
 

 
1 INTRODUCTION 

Damage detection of the structural system has been 
a research active topic in the last decades, specially 
integrated with structural health monitoring 
technique, damage identification online is becoming 
more and more important and practical for large 
project in civil engineering. The main objective of 
damage identification is to provide answers to the 
following questions: (a) is there any damage? 
(detection), (b) where is it? (localization), (c) how 
much damage is there? (qualification), (d) what kind 
of damage is it? (classification) and (e) for how long 
is it safe to keep the structure in operation? 
(prediction).  

Among the existing methods there are those 
based on the comparison between the parameters 
extracted from experimental observation and the 
ones predicted from an analytic or numerical model 
of the structure, and there are those based on the 
comparison between parameters identified from 
experimentally-only observations. These model 
parameters are usually the natural frequencies, the 
mode shapes, the dynamically measured flexibility 
matrix and the stiffness matrix, identified through a 
curve fitting process known as model identification 
or system identification. Doebling [1] gave a 
comprehensive review on the damage detection 
methods by examining changes of the dynamic 

properties of the system.  
Time domain responses were employed to 

identify the structural damage, too. Li et al. [2] 
proposed a novel system identification procedure for 
nondestructive damage evaluation of structures from 
dynamic responses, which is a finite-element-based 
time domain linear system identification technique 
and capable of identifying structural properties at the 
elemental level. References [3] and [4] presented 
time domain approach for damage detection with 
vibration data too. Lu and Law [5] [6] successfully 
made use of time histories of vibration responses of 
the structure to identify the reduction of the Yong’s 
modulus, the second moment of area of 
cross-section and the sectional area of each element, 
based on sensitivity analysis. In addition, Banan et 
al. [7] [8] proposed two algorithms for estimating 
member constitutive properties of a finite-element 
model with known geometry and topology from 
measured displacements under a static loading.  

Yang ea al. [9] extracted the fundamental 
bridge frequency from the dynamic response time 
history of a vehicle passing over the bridge. This 
paper presents the bridge damage identification from 
the response of vehicle moving on a simply 
supported bridge deck modeled as a finite element 
model based on the dynamic response sensitivity 
analysis. The moving vehicle is modeled as a 
one-degree-of-freedom system comprising three 
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parameters. The damage indices are defined the 
bend stiffness reduction of the bridge element. 
Starting zero initial damage indices vector, the 
identification can be realized based on least-squares 
method and regularization technique from measured 
vehicle acceleration measurement. Measurement 
noise and road surface roughness are included in the 
study. Simulation studies indicate that the identified 
results are accurate and the proposed method is 
feasible for bridge damage identification. 

2 THEORY ON BRIDGE PARAMETERS 
IDENTIFICATION 

2.1 Three-parameter vehicle model 
The three-parameter vehicle model of the one 
degree-of-freedom system shown in Figure 1 
comprises three components: a mass connected with 
a damper and a spring. The equation of motion of 
the vehicle is 

0)))(ˆ(()))(ˆ())(ˆ(( vvv =−+−−+ txwyctxrtxwykym &&&&     (1) 
where =y&& vertical acceleration of the vehicle; =y&  
vertical velocity of the vehicle; and y = vertical 
displacement of the vehicle; =vm  vehicle mass; 

=vc  vehicle damping; =vk  vehicle stiffness;  
))(ˆ( txw = the vertical deflection of the contact point 

 
 
 
 
 
 
 
 
 
 
 
 
with the supporting beam at a distance )(ˆ tx from the 
left end of the beam; =))(ˆ( txr the road surface 
roughness at the location of the tyre as below 
described. The vehicle-bridge interaction force intP is 

ymgmtxwyctxrtxwykgmp &&&& vvvvvint )))(̂(()))(̂()(̂(( −=−+−−+= (2) 
where g = the acceleration of gravity.  

2.2 Equation of Motion for the Vehicle-Bridge 
System 
The elemental mass and stiffness matrices are 
obtained using the Hermitian cubic interpolation 
shape functions. The simply supported beam 
structure is discretized into m Euler beam elements. 
The equation of motion for the bridge can be written 
as 

intPHKRCRM cbbb =++ &&&           (3) 
where Mb= mass matrix of the bridge; Cb= damping 
matrix of the bridge and Kb= stiffness matrix of the 
bridge; =R&&  bridge nodal acceleration response; 
=R&  bridge nodal acceleration response; =R  

bridge nodal acceleration response; HcPint= 
equivalent nodal load vector from the bridge-vehicle 
interaction force; Hc= ×N 1 matrix with zero entries 
except at the DOFs corresponding to the nodal 
displacements of the beam elements on which the 
load is acting, and N=the number of DOFs of the 
bridge after considering the boundary condition.  

The Rayleigh damping is used to model the 
structural damping here, the damping matrix can be 
presented as a linear combination of the mass and 
stiffness matrices, such as 

bbb KMC 21 αα +=                         (4) 
in which =21,αα Rayley damping coefficients, 
determined generally by two adjacent modal 
damping ratios and its corresponding natural 
frequencies in radian [10].  

Based on Equation (2), combining Equations (1) 
and (3), we have 
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To find the time response of the beam and 
vehicle from Equation (5), a step-by-step solution 
can be obtained using the Newmark method. 

2.3 Road Surface Roughness 
In ISO-8606 [11] specifications, the road surface 
roughness is often related to the vehicle speed by a 
formula between the velocity power spectral density 
(PSD) and the displacement PSD. The general form 
of the displacement PSD of the road surface 
roughness is given as 

α−•= )/()()( 00 fffSfS dd                  (6) 
where f0 = reference spatial frequency (in cycles/m); 
=α exponent of the PSD. Equation (7) gives an 

estimate on the degree of roughness of the road by 
the )( 0fSd value. This classification is made by 
assuming a constant vehicle velocity PSD and taking 
α equals to 2. The ISO specification also gives the 
power spectral densities for different classes of 
roads. 

 Based on this ISO specification, the road 
surface roughness in the time domain can be 
simulated by applying the Inverse Fast Fourier 
Transformation on )( fSd  as follows [12] 
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between successive ordinates of the surface profile; 
N=the number of data points, and =iθ a set of 
independent random phase angle uniformly 
distributed between 0 and 2π. 

2.4 Sensitivity analysis of responses respect to 
damage indices 
The damage indices i

sα  is defined to represent the 
reduction of the elemental bend stiffness of the 
bridge, and the physical parameters become 

),,2,1,01(),1()()( 0 mjEIEI j
s

j
s

jj
d L=≤≤−+= αα (8) 

where ( )jEI 0)  are the parameters of the intact bridge, 
and ( )j

dEI )  re the parameters of the damaged bridge.  
Taking the first derivative of Equation (5) with 

respect to the damage indices i
sα  of the bridge,  we 

have 
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where          
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The mass, damping and stiffness matrices in the 

above equations are time varying. The sensitivity 
matrices in Equations (9) can be obtained by 
Newmark method similarly. 

3 IDENTIFICATION OF BRIDGE DAMAGE 
3.1 Formulation 
The case when a vehicle moves across the bridge 
deck from left to right at a constant speed is studied. 
The measured vehicle response will be used to 
identify the bridge element damage indices. In 
general, acceleration response of vehicle system is 
easier accurately measured than the others, so below 
we mainly try to make use of acceleration of vehicle 

body and its sensitivity to identify the bridge 
damage.  

Assuming initial zero values to the damage 
indices vector as { } 0==

T21
0 ,,, m

sssp ααα L , the 
corresponding response 0y&&  and sensitivity matrix 

0S&&  that can be solved from Equations (5) and (9). 
The difference between the measured and calculated 
vehicle accelerations can be obtained by following 
formulation. 

rmr yyy &&&&&& −=Δ , r=0, 1, 2,…                (10) 
The difference vector rpΔ  can be solved from the 
following equation: 

rrr ypS &&Δ=Δ , r=0, 1, 2,…                 (11) 
where =rS a Nt × m matrix selected from the 
sensitivity matrix rS&& ; Nt= the number of sampled 
data points and r= the number of iteration.  

 The vehicle acceleration sensitivity matrix with 
respect to the bridge damage indices for 
one-degree-of-freedom system, can be formulated 
as:  
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where ry&& are vertical acceleration responses of the 
vehicle body in r-th iteration step, and r

j
s )(α is the 

j-th bridge element damage indices corresponding 
r-th iteration step. 

With the updated damage indices vector 
rrr ppp Δ+=+1 ( r=0, 1, 2,…) in the next iteration, 

the response 1+ry&&  and sensitivity 1+rS&&  can be 
calculated again. The above process is repeated until 
the identified damage indices increment of the 
successive iterations is smaller than a pre-defined 
tolerance level, namely defined as following form:  

olerancer Tp <Δ                               (13) 
where ||● || is the norm of the matrix, and the 
tolerance is taken equal to 1.0×10-6 in the following 
numerical simulations.  

The formulas for identification from measured 
velocity and displacement responses of the vehicle 
can be similarly derived. 

3.2 Regularization 
The set of damage indices difference rpΔ obtained 
from Equation (11) using a straight forward 
least-squares solution would be unbound. A 



 

regularization technique [13] can be used to solve 
the ill-posed problem in the form of minimizing the 
function. 

22
),( rrrrr pypSpJ Δ+Δ−Δ=Δ λλ &&       (14) 

where λ is the non-negative regularization parameter 
corresponding to the optimal results. The L-curve 
method [14] is employed to determine the optimal 
regularization parameter. Optimizing Equation (11) 
is equivalent to the solution with the following 
damped least-squares method. 

r
T

rr
T

rr ySISSp &&Δ+=Δ −1)( λ                 (15) 
where I is the identity matrix. Singular value 
decomposition is used in the pseudo-inverse 
calculation in this paper. 

4 SIMULATION STUDY 

In the numerical simulation studies, the parameters 
of the vehicle-bridge system are defined as 
following: 

Parameters of the simply supported bridge: 
L=30m, EI=2.5×1010 Nm2, ρ A=6.0×103 kg/m and 
ξ =0.02 for all modes; Parameters of vehicle: for the 
three-parameter vehicle: mv=2.0 × 104 kg, 
cv=4.0×104 Ns/m, kv=6.0×106 N/m;  

The speed of the vehicle is 20m/s and the 
sampling frequency is 200Hz, the number of 
sampled data points Nt is 300. Road surface 
roughness of class A to D according reference is 
included in the following numerical simulations.  

White noise is added to the calculated 
acceleration responses of the system to simulate the 
polluted measurements. 

)( calculatedoisecalculated yNEyy Pm &&&&&& σ××+=         
(16) 
where my&& is simulated measured acceleration 
responses, calculatedy&& is calculated acceleration 
responses, PE is noise level, oiseN is standard 
normal distribution vector with zero mean value and 
unit standard deviation and )( calculatedy&&σ is standard 
deviation of the calculated acceleration responses. 
And the absolute error in the identified results is  
calculated as ( ) ( )∑

=

−=
m

1j
identified

j
Strue

j
SAE αα , 

where ||•|| is the norm of the vector. 

4.1 Effect of different Road class 
Here we make use of noise-free acceleration 
responses to identify bridge damage indices for 
different road classes (from A to D). A multiple 
damage case, %2575 == ss αα , and the others equal 
5%, is studied. The identified results are listed in 
Table 1. 

All the identified results in Table 1 are very 
accurate, and the accuracy is smallest with Class D 
road surface roughness. The road surface roughness 
affects the vehicle-bridge system similar to random 
noise. The error in the identification result mainly 
comes from the 1st, 2nd, 9th and 10th elements, which 
are close to the bridge end. This may be due to the 
different sensitivity with respect to damage in 
different element. 

4.2 Effect of different vehicle parameters  
The noise-free acceleration responses are employed 
to identify the bridge damage indices for different 
vehicle parameters, 13 parameter cases are studied. 
A case with symmetrical damages in location but 
different levels is studied here, 0101 == ss αα , 

%592 == ss αα , %1083 == ss αα , %2074 == ss αα  
and %3065 == ss αα . The identified results can be 
found in Table 2. Figure 2 plots the identified 
indices vary with the iteration times for the case, 

vvv 3
1,, kcm .  

 

Figure 2. Convergence of identified damage indices 
Form Table 2 and Figure 2, we can know different 
damping of the vehicle model almost has not effect 
on the identified results, but the reduction of the 
mass and stiffness parameters can give better results, 
especially for stiffness parameter. But when 
reducing of all mass, damping and stiffness, the 
identified results are getting worse. We may 
conclude from this what vehicle is proper to used to 
identify the bridge damage in practice test. All 
damage indices can converge to the true values very 
fast for different damage degrees.  

4.3 Effect of different vehicle responses with noise 
The acceleration, velocity and displacement 
responses with 5% noise of three-parameter vehicle 
are used to identify the bridge damage indices. 
Another multi-damage case is studied and   the 



 

vehicle parameters are same as section 4.1. Figure 3 
gives the comparison of the identified results and 
true values. 

  
Figure 3. Comparison of identified indices 

from noised responses and true values 
Figure 3 tell us that the identified results from 
acceleration, velocity and displacement responses 
with 5% noise of the vehicle all are accepted, and 
the acceleration response data give the best results, 
this may be due to the acceleration response with 
sensitivity respect to bridge damage indices are 
larger than other twos. In fact, the vertical 
acceleration response measurement of the moving 
vehicle is easier and more accurate than velocity and 
displacement.  

5 CONCLUSIONS 

The bridge damage identification method is 
proposed in this paper from the dynamic response of 
vehicle moving on a simply supported bridge based 
on the sensitivity analysis. The bridge deck is 
modeled as a finite element model and the moving 
vehicle is modeled as a three-parameter model. The 
damage indices are defined the bent stiffness 
reduction of the bridge element. The identification is 
realized based on least-squares method and 
regularization technique from simulated measured 
vehicle acceleration measurements. Measurement 
noise and road surface roughness are considered in 
the numerical simulations. 

We can draw following conclusions from the 
above numerical simulations: 

(1) The accuracy of the identified results 
decrease with road class and the road surface 
roughness affect on the identified results similar 
with random noise; 

(2) The parameters of the vehicle affect on the 
identified results differently, reduction of the mass 
and stiffness parameters can give better results, 
especially for stiffness parameter reduction, but 

damping almost has not effect on the identified 
results. The damage index for multiple damages can 
be identified with good convergence properties; 

(3) The identified damage indices results from 
different responses of the vehicle for different 
damage positions and degrees all are accepted, this 
indicate that the proposed damage identification 
method can be used to identify the bridge damage 
effectively and accurately. 
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Table 1  Identified results for different Road classes 
Element number Road 

class 1 2 3 4 5 6 7 8 9 10 
AE 
(%) 

A -5.00 -5.00 -5.00 -5.00 -25.00 -5.00 -25.00 -5.00 -5.00 -5.00 0 
B -5.00 -5.00 -5.00 -5.00 -25.00 -5.00 -25.00 -5.00 -5.00 -5.01 0.01
C -4.97 -5.02 -5.00 -5.03 -24.98 -5.04 -25.01 -5.01 -5.01 -4.83 0.35
D -4.84 -5.10 -4.99 -5.01 -24.99 -4.97 -24.77 -4.97 -4.77 -5.51 1.13

 
 

Table 2  Identified results for different vehicle parameters 
Element number Vehicle 

parameters 1 2 3 4 5 6 7 8 9 10 
AE 
(%)

vvv ,, kcm  -0.24 -4.92 -10.06 -19.93 -30.07 -29.93 -20.08 -9.94 -4.98 -0.28 1.03

vvv ,,
3
1 kcm  -0.01 -5.00 -10.00 -20.00 -30.00 -30.00 -20.00 -10.00 -5.01 -0.02 0.04

vvv ,,
5
1 kcm  0.01 -5.00 -10.00 -20.00 -30.00 -30.00 -20.00 -10.00 -5.00 0.00 0.00

vvv ,,
10
1 kcm  -0.46 -5.20 -9.88 -20.07 -29.95 -30.03 -19.98 -10.00 -5.04 -0.14 1.03

vvv ,
3
1, kcm  -0.24 -4.93 -10.06 -19.92 -30.08 -29.91 -20.11 -9.91 -4.96 -0.43 1.31

vvv ,
5
1, kcm  -0.21 -4.94 -10.05 -19.92 -30.08 -29.92 -20.10 -9.92 -4.96 -0.44 1.22

vvv ,
10
1, kcm  -0.19 -4.94 -10.05 -19.93 -30.07 -29.92 -20.10 -9.92 -4.96 -0.45 1.17

vvv 3
1,, kcm  0.00 -5.00 -10.00 -20.00 -30.00 -30.00 -20.00 -10.00 -5.00 0.00 0.00

vvv 5
1,, kcm  0.00 -5.00 -10.00 -20.00 -30.00 -30.00 -20.00 -10.00 -5.00 0.00 0.00

vvv 10
1,, kcm  0.00 -5.00 -10.00 -20.00 -30.00 -30.00 -20.00 -10.00 -5.00 0.00 0.00

vvv 3
1,

3
1,

3
1 kcm  -0.49 -4.64 -10.30 -19.77 -30.09 -30.02 -19.83 -10.31 -4.67 -0.52 2.84

vvv 5
1,

5
1,

5
1 kcm  -0.49 -4.64 -10.30 -19.77 -30.09 -30.02 -19.83 -10.31 -4.67 -0.53 2.85

vvv 10
1,

10
1,

10
1 kcm  -0.48 -4.65 -10.29 -19.77 -30.09 -30.03 -19.82 -10.31 -4.64 -0.52 2.87

 

 
 


