
1 INTRODUCTION 
The monitoring of structural systems has been re-
ceiving increasing interest in academic research and 
industry applications [Dobeling, Farrar, Prime & 
Shevitz, 1996] [Sohn, Farrar, Hemez, Shunk, Stine-
mates, Nadler 2003]. Employing the vibration char-
acteristics of the structure to assess the damage loca-
tion and the extent of damage is a commonly used 
and effective approach. For real world applications 
the variations could exist and be caused by boundary 
condition change, material deterioration, environ-
mental humidity and temperature variance[Ko, 
Wang, Ni & Chak 2003] [Sikorsky, Stubbs & Guan 
2003], and they may even come from the design 
tolerance and uncertainty of material properties. All 
the variations could lead to inaccurate assessment. 
But, less research has focused on the variations. 

By applying the Latin hypercube sampling tech-
niques in Monte Carlo simulation [Mckay, Beckman 
& Conover 1979], the authors proposed a model to 
identify the damage of mass and stiffness varied sys-
tems and analyzed the influences of variations when 
compared to the property non-varied system. 

2 SIMULATION MODEL AND 
EXPERIMENTAL MODAL ANALYSIS(EMA) 

Detection and Identification approaches for this re-
search were based on discrimination features be-
tween real structure and simulation models. Accu-
racy of simulation model will affect the assessment 
results. 

2.1 Simulation of cracked beam 
A cracked beam modeling will deal with the cracked 
and the intact zone. Thick shell element was used for 
the intact zone [Zienkiewicz, 1989]. For the cracked 
zone, thick shell element was combined with degen-
erated quarter point singularity formulations [Bar-
sourm 1976].  

2.2 Samples of cracked beam for experiments 
The sample beams are rectangular-sectioned mild 
steel bar, 600mm(L) x 16mm(W) x 16mm(H) in 
size, and separated into two groups. First group was 
for intact beam, named S. The other group was for 
damaged beam, named from A to L. Its configura-
tion can be found in Table 1. 

 
Table 1. Configurations of sample beams 

Sample
no. 

Sample 
name 

Crack location 
(mm) 

Crack depth 
(mm) 

1 A 131 6 
2 B 131 8 
3 C 131 10 
4 D 187 6 
5 E 187 8 
6 F 187 10 
7 G 243 6 
8 H 243 8 
9 I 243 10 

10 J 300 6 
11 K 300 8 
12 L 300 10 
13 S Intact Beam (with no crack) 
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3 DYNAIMIC CHARACTERISTICS OF 
CRACKED BEAM WITH RELATE TO 
DAMAGE LOCATION AND ITS EXTENT 

A beam with a crack will reduce its frequencies, 
mode shapes and curvature mode shapes. By select-
ing appropriate features, we can detect the damage 
location and identify its severity.  

When system mass density or Young's modulus 
varies, frequencies will change, but there will be not 
affect on the mode shapes and curvature mode 
shapes. The simulation and experimental results sup-
port these conclusions.  

3.1 LDI Index curve for Crack Location Detection 
The application of original form of curvature mode 
shape to damage location assessment was reported 
by previous researchers [Pandey, Biswas, & Sam-
man, 1991].  

In this research, the authors defined another index 
for crack location detection, named as LDI (Loca-
tion Detection Index). For Euler-Bernoulli beam, the 
strain energy(Ui) of an intact beam with respect to 
mode shape-i (ψi) can be expressed as: 
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where EI, l were the section rigidity and the length 
of beam. For an infinitesimal length dx located at xj 
along beam's axis, the strain energy of length dx can 
be expressed by uij, 
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and defined the energy fraction Fij with respect to to-
tal energy of entire beam Ui as, 
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For a cracked beam, we have: 
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where Ui
*

 ,uij
*

,ψi
*, and Fij

*
 are strain energy, strain 

energy of infinitesimal length dx, mode shape-i and 
energy fraction of cracked beam respectively.  

Let δκij as the temporary feature for location 
detection and it can be expressed as follows:  

*
i i ij j jF Fδκ = −                (9) 

by normalization operation, we have the location's 
discrimination feature, the LDI index as follows, 
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when we plot the LDI index along beam axis we will 
have the curve of LDI index curve. 

3.2 LDI on Simulated Beam and Sample Beams 

By reviewing results from the simulation data in 
Figure 1, we have LDI index curve on mode 1 and 2 
of beam-G, H, and I. These beams have the same 
crack location, but with different crack depths. We 
found that the sharp peak indicated the location of 
cracks among varied crack depths. The deeper crack 
depths made the peak of LDI index curve sharper. 
The LDI index works well on simulation data. 

From the EMA results of beam-I shown in Figure 
2. We have the same conclusions as from the 
simulation. The sharp peaks indicate crack location 
for different modes, the deeper crack depths also 
made sharper peaks for LDI index curves. 

 

(a) 

(b) 
Figure 1. LDI index curve. (a) mode-1 (b) mode-2  (Beam G, 
H, & I by simulations) 



(a) 

(b) 
Figure 2. LDI index curve for crack detection. (a) mode-1 (b) 
mode-2 (Beam-I, EMA ) 

3.3 FCI Index curve for Crack Depth Identification 

The frequencies of cracked beam will be reduced 
when compared with intact beam. The authors de-
fine the frequency change as a point on FCI (Fre-
quency Change Index) index curve. It can be ex-
pressed as: 
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where fj,intact and fj,damaged are the frequency of mode-j 
for intact and damaged beam respectively.  

The specific point on FCI index curve represents a 
state of crack depth and location. Each curve repre-
sents a frequency change due to a crack move along 
beam axis with constant crack depth. 

From Figure 3, we observed that the deeper crack 
depth made larger amplitude on FCI index curve, 
and if the damage is located at the node of curvature 
mode shape, we will have no changes in frequencies, 
or a zero value in FCI index curve. We have also 
found that the simulation results were consistent 
with EMA for all modes with varied depths. 

Once we have the measured frequencies of un-
known depth of cracked beam. By applying linear 
interpolating of two FCI index curve that its fre-
quency are above and below the measured frequency 
on specific crack location from simulation database. 

Then, we can assess the crack depth after damage 
location has been identified. The database need to be 
extended when system mass density and stiffness 
variations exists. It will be discussed later. 

(a) 

(b) 
Figure 3. FCI index curve for Crack Depth Identification. (a) 
mode-1 (b) mode-2 (all sample beams, by EMA & simula-
tions ) 

3.4 Effect on stiffness and mass density variations 
In order to clarify the effect of property variations 
on LDI and FCI index curve, the authors have pre-
pared a specific cracked beam and a series of simu-
lations by the combination of mass density and 
Young's modulus that ranged from 80% to 120%. 
From the observation of LDI index curve on Figure 
4, we have found that the LDI index still indicates 
the crack location clearly among various scenarios. 
The LDI index works well and robustly for systems 
with property variations. 

By reviewing the FCI index on Figure 5, we 
found that the variations will make the FCI index 
vary approximately ± 20% compared to systems 
with no variation. Applying the FCI index for sever-
ity assessment shall take into account the influences 
on property variations.  



 
(a) 

 
(b) 

Figure 4. LDI index curve for property varied system. (a) 
mode-1 (b) mode-2  (Beam-I, by simulation) 

 
(a) 

 
(b) 

Figure 5. FCI index due to property variations. (a) mode-1 (b) 
mode-2  (Beam-I, by simulation) 

4 PROCEEDUES OF CRACK DETECTION AND 
IDENTIFICATION  

Three steps are required for the detection of crack 
existence and its severity identification for property-
varied systems: 
(1) Detecting crack location by the LDI index curve. 
(2) Applying Latin hypercube sampling technique in 
Monte Carlo simulation to generate a statistics data-
base. Preparing a set of FCI index curves with PDF 
on varied crack depth from simulation database. 
(3) Assessing crack depth by mapping measured fre-
quency of cracked beam to the set of FCI index 
curves we have selected. Then the severity will be 
represented by probability distributions along depths 
on the location that we have detected. 

5 DEMOSTRATION EXAMPLE 
The assessment procedures were demonstrated by 
the EMA data of a damaged beam (beam-I).  

5.1 Crack location detection 
When we have mode shapes of beam-I and S from 
EMA data. The crack location can be detected by the 
LDI index curve from Equation (10) in session 3.1. 
By reviewing the results in Figure 6, we found the 
LDI index indicated the crack was located at 
245mm. Compared to the real crack location 
243mm, the error was under 1%.  

5.2 Crack depth identification for property non-
varied system 

For a property non-varied system, we can apply FCI 
index after the locations of crack have been found in 
session 5.1. The generation of FCI index in Figure 7 
was based on a detail plot of 245mm fixed crack lo-
cation. From Figure 7, the unknown crack depth was 
identified by linearly interpolating the measured fre-
quency of EMA to the FCI index curve.  

Since the measured frequencies were 193.43Hz, 
602.38Hz and 1210.66Hz from EMA for the lowest 
three modes, by interpolating procedures, we have 
10.02 mm, 10.26mm and 9.66mm crack depth for 
first, second and third mode respectively. The errors 
were +0.2%, +2.6% and –3.4% for the lowest three 
modes. Its average absolute error was 2.07%. 

5.3 Crack depth id. for property varied system 
For property-varied systems, we need to build up a 
reference database among various depths with statis-
tical properties for the crack location already de-
tected. And we can still apply FCI index curves to 
identify crack depth. With a little modification com-
pared to session 5.2. Each FCI curve was a mean 
value curve and each accompanied with a distribu-
tion. 



 
Figure 6. Crack location detect of beam-I 

 

 
(a) 

 
(b) 

 
(c) 

Figure 7. Crack depth identification by frequency by EMA and 
simulation data. (a) mode-1 (b) mode-2 (c) mode-3 

In order to build the statistics oriented database, 
applying LHS sampling techniques in Monte Carlo 
simulation. The variations of mass density & 
Young's modulus were represented by specific per-
centage of its mean value; a set of 2%, 5% and 10% 
were selected. By sensitivity analysis, 300 samples 
were used for LHS. The crack depth versus frequen-
cies of statistical database was abstracted in Table 2. 
 
Table 2. The crack depth versus frequencies data abstracted 
from statistical oriented database 

Mode-1  Mode-2  Depth of
crack 
(mm) 

Variation
(%) Frequency 

(Hz) 
Standard 
deviation 

Frequency
(Hz) 

Standard 
deviation

2 % 213.30 3.04 620.6 8.86 
5 % 213.40 7.64 620.9 22.22 

 
8.0 

10 % 213.80 15.48 622.2 45.04 
2 % 205.20 2.93 613.3 8.75 
5 % 205.30 7.35 613.6 21.96 

 
9.0 

10 % 205.70 14.89 614.8 44.50 
2 % 200.10 2.85 609.0 8.69 
5 % 200.30 7.17 609.3 21.81 

 
9.5 

10 % 200.60 14.52 610.5 44.19 
2 % 194.30 2.77 604.2 8.62 
5 % 194.40 6.96 604.6 21.64 

 
10.0 

10 % 194.80 14.10 605.7 43.85 
2 % 187.30 2.67 598.9 8.54 
5 % 187.40 6.71 599.3 21.45 

 
10.5 

10 % 187.80 13.59 600.4 43.46 
2 % 179.40 2.56 593.3 8.46 
5 % 179.50 6.42 593.7 21.25 

 
11.0 

10 % 179.80 13.02 594.8 43.06 
2 % 159.00 2.27 580.8 8.28 
5 % 159.10 5.69 581.1 20.80 

 
12.0 

10 % 159.40 11.54 582.2 42.15 
 
The crack depth assessment was needed to do the 

intersect area calculation of two overlapped prob-
ability density functions, one from the measured fre-
quency and the other from the statistical database. 
For convenience, we assumed that the measured fre-
quencies of EMA were without any variations. 

By mapping measured frequency to one of the 
PDF from database with specific crack depth on de-
tected location, we have probability at that depth. By 
changing to different depths in sequence, we have 
probabilities at all depths. The interpreted results of 
2% variation were shown in the last column of Table 
3. 

The severity probability distributions on 2%, 5% 
and 10% property variations were shown in Figure 
8. We have observed that the maximum probability 
of crack depth occurred at 10.0 mm for mode 1 and 
2; a ±0.5mm depth bias on mode 3 was due to data-
base resolution. By reviewing Figure 8 again, we 
found the first mode has the distinct peak and the 
narrowest spreading on its probability distribution. 
This means the lower mode has less scattering on 
severity identification. We have also found that lar-
ger property variation will make wider the probabil-
ity distribution on severity, the probability of uncer-
tainty on other depths was increased. 



6 CONCLUSIONS AND DISCUSSIONS 
In the research, we have the conclusions: 

(1) A damage assessment algorithm was devel-
oped for mass density and Young's modulus varied 
system. The LHS technique for Monte Carlo simula-
tion is an effective way to deal with variations. 

(2) The crack location detection can be deter-
mined by the LDI index within 1% error for both the 
deterministic and property-varied system. 

(3) The crack depth was determined by the FCI 
index and statistical oriented database. For determi-
nistic systems, its absolute error was 2.07%. For 
property-varied system, no error was found for 
lower modes, and ±0.5% error for higher modes. 
The assessed results were accompanied by different 
level probability distributions compared to the re-
sults of deterministic systems. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 8. Distributions of crack depth identified. (a)mode-1 (b) 
mode-2 (c) mode-3 

 
Table 3. Probability distribution along crack depths (2% mean) 

Mode
no. 

Depth
of crack

(mm)

Frequency 
by LHS 

(Hz) 

Frequency 
deviation 

by LHS (Hz)

Probability 
of crack at 

depth 10 mm
8.0 213.30 3.04 0.0000 
9.0 205.20 2.93 0.0000 
9.5 200.10 2.85 0.0091 

10.0 194.30 2.77 0.1371 
10.5 187.30 2.67 0.0107 
11.0 179.40 2.56 0.0000 

 
 
 

1 
 

12.0 159.00 2.27 0.0000 
8.0 620.6 8.86 0.0054 
9.0 613.3 8.75 0.0209 
9.5 609.0 8.69 0.0343 

10.0 604.2 8.62 0.0453 
10.5 598.9 8.54 0.0430 
11.0 593.3 8.46 0.0265 

 
 
 

2 
 

12.0 580.8 8.28 0.0016 
8.0 1226.0 17.48 0.0155 
9.0 1217.0 17.35 0.0215 
9.5 1211.0 17.28 0.0231 

10.0 1206.0 17.19 0.0224 
10.5 1199.0 17.10 0.0185 
11.0 1192.0 17.00 0.0128 

 
 
 

3 
 

12.0 1176.0 16.77 0.0028 
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