
1 INTRODUCTION 

Structure modal parameters, such as resonant fre-
quencies and mode shape vectors, are the most 
commonly used condition indices for global vibra-
tion-based structural health monitoring and damage 
detection. Accurate identification of these parame-
ters is one important step toward the success of de-
tecting, locating and quantifying structural damage 
for these global vibration-based techniques. These 
modal properties traditionally have been obtained 
from temporal signals via the Fourier transform 
(FT). There are a few inherent characteristics of FT 
that might affect the accuracy of modal property es-
timation. The FT decomposes a temporal signal into 
superposition of stationary harmonic functions. As a 
result, it is not able to preserve the time dependency 
that might have existed in the signal and hence it can 
not capture the evolutionary characteristics that are 
commonly observed in the signals measured from 
naturally-excited structures. 

Wavelet transform (WT) is a novel signal 
processing technique that translates a temporal 
signal into a time-scale plane through dilating and 
translating of a chosen mother wavelet. While the 
dilation of the mother wavelet can be considered as 
a frequency filtering process, the translation along 
the time axis preserves the time dependency of the 

signal. As a result, the WT can capture both 
stationary and transient information from the 
original signal. Staszewski (1997) used the WT to 
estimate the damping ratio from the impulse 
response of a multi-degree-of-freedom (MDOF) 
system. Ruzzene et al. (1997) used the WT to 
process the free vibration response of a MDOF 
system to estimate their natural frequencies and 
damping ratios. For ambient excitation, random 
decrement technique was used to extract the impulse 
response from the measurements prior to applying 
the WT. Piomo et al. (2000) developed a WT 
technique to estimate the mode shape vector and 
proposed a modal quality index to evaluate the 
reliability of the estimation. Kijewski and Kareem 
(2003) discussed the time and frequency resolutions 
of the wavelet based system identification method 
and showed the way to insure the modal separation 
and to minimize the end-effect errors. Chang et al. 
(2003) verified the efficiency and accuracy of a WT 
based modal parameter estimation technique through 
an experimental study.  

In this paper, a wavelet-based element level 
system identification technique is proposed for 
damage assessment of structures under ambient 
excitation. Assuming the ambient excitation to be a 
white-noise process, the covariance of structural 
response is shown to be able to separate the effect of 
random excitation from the response measurement. 
WT is then used to convert the response covariance 
in the time domain to the WT magnitude plot in the 
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time-scale plane. The wavelet coefficients along the 
energy concentrated curves are then be extracted and 
used to estimate the structural modal parameters. 
This modal property estimation can lead to the 
calculation of the global stiffness matrix when either 
the spectral density of the random loading or the 
mass matrix is given. After that, a finite element-
based optimization technique is adopted to identify 
structural stiffness at the element level. Under the 
assumption that structural damage will mainly 
induce the stiffness reduction of structural elements, 
structural damage position and severity can then be 
assessed by directly checking the change of the 
estimated element level stiffness vectors. To demon-
strate the proposed technique, an experimental study 
on a three-story shear-beam building model under a 
broadband excitation is presented.  

2 FORMULATION 

2.1 Covariance Analysis 

Assume that an n-degree-of-freedom (n-DOF) struc-
ture is excited by a random force f. The equations of 
motion for this structure can be expressed as,  

fDKZZCZM =++ &&&                       (1) 
where M, C and K are the mass, damping and 
stiffness matrices of the structure, respectively; D is 
the force location vector; and [ ]Tnzzz L21=Z  is 
the displacement vector where iz  is the 
displacement response of the i-th degree. Assuming 
that the structure is proportionally damped, its 
displacement response can be expressed in the form 
of modal superposition as, 
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where jΦ  and jq  are the mode shape vector and 
the generalized modal coordinate for the jth mode, 
respectively. The decoupled equation of motion for 
the jth mode can be expressed as 
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where jω , jζ  and jm  are the natural frequency, 
damping ratio and modal mass for the jth mode, 
respectively; and the jth modal participation factor 

DΦT
j=jd . Assuming that the force f is a zero-mean 

Gaussian white noise with a constant spectral 
intensity of 0S , the steady-state auto-covariance of 

jq , denoted as jR , can be expressed as  
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where jω  is the jth damped frequency and jθ  is 
a phase angle related to damping.  
  The steady-state cross-covariance response be-
tween the g-th DOF and the h-th DOF of the struc-
ture ghR  can be obtained following (2)   
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where g
jφ  and h

jφ  are the g-th and the h-th ele-

ment of the jth mode shape vector. Note that in this 
equation, the cross-covariance terms between differ-
ent modes have been neglected. This is applicable 
when the natural frequencies are distinctly separated 
and the damping ratios are small such that the fol-
lowing inequality is satisfied: 
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  When the discrete time responses at the g-th DOF 
and the h-th DOF are measured and available, the 
cross-covariance response ghR  on the left-hand 
side of (6) can be estimated by, 

( ) ( )[ ]∑
=

∆+∆≅∆
N

n
hggh tinztnz

N
)ti(R

1

1 , i = 0, 1, …  (8) 

where N is the total number of data point and t∆  is 
the time increment. Note that this estimation can 
also be achieved by averaging over a few samples of 
measured responses with limited time duration. It is 
however essential to ensure the convergence of the 
cross-covariances using either a sufficient amount of 
data points or samples.  

2.2 Wavelet Based Modal Identification 

WT is a time-frequency domain signal processing 
technique that converts a time-domain square-
integrable signal ( )tx  into the time-scale plane 
( )t,a  according to 
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where ∗  denotes the complex conjugation; a is a 
scale parameter controlling the stretch of the 
analysis window; and )t,a(Wx  is the wavelet 
coefficient of signal ( )tx . The mother wavelet ( )tψ  
is a wave function that has a limited duration and an 



average value of zero. In this study, one notable 
Gaussian mother wavelet, the Morlet wavelet, is 
used: 
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where 0ω  is the central frequency for the Morlet 
wavelet.  
   Performing the WT on both sides of (6) results in 
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where the WT coefficient of the auto-covariance of 
the jth modal response 

jRW  can be approximated 

as follows when jR  is an asymptotic signal (Del-
prat et al., 1992), 
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Substituting (12) into (11) and taking magnitude on 
both sides give 
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  It can be seen from this equation that for a 
structure with distinct damped frequencies, the 
magnitude of wavelet coefficients of the cross-
covariance ghR  should have n distinct local 
maximums along the scale axis at any time instance. 
These local maximal scales or the so-called ridges 
keep constant along time for a linear structure with 
constant properties. From (13), these ridges 
correspond to 
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Also, as the damped frequencies are distinctly 
different, Eq. (13) can be further approximately 
written at the jth ridge as, 
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Based on this equation, the following two 
formulas can be obtained, 
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These two simultaneous equations can be used to 
determine the jth natural frequency jω  and 

damping ratio jζ . In principle, wavelet coefficients 
of only one cross-covariance or auto-covariance are 
required to obtain the n distinct natural frequencies 
and damping ratios. To estimate the mode shape 
vectors, it is necessary to have both the auto-
covariance at a reference location and cross-
covariances between the reference and the other 

locations. From (15), it is not difficult to see that the 
jth mode shape ratio between location h and location 
g follows this relation,  
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(a) (b) 
Figure 1. (a) The 3-storey frame and (b) the corresponding shear 
beam analytical model. 

2.3 Element Level Stiffness Estimation for Damage 
Assessment 

When either the mass matrix or the spectral density 
of the random loading is given, the modal property 
estimations outlined above can further lead to the 
calculation of the stiffness matrix. This updated 
stiffness matrix hence provides a way for assessing 
the location and the severity of damage that might 
have existed in the structure. Assuming that the 
mass matrix, which tends not to be affected by the 
presence of damage, is available, the jth modal mass 
and modal stiffness can be estimated by 

j
T
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If the spectral density of the random loading is 

given instead of the mass matrix, the jth modal mass 
can be obtained from (15) as, 
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The stiffness matrix K can then be computed using 
the modal stiffness matrix estimated from (19b) and 
the mode shape vectors. 
  The global stiffness matrix K for the frame can be 
assembled from the stiffness matrices of all elements 
as 
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Figure 2. Damage cases  

where ne = total number of elements, N = total num-
ber of DOFs, ki = the stiffness of the ith element and 
Si is the stiffness assembling matrix for the ith ele-
ment. It varies with the type of the element. To iden-
tify the storey stiffness ki, the least-squares tech-
nique is used; which is based on minimizing the 
following total error, E,  
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Structural condition can then be assessed according 
to the identified stiffness vector at element level. 

 

3 EXPERIMENTAL VERIFICATION 

3.1 Experimental setup 

To further verify the applicability of this damage as-
sessment technique, an experimental study on a 
three-story aluminum frame (as shown in Fig. 1a) 
was conducted. The frame was mounted on a shake 
table and excited by a broad-band Gaussian white 
noise along one direction. The frame could be ideal-
ized as a 3-DOF system similar to that shown in Fig. 
1b with the three story masses weighed to be 
m1=5.03 kg, m2=6.64 kg and m3=6.69 kg, respec-
tively. The columns consisted of two metal strips 
that were bolted together, one thicker strip was made 

of aluminum and the other thinner strip was made of 
steel. The steel strips could be dismantled independ-
ently to create the following three damage cases: (i) 
C1: the four steel strips at the bottom floor were re-
moved; (ii) C2: the four steel strips at the middle 
floor were removed; and (iii) C3: the steel strips at 
both the bottom and the top floors were removed. 
Figure 2 illustrates the damage locations for the 
three cases. For comparison, the healthy case was 
denoted as case C0. Three accelerometers were in-
stalled on the three stories to measure the accelera-
tion responses. The sampling frequency was set to 
be 100 Hz. 
 
 

 

Figure 3. (a) A typical white noise ground excitation, (b) the 
corresponding 2nd floor acceleration response and (c) the 
computed covariance response 

3.2 Signal processing 
Figure 3 shows a white noise ground excitation 
record, the corresponding acceleration response at 
the 2nd story together with the computed covariance 
response. The power spectral density and WT 
modulus plot of the response are shown in Fig. 4. It 
can be seen from the Fourier spectrum density plot 
that there are three distinct peaks which correspond 
to the three modes of the frame. The WT modulus 
plot also shows three bright areas along the scale 
axis, which implies signal energy concentrated at 
these three areas. Since the scale is inversely 
proportional to the frequency, the upper bright area 
in the WT modulus plot corresponds to the 1st mode 
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and the lower bright area corresponds to the 3rd 
mode.  
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Figure 4. (a) The power spectral density, and (b) the WT 
modulus plot of the 2nd floor acceleration response 

To search for a suitable scale for the 3rd mode, the 
lower bound is set to be 3 and the upper bound is 5. 
After two iterations, the scale for this mode is 
calculated to be 3.78. After finding the scale 
corresponding to the maximum WT coefficient, the 
logarithmic decay envelops and the damped 
frequency can then be estimated using Eqs. (16) and 
(17). Figure 5a and 5b show the estimated 
logarithmic decay envelop and the instantaneous 
damped frequency, respectively. Due to the 
existence of measurement noise as well as the end 
effect associated with the WT, fluctuations on these 
two curves can be seen, especially at the two ends of 
the curves. To minimize the possible error due to 
these effects, the data between 0.5 and 1.5 seconds 
are retained for the 3rd mode identification. 

3.3 System identification and damage assessment 
The natural frequencies and the damping ratios of 

this frame could then be estimated from the 
extracted WT phase angle and modulus plots as 
shown in Fig. 5. The three natural frequencies are 
estimated to be 5.0, 14.9 and 21.3 Hz respectively, 
while the corresponding damping ratios are 3.1%, 
0.9% and 1.7% respectively. To estimate the mode 
shape vectors and the global stiffness matrix, the 

responses measured from all three stories are 
required. The results are shown in the table 1. The 
element level stiffness vectors can then be estimated 
through the minimization of the total error E. 
Similarly, the modal parameters and the stiffness 
matrices of that three damaged cases are computed 
following the same procedure. Table 1 summarizes 
the results obtained. From the table, it is seen that 
the damage locations of the three damage cases can 
all be correctly identified. These locations are 
identified by a significant reduction of storey 
stiffness. For example, for case C1, the story 
stiffness of k3 is estimated to be 10.5 kN/m which is 
significantly different from that of the healthy 
condition (35.3 kN/m) while the other two story 
stiffness remained pretty much the same. That 
indicates that the bottom story is damaged. 

 
 

 

Figure 5. (a) The phase angle, and (b) the modulus plot of the 
wavelet coefficient for the third mode 

4. CONCLUSION 

A wavelet-based element level system identifica-
tion technique is proposed in this study for structural 
damage assessment under random ground excitation. 
Assuming the ground excitation to be a white-noise 
process, the covariance computation is shown to be 
able to separate the effect of random excitation from 
the response measurement. Wavelet transform (WT) 
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is then used to convert the response covariance in 
the time domain to the WT magnitude plot in the 
time-scale plane. The wavelet coefficients along the 
curves where energy concentrated can be extracted 
and used to estimate the modal properties of the 
structure. These modal property estimations can lead 
to the calculation of the stiffness matrix when either 
the spectral density of the random loading or the 
mass matrix is given. A finite element-based 
optimization technique is adopted to identify 
structural stiffness at the element level. Under the 
assumption that structural damage will mainly 
induce the stiffness reduction of structural elements, 
structural damage position and severity can be 

assessed by directly checking the change of the 
estimated element level stiffness vectors. To 
demonstrate the proposed technique, an experiment-
tal study on a three-story shear-beam building model 
under a broad-band ground excitation is presented. 
The results illustrate that the proposed technique can 
provide an accurate assessment on the damage 
location. It is however noted that the assessment of 
damage severity is not as accurate. This might be 
attributed to the fact that mode shape vectors, which 
tend to be less accurate as compared to the other 
modal parameters, have to be used repeatedly in the 
stiffness matrix calculation.

 
Table 2 Estimation results of the frame for different damage conditions 
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