
1 INSTRUCTIONS 
Modal parameter identification is currently a main 
research topic in the area of structural health 
monitoring. The stochastic subspace identification 
method is a newly developed method for linear 
system identification. The stochastic subspace 
system identification method shares the advantages 
of these: the method need no artificial shake or 
impact excitation; the work can be done without 
closing the bridge; the identification method does 
not involve any non-linear calculations and is 
therefore much faster and more robust than the 
predication error method. The identified parameters 
may be the input and the base of structural health 
monitoring, model updating, assessing the damaged 
structures and structural control. So the method 
becomes more and more attracting. Deciding the 
order of the system is the key of the stochastic 
subspace system identification. The method may 
determine the order of system by the method of 
singular value decomposition (SVD), but cannot 
gain the ideal result. Due to noise the higher singular 
values are not exactly zero and the order can only be 
determined by looking at a ‘gap’ between two 
successive singular values. The singular value where 
the maximal gap occurs yields the model order. 
However, in many practical cases, no gap is visible. 
The stabilization diagram is a new method of 
deciding system order and can distinguish the real 
mode of system from many modes, which is an 
important work of SSI. There are four methods that 
can distinguish the real mode: thinking over the 

position of the extreme value of frequency response 
functions or the auto spectra of the output; seeing 
about the energy of the peak of the frequency; modal 
assurance criteria (MAC); stabilization diagram. The 
stabilization diagram method can distinguish the real 
mode with the disturbing of noise. But some peaks 
that according the stabilization diagram method are 
thinking as the real peaks and are not the real mode 
of structure, they may be brought by the nose not the 
property of structure. Those modes may be thought 
as the noise mode. The current stabilization diagram 
can not seek out noise modes from the real modes. It 
is the time to improve the method though thinking of 
the effect to the structure. 

2 STOCHASTIC SUBSPACE IDENTIFICATION 
(SSI)  

2.1 The stochastic state-space models 
It is beyond the scope of the paper to explain all 
detail about the stochastic subspace identification 
method. The interested reader may refer to 
literatures (Van Overschee and De Moor 
1996,Peeter and De Roeck 1999b). In this paper 
only the main issues are explained.  

A linear system subjected white noise can be 
described by stochastic state-space mode: 
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where 1×∈ l
k Ry are the outputs of the time k , and 

1×∈ n
k Rx  is the discrete-time state vector, n  is the 

order of system； nnRA ×∈ is the discrete state 
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matrix and nlRC ×∈  is the output matrix； E  is 
the expected value operator and pqδ is the 
Kronecker delta.； 1×∈ n

k Rw is the process noise due 
to disturbances and modeling inaccuracies and 

1×∈ l
k Rv is the measurement noise due to sensor 

inaccuracy； kw  and kv  are both unmeasurable 
vector signals but we assume that they are zero 
mean, white and with covariance matrices: 
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Further the stochastic process is assumed to be 
stationary with zero mean Σ=][ T

kk xxE , 0][ =kxE  
where the state covariance matrix Σ  is independent 
of the time k, kw , kv are independent of the actual 
state 0][ =T

kk wxE ， 0][ =T
kk wxE . The output 

covariance matrices and the next state-output 
covariance matrix are defined as  

][ T
kiki yyE +=Λ ， ][ 1

T
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From these definitions the following properties 
are easily deduced: 
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Equation (4) is very important and means that the 
output covariances can be considered as impulse 
responses of the deterministic linear time-invariant 
system 0,,, ΛGCA . 

2.2 Reference-based Stochastic Subspace Models 
Typical for ambient testing of bridge is that not all 
outputs can be measured at once but that they are 
divided into several set-ups with overlapping 
sensors. Candidates for the reference outputs are 
these sensors, common to every set-up because they 
are placed at optimal locations on the structure, 
where it is expected that all modes of vibration are 
present in the measured data. Assume that the l  
elements of the outputs are arranged so as to have 
the r  references first; then we have 
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where 1×∈ rref
k Ry are the reference outputs and 

1)(~ ×−∈ rlref
k Ry are the others. 
The output measurements are gathered in a block 

Hankel matrix with i2  block rows and j  
columns. The first i  blocks have r  rows, the last 
have l  rows. For statistical reasons, it is assumed 
that ∞→j . The Hankel matrix can be divided into 
a past reference and a future part: 
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The Hankel matrix can also be described as 
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We take the QR-factorization of the block Hankel 
matrix consisting past references and future output. 
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The projection of the row space of the future 

outputs into the row space of the past reference 
outputs is defined as 
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The idea behind this projection is that it retains all 
the information in the past that is useful to predict 
the future. From equations (6)(7)(8)(9)(10), the 
projection is described as  
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The main theorem of stochastic subspace 
identification states that the projection can be 
factorized as the product of the observability matrix 
and the Kalman filter state sequence: 
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Both factors of the last equation, the observability 
matrix and the state sequence are obtained by 
applying the SVD to the projection matrix.  
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At this moment, the Kalman state sequences 
iX̂ , 1

ˆ
+iX are calculated using only the output data. 

The system matrices can now be recovered from the 
following overdetermined set of linear equations, 
obtained by the following extending equation: 
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where iiY is a Hankel matrix with only one block 
row. 
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Since the Kalman state sequences and the outputs 

are known and the residuals ⎟⎟
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with iX̂ , the set of equations can be solved for A,C 

in a least-squares sense: 
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At this point the identification problem is 
theoretically solved. 

2.3 Structural modal analyses 
As a result of the identification the discrete state 
matrix A is obtained. The dynamic behaviour of the 
system is completely characterized by its 
eigenvalues: 

1−ΨΛΨ=A                              (21) 
where ( ) niCdiag nn

i ....2,1, =∈=Λ ×λ , is a diagonal 
matrix containing the discrete-time complex 
eigenvalues and nnC ×∈Ψ contains the eigenvectors 
as columns.  

From the relation of the eigenvalues of the 
discrete-time system and the continuous-time 
system, the eigenvalues of continuous-time system 
is obtained:  
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The eigenvalues of continuous-time system can 
be written as: 

21, iiii
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where iξ  is the modal damping ratio of mode i  
and iω is the eigenfrequency of mode i . 

From the equation, frequency ω and damp ratio 
ξ are obtained. 

The mode shapes at the sensor locations are the 
observed parts of the system eigenvectors Ψ and 
are thus obtained using the observation equation: 

Ψ=Φ C                                (24) 

3 STABILIZATION DIAGRAM 

In figure 1, the theory diagram of stabilization 
diagram is described. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1:The theory diagram of stabilization diagram  

 
Based on the theory diagram of stabilization 

diagram, system modal parameter identification can 
be done. The process as follow: 

First of all, system order is assumed as from 

minn to maxn in turn. For example system order is 

assumed as from 10 to 100. Because the eigenvalues 
of system occur in complex conjugated pairs, the 
system order must be even number. So you may 
obtain 2/)( minmax nn −  results. Plot the frequencies 

in a 2-D coordinate picture, x-axis is frequency; y-
axis is system order. This is the stabilization 
diagram. if the difference of the frequencies and 
damping ratios of two points in neighborhood less 
then the criteria, which is setup in advance, we 
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consider they are the same point. From this we can 
obtain the system mode parameter of each order. 
There is a shortcoming in the stabilization diagram 
that is this method lead to false modes. These false 
modes are not the property of the system, which 
does not affect the system. These false modes is 
arose by the noise, are called noise modes. It is the 
key of the stabilization diagram that how to 
eliminate the false modes. 

In order to obtain precision identification result, 
the stabilization diagram method should be 
improved, several matrices are set up, that are 
frequency matrix, damping ratio matrix, model 
shape matrix. 

The number of the row of the frequency matrix is 
2/)( minmax nn − . Where minn  is the min of the 

assume order of the system while maxn  is the max 

of the assume order of the system. The number of 
the column of the frequency matrix is 

maxmax )/5.0,/)(( gridfreqFsgridfreqfrequency × . 

Where the max)( frequency is the max of identified 

frequency; gridfreq is the frequency distinguish, it 

comes from the follow: maxmin ),)(( fredisdiff . Where 

min)(diff  is the min of the difference of the two 
contiguous frequencies. fredis is the frequency 
distinguish that is set up in advance.  

All the computed frequencies are put in the 
corresponding site, and a complete frequency matrix 
is obtained. As this, damping ratio matrix and modal 
matrix are obtained.  

From the frequency matrix, and damping ratio 
matrix, frequency and damping ratio are obtained, 
which are the averages of every column of matrices. 
Using the modal assurance criteria (MAC), modal 
shape can be obtained.  
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where sr }{,}{ φφ  are two modes.  

The base on which the stabilization is decide are 
those: the difference of frequency estimated and the 

average frequency; the difference of damping ratio 
estimated and the average frequency; the difference 
of MAC and 1. 

The former stabilization diagram does not include 
the mode shape, which will lead false mode. In order 
to eliminate the false mode, mode shape are inclined 
in the stabilization diagram. 

4 CASE STUDY 

The case studied is a cable strayed bridge with the 
length of 704m. The bridge is named as Jinan 
Weiliulu bridge. The main span is 380m long, 30m 
wide，the height of the towers is 123m. The in-site 
ambient vibration testing was carried out just prior 
to the official opening of the bridge. Measurement 
locations were selected on the deck near the position 
of cables as shown in Fig1. Two methods were 
applied: one is the SSI, the other is the frequency 
domain peak-picking. 

The sampling frequency on site is 15 Hz. The 
recorded time is about 12 minutes that results 11016 
data points per channel. 

The identified frequency by the two 
complementary methods listed in table 1. As usual, 
the modal parameters are selected from a 
stabilization diagram. It can be found that a good 
agreement of identified frequencies by the peak 
picking and stochastic subspace identification 
methods. Fig. 3 is the stability diagram. The first 
three vertical mode shape identified by the 
stochastic subspace identification are show in Fig. 4, 
Fig. 5 and Fig.6. It is demonstrated that the 
stochastic subspace identification provides excellent 
mode shapes. The resolution of higher modes is not 
good as that for the lower modes due to the limited 
number of measurement location. The premise of 
the SSI is assuming the excitation be white noise. 
But in fact the ambient vibration dose not fit the 
premise. This leads to any mode can not be 
identified. In the case, the 3rd and 4th vertical modes 
have not been identified.  

 
 
 
 
 
 

 
 
 
   
 

Figure 2:The location of the accelerometer sensors 
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Table 1：Dynamic Parameter of Bridge 

 
 
 
 
 

 
 
 
 
 
 

 

 
 
 

Figure5: The 2nd Vertical mode shape 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: The stabilization diagram 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4:The 1st Vertical mode shape 
 

 
Figure 6:The 3rd  torsion mode shape 

5 CONCLUSION 

In this paper the modal parameter identification 
method combined the stochastic subspace 
identification and improved stabilization diagram 
has been presented. A bridge is identified by this 
method, an ideal result is obtained. 

There is any shortcoming with this method. The 
assuming of this method is that the input must be 
white noise. but the environment excitement in 
practice is not white noise but nonstationary. This 
will lead to some modes can not be identified. From 
the case we can see this, in the case, the 3rd and the 
4th vertical modes have not been identified. The 
identification result in fact proofs that damping ratio 
effects the identification results. From the former 
example, we may see from the stabilization diagram 
that most of point satisfies the frequency and the 
modal shape, but damping ratio. What leads to these, 
the authors think that it is because the theory of 
damp at present dose not accord to the fact, suggest 
that damping ratio be eliminated in the stabilization 
diagram. 

Frequency(Hz) 
Damping 

ratio 

（%） mode 

Theory 

result 
Peak- 

picking 
SSI SSI 

1st vertical  0.380 0.3835 5.551 

2nd vertical 0.479 0.483 0.4847 3.488 

3rd vertical 0.576 0.642 NA NA 

4th vertical 0.657 0.674 NA NA 

5th vertical 0.791 0.732 0.7399 2.592 

6th vertical 0.781 0.835 0.8274 6.771 

7th vertical 0.940 0.937 0.9386 2.982 

8th vertical 0.386 1.025 1.0227 3.545 

9th vertical 0.992 1.143 1.1451 4.353 

10th vertical 1.055 1.392 1.3684 4.519 

0 100 200 300 400 500 600 700

west 
east 

T

0 100 200 300 400 500 600 700

west
east

0 100 200 300 400 500 600 700

west
east

0.5 1 1.5 2 2.5
0

5

10

15

20

25

30

35

40

45



The method we have proposed is an interesting 
alternative to identify the system parameter. 
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