more when the crack ap-
pears near the middle of the beam than the ends of 
the beam. 



The most important finding, however, is that the 
curves in Fig.6 show some discontinuities at sepa-
rate positions: 0.1m and 0.7m from the left end of 
the cracked beams, nevertheless, in the case of the 
intact beam the curve is smooth. It seems to tell us 
that the discontinuities indicate the appearance of 
cracks, and the predicted crack locations are coinci-
dent with the assumed crack locations. Furthermore, 
it is also found that as the sizes of the cracks in-
crease, the discontinuities become more accentuated, 
by which the crack locations can be identified ex-
actly. 
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Fig.6. The relation between the first anti-resonant frequency 
and the driving-point location in a double-crack beam with dif-
ferent crack sizes 

After the crack locations are identified, the next is to 
identify the crack sizes. Within the identified loca-
tions of the cracks of the concrete beam, using the 
first two natural frequencies extracted from me-
chanical admittance characteristics, the crack sizes 
can be calculated by the Eq.(9). In the solving 
Eq.(9), the MATHMATICA software and Newton 
Iterative method are used, and the identified results 
of crack sizes are shown in Table 2. 

 

 
Table 2: The identified sizes of the two cracks in locations 

0.1m and 0.7m 
Actual crack    Identified natural     Identified 

Case      sizes        frequencies (Hz)     crack sizes 
    s1  s2      f1     f2        s1     s2 
Case1   0.2   0.4     82.7    325.4     0.212   0.398 
Case2   0.2   0.6     73.5    294.7     0.193   0.600 
Case3   0.4   0.4     82.3    317.7     0.404   0.398 
Case4   0.4   0.6     73.2    287.9     0.401   0.600 
Case5   0.6   0.4     80.8    296.2     0.601   0.399 
Case6   0.6   0.6     72.2    268.8     0.601   0.600 

From Table 2, it is found that the identified sizes of 
cracks are in reasonably agreement with the actual 
ones, the maximum error does not exceed 6%. This 
indicates that the estimation of crack sizes is suc-
cessful using the identification technique proposed 
in this paper. 

5. CONCLUSIONS 

In this paper, the characteristic equation of double-
crack simply supported beam is deduced by using 
the continuous beam theory. And an identification 
technique is presented to locate cracks and estimate 
the sizes of the cracks in a beam-type structural 
component through resonance and anti-resonance in-
formation extracted from the mechanical admittance 
characteristics. The results of numerical analysis 
conclude that the first anti-resonant and resonant 
frequencies decrease substantially due to the pres-
ence of the cracks; the first anti-resonant frequency, 
however, decreases much more than the first reso-
nant frequency. It is also found that the first anti-
resonant frequency changes with the driving point 
location, thus, the anti-resonant frequency is a local 
parameter, which can be used as important informa-
tion for crack localization.  

Subsequently, the effects of crack locations on the 
first two resonant frequencies of a simply supported 
beam with two cracks are investigated. The study 
shows that the resonant frequencies vary with the 
crack locations. The driving-point admittances at 
different positions are calculated in the case of dif-
ferent cracked scenarios and the first anti-resonances 
are extracted. The curves depicting the correlation of 
the first anti-resonant frequency with driving point 
location are plotted. When some cracks occur on the 
beam, the curves are not smooth and show some dis-
continuities at the crack positions. Finally, the sizes 
of the cracks within the identified crack locations are 
also estimated by using the first two natural frequen-
cies. The identified results match well the actual 
damage magnitudes, and the maximum error is not 
over 6%. That is, the proposed method in this paper 
can be used to predict the location accurately and to 
estimate the size of the cracks quantitatively with a 
reasonable degree of accuracy, and it is also suitable 



for the beam structures with other boundary restric-
tions. Further work should be expected to explore 
the application of the proposed method into more 
complicated structures. 
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